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A New Three-Dimensional
Exponential Material Model of the
Coronary Arterial Wall to Include
Shear Stress Due to Torsion
The biomechanical milieu of the coronary arteries is unique in that they experience
mechanical deformations of twisting, bending, and stretching due to their tethering to the
epicardial surface. Spatial variations in stresses caused by these deformations could
account for the heterogeneity of atherosclerotic plaques within the coronary tree. The
goal of this work was to utilize previously reported shear moduli to calculate a shear
strain parameter for a Fung-type exponential model of the arterial wall and determine if
this single constant can account for the observed behavior of arterial segments under
torsion. A Fung-type exponential strain-energy function was adapted to include a tor-
sional shear strain term. The material parameter for this term was determined from
previously published data describing the relationship between shear modulus and cir-
cumferential stress and longitudinal stretch ratio. Values for the shear strain parameter
were determined for three geometries representing the mean porcine left anterior de-
scending coronary artery dimensions plus or minus one standard deviation. Finite ele-
ment simulation of triaxial biomechanical testing was then used to validate the model.
The mean value calculated for the shear strain parameter was 0.0759�0.0009 (N�3
geometries). In silico triaxial experiments demonstrated that the shear modulus is directly
proportional to the applied pressure at a constant longitudinal stretch ratio and to the
stretch ratio at a constant pressure. Shear moduli determined from these simulations
showed excellent agreement to shear moduli reported in literature. Previously published
models describing the torsional shear behavior of porcine coronary arteries require a
total of six independent constants. We have reduced that description into a single param-
eter in a Fung-type exponential strain-energy model. This model will aid in the estimation
of wall stress distributions of vascular segments undergoing torsion, as such information
could provide insight into the role of mechanical stimuli in the localization of atheroscle-
rotic plaque formation. �DOI: 10.1115/1.2948396�

Keywords: biomechanics, coronary arteries, torsion, twisting, constitutive equation, ma-
terial properties, exponential strain-energy function
Introduction
One of the primary aims in the treatment and prevention of

therosclerosis is the reduction of risk factors �e.g., dyslipidemia,
ypertension, smoking, and diabetes� known to be linked with
ncreased incidence of disease �1�. This approach has led to only

odest reductions in mortality �2�. Since risk factors are systemic
n nature, and the distribution of atherosclerotic plaques is highly
ocalized and heterogeneous �1�, other factors likely influence the
ocalization of atherogenesis. The complex and spatially variable
iomechanical milieu is thought to mediate location specific
theroprotection or susceptibility �3,4�. Fluid shear stress due to
ynamic blood flow �5–11� as well as solid stress due to vessel
all distensions �12–16� have been correlated with lesion local-

zation.
Most of the research relating local biomechanical stimuli to

therogenic localization has focused specifically on the fluid-
nduced shear stresses. However, there is increasing evidence that

ural stresses within the vessel wall exert additional influence on

1Corresponding author.
Contributed by the Bioengineering Division of ASME for publication in the JOUR-

AL OF BIOMECHANICAL ENGINEERING. Manuscript received June 28, 2007; final manu-
cript received January 21, 2008; published online July 10, 2008. Review conducted
y Andrew D. McCulloch. Paper presented at the 2007 Summer Bioengineering

onference �SBC2007�, Keystone, CO, June 20–24, 2007.

ournal of Biomechanical Engineering Copyright © 20

 https://biomechanical.asmedigitalcollection.asme.org on 06/29/2019 Terms of Us
the atherogenic potential for a given location �4�. For instance, the
ostia of major vessel branches, the aortic arch, and the bifurcation
of the aorta and carotid arteries are the areas predicted to have
increased intramural stress �15,16�. This presence of altered mural
stresses confounds the assertion that fluid stresses are the sole
contributor to the increased prevalence of atherosclerosis in these
areas �5–11�. Furthermore, the absence of atherosclerotic lesions
in the intramyocardial arteries and the intraosseous portions of the
vertebral arteries corresponds to decreased mural stress provided
by the external support of the myocardium and vertebrae, respec-
tively �15�. The protective effect of reduced intramural stress was
demonstrated whereby external casts that reduce circumferential
expansion of arteries reduced the development of atherosclerosis
in cholesterol-fed rabbits �13�.

Further evidence for role of intramural stresses in the localiza-
tion of atherosclerosis comes from examination of the coronary
arterial bed. The coronary arteries are unique in that they are
particularly susceptible to atherogenesis, with fatty streaks appear-
ing early during childhood �17�. In addition, the coronary arteries
experience dynamic mechanical deformations such as flexure,
stretching, and twisting, since they are tethered to a beating heart
�18–22�. There is sufficient variability of these motion parameters
along the length of a given vessel, between the right and left
coronary arteries, and between individuals to account for the ex-

treme variability in lesion localization and patient specific suscep-
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ibility �18,19�. Furthermore, Stein et al. demonstrated that areas
f increased flexure angle, and the resulting increased mural
tresses, were correlated with increased lesion progression �12�.

Cyclic twisting of the coronary arteries and the resulting shear
tresses within their walls is another potential modulator of
therogenesis. Biplane cineangiographic reconstruction studies
ave demonstrated that the coronary arteries experience as much
s 20 deg of torsion during a cardiac cycle �22�. Given the sensi-
ivity of vascular cells �endothelial and smooth muscle� to various
eformation and fluid-induced mechanical stimuli �4,23�, this mo-
ion could play a significant role in the mechanopathobiology of
therogenesis. However, to date, there has been little investigation
n the contribution of torsion to the total stress distribution within
he vessel wall and therefore its role in the localization of athero-
clerosis.

Finite element analysis is the preferred method for estimation
f stress distributions in bodies under various loading conditions,
ncluding torsion. Finite element analysis, however, requires de-
ailed knowledge of the material properties of the body in ques-
ion. In the case of torsion, shear moduli due to twisting have been
etermined for pig coronary arteries �24� and rat aortas �25�.
owever, these moduli are not constant, varying with the longi-

udinal stretch ratio and the applied internal pressure. Therefore,
n the case of the porcine coronary arteries, a family of equations
as used to describe the relationship between shear modulus and

tretch ratio and internal pressure �24�. However, this material
escription is not a strain-energy model and therefore not condu-
ive to finite element analysis. In order to develop a finite element
imulation of the arterial wall under torsion, a strain-energy model
hat incorporates this relationship between shear modulus and the
ther mechanical stimuli is required.

The goal of this work was to utilize previously reported shear
oduli to calculate a shear strain parameter in a Fung-type expo-

ential strain-energy model of the arterial wall and determine if
his single constant can account for the observed behavior of ar-
erial segments under torsion.

Methods

2.1 Biomechanical Principles. In this analysis, the coronary
rtery is assumed to be a straight cylinder with a circular cross
ection �Fig. 1�A��. Therefore, the dimensions of a segment of this
rtery can be defined by the length �L�, the inner radius �ri�, and
he outer radius �ro�. It is acted upon by a pressure �P� �i.e., blood
ressure�, a longitudinal tension which generates a stretch ratio
��, and a torque �T�, which causes the vessel to twist by an angle
��. As previously demonstrated, the zero-stress state �the configu-
ation in which all loads are zero� of an artery is determined by
aking a radial cut in an arterial ring, allowing the ring to open

nto a sector �26,27�. The inner �Ri� and outer radii �Ro� and
pening angle ��� of that sector represent the zero-stress or ref-
rence configuration �Fig. 1�B��.

The deformation gradient F of an intact, loaded, arterial seg-
ent would be

F = �
�r

�R
0 0

0
�r

�R
r�

0 0 �

� �1�

here � is the twist per unit length or � /L �28�. Assuming that
rterial tissue is incompressible requires that the determinant of F

s 1. Thus,
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�r

�R
=

�R

�r�
�2�

The deformation of a given point in this arterial segment can be
characterized by Lagrangian Green’s strain tensor �E�, which is
given by

E =
1

2
�FT · F − I� =

1

2�� �R

�r�
	2

− 1 0 0

0 � �r

�R
	2

− 1
r2��

�R

0
r2��

�R
r2�2 + �2 − 1



�3�

where I is the identity matrix �28�.
Humphrey described a generalized form of a strain-energy

function to describe the elasticity of finite deformations in arterial
tissue as follows:

W = 1
2c0�eQ − 1� �4�

where

Q = c1Er
2 + c2E�

2 + c3Ez
2 + 2c4E�Er + 2c5E�Ez + 2c6EzEr

+ c7�E�z
2 + Ez�

2 � + c8�Erz
2 + Ezr

2 � + c9�E�r
2 + Er�

2 � �5�

Er, E�, and Ez are the principal components and E�z, etc., are the
shear components of the Green’s strain tensor shown in Eq. �3�
�28�. Note that a more specific form of this model was originally
put forth by Chuong and Fung �29�. They assumed a cylindrical,
orthotropic, material symmetry and therefore determined con-
stants for only the first six terms in Eq. �5� �29�.

The loading case described in Eq. �3� allows simplification of
the general exponential strain-energy function in Eqs. �4� and �5�.
Specifically, Erz, Ezr, E�r, and Er� are zero. Also, E is symmetric
�i.e., E=ET�, which makes E�Z=EZ�. Therefore, the simplified

Fig. 1 „A… Schematic of an arterial segment of length L and
inner and outer radii ri and ro, respectively, acted upon by a
longitudinal stretch �, an intraluminal pressure P, and a torque
T, which generates a twist angle �. „B… Schematic of a sector of
an arterial ring with inner and outer radii Ri and Ro, respec-
tively, and an opening angle �.
form of Q becomes
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Q = c1Er
2 + c2E�

2 + c3Ez
2 + 2c4E�Er + 2c5E�Ez + 2c6EzEr + 2c7E�z

2

�6�

he Cauchy stress tensor ��� can then be determined from the
train-energy function via

� = − pI + F ·
�W

�E
· FT �7�

here p is the Lagrangian multiplier.

2.2 Experimental Data. Values for parameters c0–c6 have
een previously determined for porcine coronary arteries �30�. No
alues have been reported for the proposed parameter c7, but the
ork by Lu et al. describing the shear modulus properties of por-

ine coronary arteries provide the necessary information to deter-
ine its value �24�. They demonstrated that the torque required to

wist an artery varied linearly with �. Therefore, the relationship
etween torsion shear stress and shear strain can be described by

��z = Gr� �8�

here G is the shear modulus. G was found to be linearly propor-
ional to the mean circumferential stress, such that

G = 	 + 
�� �9�

here �� is determined from the law of Laplace �24�. The linear
onstants �	 and 
� were found to depend on the longitudinal
tretch ratio �. The result was a family of linear functions describ-
ng the relationship between G, �, and ��.

2.3 Derivation of an Expression for c7. While these previ-
us experiments by Lu et al. �24� provide the necessary data for
eveloping a finite element model of arterial segments under tor-
ion, the form of the relationship is not conducive for finite ele-
ent analysis. Ideally, the relationship would be encompassed in

he strain-energy function, specifically in the value of the param-
ter c7. To do this, we derived the Cauchy torsion shear stress
omponent from Eqs. �3�, �4�, �6�, and �7� to be

��z = ��r�

�R
	 �W

�E�z
+ r��

�W

�Ez
�10�

valuating the derivatives yields

��z = c0c7� �r

�R
	2

r��eQ + c0�c5E� + c6Er + c3Ez�r��eQ �11�

etting Eq. �11� equal to expression �8� derived by Lu et al. �24�
ives

�	 + 
��� = c0c7� �r

�R
	2

�eQ + c0�c5E� + c6Er + c3Ez��eQ

�12�

olving for c7 gives

c7 = ��R

�r
	2� �	 + 
���

c0�eQ − �c5E� + c6Er + c3Ez�� �13�

ote that Eq. �13� is not a closed form solution because c7 appears
n the expression for Q �see Eq. �6��. However, it was assumed
hat c7 makes a negligible contribution to Q and therefore Q was
alculated without the c7 term in the evaluation of Eq. �13�. The
alidity of this assumption was confirmed once the values of c7
ere determined.

2.4 Finite Element Analysis-Based Calculation of c7. Based
n Eq. �13�, the data on the strain state of an arterial segment
nder circumferential �pressure� and longitudinal �stretch� loads
re required to calculate c7. This information was obtained by
nite element analysis using ABAQUS V6.5. The user-defined sub-
outine UMAT was used for incorporation of custom material

roperties; i.e., W given by Eqs. �4� and �6� �see the Appendix�.

ournal of Biomechanical Engineering
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The parameters used in Eq. �6� were previously determined by
Wang et al. �30� for intact porcine left anterior descending �LAD�
artery: c0=8.92 kPa, c1=0.55, c2=1.25, c3=2.46, c4=0.08, c5
=0.36, and c6=0.06. The specific gravity was assumed to be 1.0
and the arterial tissue was assumed to be incompressible. This
constraint was applied by the use of the penalty function

��J� = �J − 1�2 �14�

where J is the determinant of the deformation gradient F. This
constraint was used in place of the Lagrangian multiplier in Eq.
�7� making the Cauchy stress

� = F ·
�W

�E
· FT + �

��

�

�15�

where � is the logarithmic strain tensor and � is the penalty pa-
rameter. Incompressibility was maintained with �=106. Three dif-
ferent geometries representing the mean �medium� porcine LAD
dimensions plus �large� or minus �small� one standard deviation
�Table 1� �31� were constructed and meshed using eight-node gen-
eralized biquadratic axisymmetric quadrilateral hybrid elements.
All geometries had the same length �20 mm� and opening angle
�2.97 rad�.

The analyses for the calculation of c7 were performed in two
static loading steps. The first step was a linear ramp in the longi-
tudinal stretch until the desired � was achieved. The second was a
linear ramp in pressure from 0 kPa to 16 kPa. The resulting inner
and outer radii were computed during this pressurization step and
used in the calculation of c7 at the 21 combinations of applied
pressure and stretch. It should be noted that by using a static
analysis, all inertial effects were ignored.

Mean values for the parameter c7 of the arterial segment were
determined at pressures of 0 kPa, 3 kPa, 5 kPa, 8 kPa, 10.7 kPa,
13.3 kPa, and 16 kPa �corresponding to 0 mm Hg, 22.5 mm Hg,
60 mm Hg, 80 mm Hg, 100 mm Hg, and 120 mm Hg, respec-
tively� with longitudinal stretch ratios of 1.2, 1.3, and 1.4; thus
generating 21 distinct values, which were then averaged. This was
repeated for each of the three geometries in Table 1.

2.5 In Silico Triaxial Experiments. Each value determined
for c7 was validated through in silico simulation of the triaxial
experiments performed by Lu et al. �24�. As before, finite element
analysis was performed using ABAQUS V6.5 with the UMAT �see
the Appendix� user-defined subroutine on the three geometries
indicated in Table 1. However, in this case, the strain-energy func-
tion utilized by UMAT was that defined in Eqs. �4� and �6� incor-
porating the newly calculated value for c7. The simulated experi-
ments had three loading steps �Fig. 2�. There was a sequential
linear ramp first in stretch and then in pressure to desired values.
Following this, one end of the vessel segment was fixed in posi-
tion while a clockwise circumferential displacement was applied
to the other end, generating a twist angle of −25 deg. The dis-
placement was then reversed; i.e., a counterclockwise circumfer-
ential displacement was applied until the twist angle reached
25 deg. The shear stress ���Z� evaluated at the nodes of the end
being displaced circumferentially was recorded throughout the
twist loading cycle. These values were used to calculate the torque

Table 1 Porcine LAD dimensions

Small Medium Large

Inner radius �mm� 0.817 0.963 1.108
Outer radius �mm� 1.047 1.219 1.390
Wall thickness ��m� 230 256 282
�T� required to achieve this twist via
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T = 2�

ri

ro

��zr
2dr �16�

his integral was estimated via the trapezoid rule evaluated at the
nite element nodes. Substituting the relationship between shear
tress and shear modulus �see Eq. �8�� determined by Lu et al. �24�
nd evaluating the integral in Eq. �16� give

T = GK� �17�

here K is the polar moment of inertia given by

K =
�

2
�ro

4 − ri
4� �18�

lots of torque �T� versus polar moment of inertia times the twist
er unit length �K�� were generated for each combination of
tretch ratio and pressure. The shear modulus �G� was then deter-
ined from the slope of these lines and compared to the moduli

Fig. 2 In silico triaxial experimental
tive vessel geometry. Two views are s
an angle of twist plotted as gray scale
the open end of the hemivessel „botto
configuration; „B… stretched to the des
„D… twisted on the upper end by �=−
direction, �=25 deg.
etermined experimentally by Lu et al. �24�.
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3 Results

3.1 Values for the Parameter c7. The inner and outer radii
computed via finite element analysis for each of the three porcine
LAD geometries in Table 1 for a given longitudinal stretch and
pressure combination are shown in Fig. 3. The average values of
c7 calculated according to Eq. �13� for each longitudinal stretch
and pressure combination for a given geometry are shown in Fig.
4. The average value for c7 across the three geometries was
0.0759�0.0009 �mean�standard deviation�.

3.2 In Silico Triaxial Experiments. Incorporation of the av-
erage value for the c7 term into the finite element simulation em-
ploying the exponential strain-energy function defined by Eqs. �4�
and �6� generated the family of linear functions between torque
and polar moment of inertia times twist per unit length shown in
Fig. 5. A comparison of the family of linear functions used to
describe the shear moduli by Lu et al. �24� and the single expo-
nential model with the c7 term shows close agreement �R2

�0.98� independent of the vessel segment geometry �Fig. 6�.

tocol demonstrated by a representa-
wn of a hemivessel at each step with
n end view „top… and a side view into
. „A… Vessel segment in the unloaded
d �; „C… pressurized to the desired P;
deg; „E… and twisted in the opposite
pro
ho
. A
m…

ire
25
3.3 Validation of Assumptions and Simulation Quality.
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he difference between the values of Q at the maximum and
inimum loading conditions of the mean LAD geometry with and
ithout the c7 term was found to be less than 0.02%, suggesting

hat c7 does indeed have a negligible contribution to Q. The de-
erminant �J� of the deformation gradient was monitored through-
ut the analysis and found to range from 0.9998 to 1.0004, sug-
esting that incompressibility assumption was met.

Valid finite element analysis requires that the results be inde-
endent of the mesh size. To ensure mesh independence, the shear
tresses ��Z at the end nodes used in the evaluation of the torque
rom Eq. �16� were determined to be nearly the same for three
ifferent mesh densities �Fig. 7�. All reported results utilized the
edium mesh density.

Discussion
Characterization of the mechanical stress distribution in the

oronary arterial bed could provide insight into the mechanisms’
nderlying atherosclerotic lesion localization. The torsion shear

Fig. 3 Plots of computed inner „A… an
three porcine LAD geometries „small,
1.2, 1.3, and 1.4
d outer „B… radii versus pressure for the
medium, and large… at stretch ratios of
omponent of that stress distribution has been understudied due to

ournal of Biomechanical Engineering
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Fig. 4 Calculated values for the parameter c7 for each porcine
LAD geometry „small, medium, and large…. The bars represent
the average value from each combination of pressure „0 kPa,
3 kPa, 5 kPa, 8 kPa, 10.7 kPa, 13.3 kPa, and 16 kPa… and stretch
ratio „1.2, 1.3, and 1.4…, a total of 21 combinations. The error

bars represent the standard error of the mean.
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he lack of a well-defined material model of the arterial wall that
ncludes this component of mechanical deformation. The benefits
f this work to that end are multifold. Lu et al. previously used
riaxial mechanical testing to determine a family of linear func-
ions for the shear modulus of porcine coronary arteries �24�. In
ll, six linear parameters were required to describe the torsion
hear properties of one porcine coronary artery. While this model
rovided a continuous distribution for shear modulus with respect
o circumferential stress, it could only describe a discrete distri-
ution with respect to longitudinal stretch ratio. That is, if the
essel of interest had a stretch ratio between 1.2 and 1.3, a poten-
ially nonlinear interpolation would be necessary. The model we
ropose here solves that problem by providing a single constant
hat characterizes the entire physiologic spectrum of shear moduli
or pressures between 0 mm Hg and 120 mm Hg and longitudinal
tretch ratios between 1.2 and 1.4. In addition, a material model
hat is invertible, such as the one described by the Fung-type
xponential strain-energy function used here, allows for its use in
nite element analysis. This is significant in that it allows one to
haracterize the stress distribution in arterial tissue under torsion.

In silico simulation of triaxial experiments demonstrated that
his single parameter captures the dependence of torsion shear
tress on circumferential and longitudinal stresses. Furthermore,
he values of the shear modulus calculated for the porcine LAD
rom this study agreed with those published previously �24�.

hile this study focused specifically on the porcine LAD, shear
oduli data have been reported for the right coronary artery in the

ig �24� and the aorta in the rat �25�. This methodology could
asily be employed to determine the value of c7 for those particu-
ar vessels as well.

The validity of our methodology can be evaluated with a few
ey observations. The first is that the value of c7 is independent of
he vessel segment size. Second, the value of c7 is small relative to
ther parameters in the model. In fact, it is small enough to be
egligible in the calculation of the exponent Q, which is appro-
riate, since the twisting deformation is expected to have a very
mall contribution to the other nontorsion stresses in the arterial
all. Third, the results are independent of mesh density indicating

ppropriate mesh size and boundary conditions in the finite ele-
ent analysis.
Like all simulation studies, the results are limited by the as-

Fig. 5 Plots of torque versus polar moment of inertia „�… fo
pressures at constant stretch ratio „bottom… for each of the
umptions made. First, the analysis assumes an axisymmetric ge-

51001-6 / Vol. 130, OCTOBER 2008
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ometry with constant diameter and wall thickness over the length.
However, the coronary arteries have a complex geometry with
significant branching and a continuous distribution of both diam-
eter and wall thickness over the length �32�. Furthermore, the
zero-stress state, characterized by the opening angle, also varies
longitudinally �32�. For this analysis, the dimensions were as-
sumed to be constant and equal to those of the porcine left coro-
nary artery prior to the first major branch. The straight, axisym-
metric assumption has been previously employed by Lu et al. as
well as others to evaluate the torsion shear properties of vascular
tissue �24,25�. Our results can therefore be interpreted with re-
spect to these previous studies. Second, extrapolation of our re-
sults beyond the conditions tested should be performed with care.
Residual analysis demonstrates an increase in error toward the
ends of the testing range, indicating that this model may not be
valid at pressures above 120 mm Hg and stretch ratios below 1.2
or above 1.4. This limited range of stretch ratios should not detract
from the overall utility of the model since the stretch ratio is
unlikely to vary outside this range specifically during torsional
loading in vivo. The nonlinear effects of longitudinal stretch in-
dependent of torsional shear are already included in the original
Fung model that formed the basis of the model described here. A
higher order model may be required to characterize the shear
stress behavior under these more extreme loading conditions.
Third, this model was developed from the stress-strain state of
blood vessels at a single point in time without prior knowledge of
loading history. Therefore, it cannot provide information about
remodeling.

In summary, we condensed the description of the torsion shear
properties of the porcine LAD from a family of linear functions to
a single parameter added to a well-validated Fung-type exponen-
tial material model. Finite element analyses utilizing this model
can more accurately predict the various components of stress
within the wall of vessels undergoing torsional deformation, such
as the coronary arteries. Such computational modeling using ac-
curate material models could aid in determining the mechanistic
link between biomechanical stimuli and the localization of athero-
genesis.
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ppendix: Development of Custom UMAT File for
BAQUS V6.5

ABAQUS V6.5 provides the user-defined subroutine, UMAT, for
ustom definition of material constitutive properties. This subrou-
ine can be used to update the stresses and Jacobian matrix from
he provided deformation gradient at each increment. UMAT uti-
izes the Cauchy “true” definition of stress and defines the Jaco-

ig. 6 Shear modulus „G… as a function of pressure for various
tretch ratios for each of the three vessel geometries „small,
edium, and large…. Individual points represent shear moduli
etermined by linear functions of mean circumferential wall
tress from Lu et al. †24‡. The error bars represent a 95% con-
dence interval. The lines represent shear moduli predicted

rom the in silico triaxial experiments using W defined by Eqs.
4… and „6…; i.e., including the shear strain term „c7=0.0759….
ian matrix as
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���

���
�A1�

where 
 is the logarithmic strain tensor defined by

� = ln F �A2�
Implementation of this subroutine for incorporation of the strain-
energy model described in this study required two expressions.
First, an expression for the Cauchy stress tensor was derived as a
function of the deformation gradient �see Eqs. �1�–�7��. Second,
the Jacobian matrix was determined from the Cauchy stress ten-
sor. Since the strain-energy function is given in terms of Green’s
strain, the Cauchy stress tensor is also in terms of Green’s strain.
The Jacobian matrix with respect to the logarithmic strain can be
determined by application of the chain rule

��

��
=

�E

��

��

�E
�A3�

��

��
= �I + 2E�

��

�E

Since this was an axisymmetric analysis, it was assumed that
E�z is the predominant shear strain and that the other shear strains
�Erz and E�r� were negligible. To enforce this constraint, two ad-
ditional terms had to be added to the exponent Q in the strain-
energy function such that

Q = c1Er
2 + c2E�

2 + c3Ez
2 + 2�c4E�Er + c5E�Ez + c6EzEr + c7E�z

2

+ c8Erz
2 + c9E�r

2 � �A4�
These terms were added to aid in computational stability and force
a near zero shear strain in the r-z and r-� planes. Therefore, the
parameters c8 and c9 were not true material constants. Rather,
their values were arbitrarily chosen to be large enough to prevent
shear deformations in the respective planes. Zhang et al. em-
ployed a similar technique in their axisymmetric fluid-structure
analysis of the effect of surrounding tissue on fluid and solid
mechanics in the vasculature �33�.
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