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INPUMEHEHUWE TEOPEMbI Ob 9KBUBAJIEHTHOCTH PELIEHUSA
OIIEPATOPHOI'O YPABHEHU S U IIOUCKA MUHUMAJIBHOT'O
IJIEMEHTA KBAAPATUYHOI'O ®YHKIIMOHAJIA

AapnanoB E.C., Tney6eprenosa M.A.
AKxmiobuHCcKUil pecuoHanbHbll 20cydapemeennslil yHusepcumem um. K. JXKybanosa,
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3aKkoH nepeHoca (GU3HIECKHUX CyOCTaHIHI ONMHUCHIBACTCS C HCIIONB30BaHIEM JH(GEpeHIIHAIBHBIX yPAaBHEHHIT,
Ii¢ UCKOMbIC (DYHKIMM MOJYHHEHBI 3aaHHBIM KPaeBbIM yCIOBHSIM. DTH YCIOBHUS 3aBHCST OT MOJIOXKCHHS, B KO-
TOPOM HaxoAUTCs UCCeayeMblil 00beKT. Takne ypaBHEHUs] MOKHO paccMarpuUBaTh KakK ONEPaTOPHbIC ypaBHEHUS,
JelCTBYIOIE B KOHKPETHBIX (DYHKIIMOHATBHBIX NPOCTpaHcTBaX. CBEACHUs, IONYUIEHHBIE U3 TAKOH ITOCTAHOBKH,
MOTYT OBITh MPHUMEHEHBI [T MOCTPOCHHS Y(QPEKTHBHBIX YNUCICHHBIX METOOB PCILICHHS 3a/1a4 ¢ OOMBIION MpaK-
THYECKOH 3HaUMMOCTBI0. B aHHON paboTe paccMaTpHBaeTcst CBsI3b OIEPATOPHOTO YPaBHEHHs, paccMaTpHBaeMast
B 0QHAXOBOM IIPOCTPAHCTBE C KBAJPaTHYHBIM (DYHKI[HOHAJIOM, H €€ IPUMEHEHHE UL IOCTPOCHUS ORXHOH MOJIH-
¢duKanuyu BapHalMOHHOTO MeTona. PaccmarpuBaemast B paboTe u3uueckas 3ajada: MOMEPEUHBIH H3rHO Oamku
C IIOCTOSTHHON JKECTKOCTBIO, KOTOpAst JISKUT Ha YNPYTroM OCHOBaHMM. Maremaruueckas MOJEb 3TOTO Ipolecca
onuceBaeTes JUGGepeHIHaIbHBIM yPaBHEHAEM YEeTBEPTOro MOPsi/IKa C 3aJlaHHBIMHI KPaeBBIMH YCIOBHSIMU, pac-
cMaTpuBaeMasi Kak OIepaTopHOE ypaBHEHHUE C OJI0XKUTEIbHBIM OLIEPAaTOPOM B JICBOIT 4acTH. Pelenue Takoro ypas-
HEHUE HCCIIEYeTCs C MOMOIIBI0 KBAaJAPAaTHYHOro (DyHKIHOHAJA CIENHaNbHOTO Buja. JloKa3blBaeTCs, YTo 3ajada
HaXOKIEHHUS PeIeHHI JaHHOTO yPaBHEHHS ¢ 3alaHHBIMHU KPaeBbIMHU yCJIOBHSMH DKBHBAJICHTHA 3a/1a4e IIONCKA MH-
HUMyMa (yHKIOHana. Jlanee, CTPOUTCs BApUALIMOHHBIN METO/ 0 MHHUMU3ALNK KBaJAPaTHYHOTO (yHKI[HOHANA,
YHCJICHHBII pacdeT KOTOPOTO JaeT PElICHUs HCXOAHON (u3ndeckoii 3aaaun. [IpakTHIecKoi 3HaYMMOCTBIO PAOOTHI
SIBJISIETCS TO, YTO YUCIICHHBIH pacueT NOMCKa MUHUMYMa (DyHKIIHOHAJIA JIETKO OCYIIECTBIISETCS OBICTPO CXOSIINM-
CsI YMCICHHBIM AJITOPUTMOM OCHOBAHHBI MHHUMU3ALMIO KBAJPATHYHOTO (DyHKIHOHAIA.

KiioueBble cj10Ba: MOJI0KATEIbHBII 0NlepaTop, oNlepaTopHoe ypaBHeHHe, KBAPATHYHbIH (YHKIMOHAJI, MUHUMH3ALHs
ynknmnonana

APPLICATION OF THE EQUIVALENCE THEOREM FOR SOLVING
OPERATOR EQUATIONS AND FINDING THE MINIMUM
OF A QUADRATIC FUNCTIONAL ELEMENT

Aldanov E.S., Tleubergenova M.A.
K. Jhubanov Aktobe Regional State University, Aktobe, e-mail: aldanersat@mail.ru, madina 70@mail.ru

Law of transfer physical substances described using differential equations, where the unknown functions are
subject to the given boundary conditions. These conditions depend on the position in which the object under study.
Such equations can be regarded as the operator equations acting in specific functional areas. Information obtained
from this formulation can be used to build an efficient numerical methods for solving problems with great practical
importance. In this paper the relationship between the operator equations are considered in a Banach space with a
quadratic functional and its application for a modification postreniyavariational method. Considered in the work
of the physical problem: transverse bending beams with constant stiffness, which lies on an elastic foundation.
A mathematical model of this process is described by a differential equation of the fourth order with the given
boundary conditions, regarded as as an operator equation with a positive operator on the left side. A solution of this
equation is studied by using a special form of a quadratic functional. It is proved that the problem of finding solutions
of this equation with the given boundary conditions, equivalent to the problem of finding the minimum of the
functional. Further, the variational method is based on minimization of a quadratic functional, numerical calculation
which gives solutions of the original physical problem. The practical significance of the work is that the numerical
calculation of finding the minimum of the functional is easily accomplished rapidly convergent numerical algorithm
based minimization of a quadratic functional

Keywords: positive operator, the operator equation, quadratic functional, minimization of the functional

[ycts A4 muddepeHnmaibHbIN orepaTop OIIpE/ICIEHHbId Ha  MHOXECTBE  (YyHKLUH
d> 2 D(A) € L, [0, 1] u nenpepriBHble Ha [0, 1] BMe-

=—| — |[+q(x), (1)  CTe€ CO CBOMMH NPOU3BOJHBIMH 10 HETBEPTOrO

x| dx* MOpPsIZIKA BKJIFOUMTENBHO U YIOBIETBOPSIIOT He-

KOTOPBIM T'PAaHUYHBIM YCIIOBUSIM, HAIIPHIMEP
a(0) = 0(1)="(0) = w(1)=0, w(x)e D(4). 2)

W nycts g(x) > 0 Ha uatepsae (0, 1). HBIM, €Cli Ui Jroboro u € D(A) BBITION-
_Taxoe wmHOkecTBO D(A) sABISETCS M- ygercs mepaBenctBo (Au,u) >0, mnpuuem
HEHHBIM MHOTOOOpa3ueM, BCIOAY IUIOTHBIM 4 ~0 ~0[1.2]
B ruiib0epToBoM npoctpanctse L [0, 1]. (Au,uy =0 = u= > ol
Onpenenenue. JIMHEWHBI cUMMeTpHY- W3 onpenenenns CICAYET, 9TO A —TIONMOXH-
HBI omeparop A Ha3bIBA€TCS MOJIOKUTENp-  TCIBHO OIPCACICHHBIM OLICPATOP.
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Paccmorpum  omeparopHoe  ypaBHEHHE
B riiib0epTOBOM TpocTpanctee L, [0, 1] ¢ orme-
paropom (1)

Au=f. (3)

Teopema. YpaHenue (3) ¢ IOJTOKUTEIb-
HBIM OmeparopoM 4 mMeeT He Ooyiee OTHOro
peutenus B D(4).

Hoxka3zareasbcrBo. [JomyctuMm, 4to onepa-
TOPHOE ypaBHEHHME (2) UMEET J1BA PELICHUS U,
u u,. Torna Au, = funm

;‘lf ) 4 gy () = £ ).

Ananornyno Au, = funu

;‘25 ) 4 g, () = £ ().

Brrun:

— (1, (%) =1, () )+ g ()@, (x) (%)) = 0

51040

A(u,—1,)=0.

W3 nocneqHero paBeHCTBa CIESIYET, 4TO

<A(ul —u,), (u, —u, )> = j-A(ul —u,)-(u, —u,)dx =0.

W3 npuBeieHHOTO BBIIIE OMPEaeICHuUs T10-
JIOKUTEIBHOCTH IMOJYYaeM, UYTO M 3TO paBHO-
CIWJIBHO TOMY YTO

(A(u, —u,), (u, —u, ) =0 = u, —u, =0.

Takum oGpaszom, u, = u,.

VYpaBuenneM (1) ommchIBaeTCs, HaIpH-
Mep, MONEPEUHBIH TTPOrud u(x) O6anku [3] mox
JIEUCTBUEM paCIIpPEEIEHHON MMONEepEeYHOn Ha-
rpy3ku f(x), f{x) € L,(0, 1), rne Ganka umeer
MIOCTOSTHHYIO JK€CTKOCTh HAa H3THUO W JIKUT
Ha yNPYroM OCHOBaHHHU, PEAKIHIO KOTOPOTO
onpenessieT cliaraeMoe q(x)u(x), q(x)>0 Ha
unarepsaie (0, 1).

[lpu TakoM (U3MYECKOM CMBICIE TMOCTa-
HOBKH 3a/1aUd TPAHUYHBIC YCIOBHS OTPAKAIOT
TO, KaK 3aKpeIJICHbI ¢ KOHI[bI. Tak, sl KOH-
COJIBHOM OallKé C KECTKO 3alleMJICHHBIM Jie-
BBIM ¥ CBOOOJIHBIM TIPaBbIM KOHI[AMU TpaHHY-
HBIC YCIIOBHSI UMECIOT BHUJI

u(0)=u'(0)=u"(1)=u"(1)=0.

Ecnn Oanmka mMeeT Ha KOHIIAX OIIOPHI,
JoTyCKarmue (B OTIMYHAE OT JKECTKOTO 3a-
IIEMJICHHUSI) TIOBOPOT €€ TOMEepPEYHOTO ceue-
HUSI, TPOMOPIMOHATBHBII B OTOM CCUCHUU
MU3TUOAIOIIEMy MOMEHTY, TO B 3TOM Ciyyae
TPaHUYHBIE YCIIOBUS TPHHUMAIOT CIEIYIO-
IUNA BUL:

u(0) =u(1)= 0;
u'(0) = 0" (0);
u'(1)=Bu”.
U3 stux ypaBHenuid npu o =3 =0 BbITe-
KaloT YCJIOBHUS ’KECTKOTO 3allleMJIEHHs, a IIPU
00— © U — o0 — MAapHUPHOTO ONHPAHUS,

1 YCIIOBUS IPUHUMAIOT BU (2).
Paccmorpum pyHKITMOHAT BHIA

J [u]=(Au,uy— 2 f ,u). (@)

CripaBeBa clieyromas TeopeMa o KBa-
JpaTHIHOM (YHKIIMOHAIE.

Teopema. J[lnst TOro, 4YTOOBI AJIEMEHT
u, € D(A) ObL1 pemieHneM ONepaTopHOro ypas-
HeHI/IH (1) HEOOXOMMMO W TOCTATOYHO, YTOOBI
KBaJIpaTHIHbIN (pyHKIMoHaN (4) HA u, IPUHU-
MaJl CBO€ MUHUMAaJIbHOE 3HAUC€HHE B ﬁ(A), T.€.

Yue D(A);
u#u,Jul-Ju,]>0.
Jloka3aTeJibCTBO: Heo0xomumocTh.

ITycte na snemente u, Gpynkuuonan (4) mpu-
HEMAeT MHHHMATBHOE 3HAYCHNE B D(A), t.e.

J [uy +8u]= J[u, ;
ue D(A);, deR.

Hcnonb3ys cBOMCTBA CKaAPHOTO MPOM3-
BCACHUA W CUMMETPUYHOCTU ITOJIOKUTCIIBHO-
O OIepaTopa, MoJydaeMm:

J [ty +8u | = Ay + 8u), uy + du) — 2{ f',u, + duy =
=(Au, +0Au,uy +0uy —2(f,u,) =28 f,u) =
= (Auo,u0>+25(Au0,u)+62(Au,u)—25{f,u>—2(f,u0>.

Ipu u # 0;
a={Au,u);

b =2((Aug,uy—{f,u);
c= <Au0,”o> -2/, u0>

ImpaBas 4aCTb IMOJTYUYCHHOT'O BBLIPpAXKCHUA SAB-
JIACTCA KBaAPAaTHBIM TPEXUJICHOM

J [u, +8u]=ad® +2b8+c.
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[locnennee paBeHCTBO O3HAYAET, UTO dJIe-
ment Au, —fe€ L0, 1] sBusercs HyneBbIM
9IIEMEHTOM JTOTO MPOCTPAHCTBA, TAK KaK OHO U
BepHo Vu € D(A) c L [0, 1], te. Au, —f=0,
a 3Ha4uT U, € D(A) aBnsercs pemenuem (1).

JlaHHBII TpexuiIeH CBOe MUHUMAIbHOE 3HaYeHHNEe TPUHUMAET 1pH O = 0

I [ug +8u]|sg = J [y |= Ty [y +8u]| 5o = 2(Auy uy =2(f, uy = 0=
= (Auy,u)y—{f,u)y=0=(Au,— f,u)=0.
JlocTaTOYHOCTD.

ompeneneH Tipu Bcex u € D(A).

, ymommersopser (1): Au,=f.

ToJTy4aem:
J [u]=Au,u) = 2{ Ay, u) = (Au,u) —(Aug,u) —(u, Auy) =
=(Au,u) —Auy,u) —Au,u,) + Aug,u,) —(Aug, uy) =
=(4 (u —Uy )’u —ty) = Aug, uy).

Orcroma

J [uy |= < Auy,u,),

" B CUIIY ITOJIOKUTCIIBHOCTH OII€paTopa A nmeem

J[u]=J [uy |= <A @—uy ), u—u,) —(Aug,uy) +{Auy,u,) =
=(A(u—uy),u—u,) 0.

Tak kak

(A —uy)u—u)=0=u—u,=0=u=u,.

DyHKIIMOHAT

4

Ilyctp
ITox-
CTaBJsil 3TO 3HauyeHUe BMecTo [ B (4),

Teopema noka3ana.

[Ipu TakoM packiiajie perieHus orneparop-
HOTO ypaBHEeHHs (3) MOXHO OCTPOUTH UTepa-
LHUOHHBINA Tiporiecc [1] co cKopocThiO reome-
TPUYECKOM MPOTPECCHH, C TIOMOILBIO KOTOPOTO
MOYHO HaWTH MUHUMAJIbHBIA 2JIEMEHT CICIH-
AIBHOTO BHJa (QYHKIMOHAIA, TOUCK KOTOPOTO
ABJIACTCA SKBUBAJICHTHBIM IIOMCKY MUHHUMaAJIb-
HOTO 3JieMeHTa (QyHKIMoHana (4).

Beenem oneparop A, cinemyromum obpa-
30M: 0003HAYUM

=0; u

:O;
=0

u x=0 x=1

’ ”

u

u® =y i
0=0; u

x=

WK B OmepaTopHoit hopme
Au=v,

d4
e Ay =——
dx’

peumnm B nipoctpanctse L,(0, 1) ¢ 3anannbivMu
KpPaeBbIMU YCIIOBHUSAMHU.
Toraa ypaBuenue (3) npuMeT BHI

— omepaTrop OAHO3HAYHO pa3-

Mv=v+q(x)4,'v=f(x). (5)

Ecmm v maiiieHo, To u BBIUMCIISICTCS IO
tdhopmyne

u=A4,'v= lxj). (1=t v(t)dt +%x3j;(t —1)’v(t)dt + ]:% v(t)dt.

6

O0603HaYUM

J(@) = [|o+ g4 00 — £ (0] dx. (©)

[Ipu ® =v, tae v— pemienue (5), umeem
J(®) = 0 1 HA060POT.

bynem mpenmonarare, 9ro ypaBHeHHE (5)
nis moboi pasoii yactu f{x) € L,(0, 1) nme-
eT eIUHCTBEHHOE perieHHe. ClenoBaTebHO,
u3 TeopeMbl baHaxa BBITEKaeT, 4To

[ zecm 0
e M = E+q(x)4;; ()

1 !
bl e

-1
" HOpMa A() — BBIYHCJISICTCS SIBHO B IIPOCTPAH-

cree L,(0, 1).

e 1
”M < (l+||A0_1'

g’

npuieM

4" =14~
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ITocTpoum uTepaliMoHHBIN Mpolecc.

[lyctb ® n-e mpuONMKEHHOE pelleHne
n

ypaBHenus J(w ) = 0.

Torma

TTomoxum
O, =0 -,
I€ € — MOJIOKUTEILHOE YUCIO.

J(@,,)=J (0, —ew) = J.(OJ —em+q(x)4, (o, —Sw)—f(x))zdx =

= [(@,+a(x) 40, 1 () dr— 2[ (0, +4() 40, £() Jew—q(x) 4 (€0) )d +

+Je2 ((x)+q(x)A0’l (o)))2 dx=J(0,)-2e(Mw, - f, Mo)+€’ ||M0)||2 =

=J(o,)-2e(M*(M®, - f), o) +&*|[Ma[ .

MBI BOCIIOJIB30BAIUCH TMHEHHOCTHIO HUHTCTPAJIbHOI'O OIieparopa AO‘

Bri6epem

o=M*(Mo,-f)=Mo, - f+4," (@AM, - [)).

Torma
J(®

B cuny ycnosus (1.11) umeem

) =J(@,) = 2eoff +&* [Mof < J@,)~[ 2e~[M] ¢ oo

)

V@) =[Mo, = f]|=[ s wx (Mo, = 1| = |17 of < ]

[ostomy u3 (1.13) cnenyer

J(,.)<J(,) —[28 —|a | ez]J(m”) / 2 J((n)n)[l —[2e —|nm | €’ ] /cz].

Bri6epem
e=d><|M[".

Hns pazHoctt © | — ® uMeeM
n+l n

||O‘)n+1 _O)n

Oto HepaBeHcTBO U (10) maroT ciemyto-
LU pe3yJIbTaT:
Teopema 1.2.1.Ilyctp panst  moGoro

fx) € L,(0, 1) 3ana4a (3) MMEET €AMHCTBEHHOE
pewenue ue W, (0,1), npuuem omeparop M,

OIpeeNieHHbIH 1o (5), YIOBIETBOPSIET yCJo-

BUSAM ”M_1 ” <c,

M| ||S d, npuyem crpasen-

JMBO HepaBeHCTBO cd > 1. Torma aist moGoro
o, € L,(0, 1) nocnenoBareiabHOCTh, ONPEENs-
emas 1o Gopmynam

o, =0-d M (Mo, - f)

Torna nosryunm

1
J(wnﬂ)sj(wn)(l_dzcz ) (10)

=¢|o|=¢|M* (Mo, - f)|<e|M *||\/J(0)n) <cJ(w,).

CXOMUTCS K pereHnio «, ypaBHeHus (1.9°),
MIPUYEM BBITIOTHEHBI OIEHKH

J(0,)<6"J(m,);
|, —o < 0" \/J(O)o)a

e o= 1_#. [Tpu stom dyHkums u = Ao,
c

Oynet pemienueM 3aaauu (5).
Joxka3zareancTBo. 13 (10) u mociemyro-
HIUX HEPABEHCTB CIIEAYET, YTO

J()<0J(®,)<...<0"J(0,), 0<1;
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<t (w)<... <20,

”(’On+l - (’On

[o.... o, <], o

n+m—1 |

#0044 [0 =y J,0"7 (077 +0 P 4 +1)=

{w } — OQynnameHTanbHas IOCIEN0BATENb-
HocTh, L,(0, 1) — nmonHoe runb0epTroBo mpo-
CTPAHCTBO, TOT/A CYIIECTBYET TAKOW JIEMEHT
o, 9t0 ® — ®, B L(0, 1) 1 U3 HenpepbIBHO-
cru oneparopa M nonyunm J(® ) — J(,). Tor-
Jla U3 IEpBOTO HEPABEHCTBA TEOPEMBI CIIC/IYET,
yro J(®,) =0, T0 ectb Mo, = fuu=A4"'o..
Teopema noka3zana.
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