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This paper presents a robust nonlinear control that uses a
variable estimator for control of a single degree of freedom ro
manipulator actuated by shape memory alloy (SMA) wire
model for SMA actuated manipulator is presented. The mod
cludes nonlinear dynamics of the manipulator, a constitu
model of the shape memory alloy, and the electrical and
transfer behavior of SMA wire. The current experimental s
allows for the measurement of only one state variable which i
angular position of the arm. Due to measurement difficulties
other three state variables, arm angular velocity and SMA
stress and temperature, cannot be directly measured. A m
based state estimator that works with noisy measurements i
sented based on the extended Kalman filter (EKF). This estim
estimates the state vector at each time step and corrects its
mation based on the angular position measurements. The es
tor is then used in a nonlinear and robust control algorithm ba
on variable structure control (VSC). The VSC algorithm is a c
trol gain switching technique based on the arm angular pos
(and velocity) feedback and EKF estimated SMA wire stress
temperature. Using simulation it is shown that the state ve
estimates help reduce or avoid the undesirable and ineffi
overshoot problem in SMA one-way actuat
control. fDOI: 10.1115/1.1898335g

1 Introduction
Within the significant toolbox of mathematical tools that can

used for stochastic estimation from noisy sensor measurem
one of the most well-known and often-used tools is what is kn
as the Kalman filterf1,2g. Kalman filter has been extensively us
to help control the motion of robotic manipulatorsf3–7g. How-
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ever, as far as we know, Kalman filter has not been used to c
the motion produced by shape memory alloyssSMAsd.

SMAs consist of a group of metallic materials that demons
the ability to return to some previously defined shape or size
subjected to the appropriate thermal procedure. The s
memory effect is hysteretic and occurs due to a temperatur
stress dependent shift in the material’s crystalline structure
tween two different phases called martensite and austenite
are the low and high temperature phases, respectively. SM
tuators have several advantages for miniaturization such as
lent power to mass ratio, maintainability, reliability, and clean
silent actuation. The disadvantages are low energy efficienc
to conversion of heat to mechanical energy and inaccurate m
control due to hysteresis, nonlinearities, parameter uncerta
and difficulty in measuring variables such as temperature.

The control research applied to SMAs may be divided
three categories of linear control, pulse width modulationsPWMd,
and nonlinear control. Different variations of linear proportio
integral derivative controls have been explored by some rese
ers f8,9g while many others have used PWMf10,11g. Severa
nonlinear control schemes such as fuzzy logic, feedback line
tion, and variable structure controlsVSCd have also been explor
by researchersf12–15g.

In this work, we have developed a control algorithm base
VSC. The controller uses an extended Kalman filtersEKFd to
estimate the state vector of a single-degree-of-freedoms1-dofd
rotary arm. The arm is actuated by a bias type actuator constr
with SMA wire, pulleys, and a linear spring. A nonlinear mode
developed based on the arm nonlinear dynamic model, a
wire constitutive model, a SMA phase transformation modelf16g,
and a nonlinear heat convection modelf13,17g. This model ha
been experimentally verified in our previous workf13g. An ex-
tended Kalman filter is designed for a SMA actuated manipu
and is tested through simulations. The EKF utilizes the co
input and the angular position of the arm to predict the other
variables of the system: angular velocity, SMA wire stress,
SMA wire temperature. The incorporation of the stress and
perature estimates into a VSC could help avoid the overs
problem thus avoiding large delays due to cooling and rehe
requirements in SMA one-way actuation.

2 The SMA Arm Model
The single degree-of-freedoms1-dofd SMA-actuated arm

shown in Fig. 1. We have used 150mm diameter Ni-Ti SMA wire
which is actuated by electrical heating. The net actuating torq
the difference between the resulting bias spring and SMA
torques. The SMA arm model consists of phase transforma
heat transfer, SMA wire constitutive, and arm dynamic block
addition, there is an amplifier, an encoder, and a signal condit
in the hardware setup.

The nonlinear dynamic model of the arm including spring
payload effects is represented by

Ieü = twssd − tgsud − tssud − cu̇, s1d

where tw, tg, and ts are the resulting torques from SMA wi
gravitational loads, and the bias spring, respectively, ands is the
wire stress.Ie is the effective mass moment of inertia of the a
gripper, and the payload, andc is the torsional damping coef
cient approximating the net joint friction.

The SMA wire strain rate«̇ and joint angular velocityu̇ are
related kinematically as

«̇ = −
2rpu̇

l0
, s2d

whererp is pulleys radius andl0 is the initial length of SMA wire
Wire constitutive model shows the relationship among s

˙ ˙

n

rate ssd, strain rate, and temperature ratesTd f18g:
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ṡ = D«̇ + uTṪ + Vj̇, s3d

whereD=jDM +s1−jdDA is the Young modulus,DA is austenite
Young modulus,DM is martensite Young modulus,uT is therma
expansion factor,V=−D«0 is phase transformation contributi
factor, and«0 is the initial si.e., maximumd strain f16g.

Due to hysteretic behavior of SMA wire, the phase transfor
tion equations are different for heating and cooling. Heating
sults in reverse transformation from martensite to austenite:

j =
jM

2
hcosfaAsT − Asd + bAsg + 1j, s4d

where 0øjø1 is the martensite fraction coefficient,jM is the
maximum martensite fraction obtained during cooling,T is the
SMA wire temperature,As and Af are austenite phase start a
final temperatures, andaA=p / sAf −Asd, bA=−aA/CA, andCA are
curve fitting parameters.

Cooling results in forward transformation equation from au
nite to martensite:

j =
1 − jA

2
cosfaMsT − Mfd + bMsg +

1 + jA

2
, s5d

where jA is the minimum martensite fraction obtained dur
heating,Ms andMf are martensite phase start and final temp
tures, andaM =p / sMs−Mfd, bM =−aM /CM, andCM are curve fit
ting parameters.

The SMA wire heat transfer equation consists of electrical h
ing and natural convection:

mcp
dT

dt
=

V2

R
− hAcsT − T`d, s6d

whereR is resistance per unit length,cp is the specific heat,m is
mass per unit length andAc is circumferential area of the SM
wire. Also, V is the applied voltage,T` is the ambient temper
ture, andh is heat convection coefficient.

3 Extended Kalman Filter
Detailed information on Kalman filter can be found in sev

referencessfor example, Ref.f2gd. The SMA manipulator mode

Fig. 1 The 1-dof SMA arm, actuat
state vector as described in Sec. 2 is defined as
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x = fu u̇ s TgT. s7d

The discrete model of the system can be derived by approxim
the differential equations presented in Sec. 2 to their corresp
ing backward difference equations. Angular position of the ar
current time may be predicted using previous values of the a
lar position and velocity as

x̂k̄s1d = x̂k−1s1d + x̂k−1s2dTs, s8d

whereTs is the sampling time. We have used the previous
position samples to predict the arm angular velocity

x̂k̄s2d =
x̂k−1s1d − x̂k−2s1d

Ts
. s9d

Note that the estimated angular velocity is directly related to
measured state variable instead of using Eq.s1d and integratin
the angular acceleration. Furthermore, since the SMA w
stress, is a function of strain, temperature, and phase transf
tion, Eq. s3d creates an algebraic loop in the model. Hence
stress is estimated using Eq.s1d instead of the wire constitutiv
model

x̂k̄s3d = f3 = fIeü + tgsx̂k−1s1dd + tssx̂k−1s1dd + cx̂k−1s2dg/s2rpAwd,

s10d

whereAw is the SMA wire’s cross-sectional area. This way, st
is also directly related to the measured state variablesangula
positiond. The angular acceleration of the arm in Eq.s10d is com-
puted using the difference equation based on the previou
values of the angular velocity

ü =
x̂k−1s2d − x̂k−2s2d

Ts
. s11d

The temperature estimate is merely based on the conve
heat transfer equations6d which depends only on previous te
perature value:

x̂k̄s4d = x̂k−1s4d +
V2/R− hAcsx̂k−1s4d − T`d

mcp
Ts. s12d

Note that once the four state variables are estimated, the

by NiTi wire and a bias spring
ed
wire phase transformation index can be directly obtained from Eq.
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s4d during reverse transformationsheatingd and from Eq.s5d dur-
ing forward transformationscoolingd.

The Jacobian matrix, at each iteration, can be derived usin
state equationss8d–s10d and s12d,

A = 3
1 Ts 0 0

1

Ts
0 0 0

A31 c +
1

Ts
0 0

0 0 0 A44

4 , s13d

whereA31 and A44 are the partial derivatives of state equati
s10d and s12d with respect toxk−1s1d andxk−1s4d, respectively.

The angular position of the arm is measured. Hence

zk = Hxk + vk = f1 0 0 0gxk + vk. s14d

Here the random variableswk and vk represent the process a
measurement noisesrespectivelyd. They are assumed to be ind
pendentsof each otherd, white, and with normal probability distr
butions. We use the following initial conditions for the state v
tor:

xinitial = F−
p

4
sradd 0srad/sd 98.1sMPad 20s°CdG .

For the filter, we add uncertainty to the initial condition by sel
ing P0= I434 and a relatively small process noise by lettingQ
=1e−2I434. Initially, we chose a relatively large variancesv=1 for
the measurement noise, assuming that the angular position
surements are corrupted with white noise. Details on the dev
ment of the Extended Klaman Filter can be found in our prev
work f19g.

4 Controller Design
The variable structure control is comprised of two switch

surfaces. The main switching conditionssurfaced is a weighted
combination of position and velocity errors,

S1 = S d

dt
+ lDũ = ũ

˙
+ lũ, s15d

where −l is the slope of sliding surface in the phase plane
boundary layer is introduced around the switching surfaceS1, to
suppress chattering. Denoting the layer thickness asf1, the con-
trol input is written as

u =5
Vhigh if

S1

f1
, − 1

Vlow if
S1

f1
. + 1

KS1 if − 1 ,
S1

f1
, + 1,

6 s16d

whereK is a proportional gain. Generally, increasing the boun
layer thickness, reduces chattering but increases steady-state
The resulting VSC was implemented and its performance
tested experimentally in our previous studyf13g.

The reverse phase transformation, which provides upward
rotation actuation, takes place only when the wire temperatu
within the stress-dependent-reverse actuation temperature
sbetween austenite start,Asm, and final,Afm, temperaturesd:

Asm= As +
s

CA
, Afm = Af +

s

CA
. s17d

In order to avoid overshoot the controller must be able to mai
the SMA wire’s temperature betweenAsm and Afm. Since thes
transformation temperatures are functions of stress their valu

creases as the arm goes beyond the maximum stress posi

Journal of Vibration and Acoustics
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sshown in Fig. 2d. To address this issue, a second switching
dition is added. This switching condition maintains the temp
ture of the SMA wire in the actuation rangesAsm,T,Afmd while
the arm is passing through the maximum stress position. To
end, the control algorithm is the VSC with switching condition
S1 and when the arm is passing through maximum stress loc
the controller uses the second switching conditionS2. The secon
switching condition is introduced in terms of time derivative
the austenite final temperature,

S2 =
dAfm

dt
. s18d

The resulting control algorithm can be written as

V =5
u if

S2

f2
. 1

KpsT − Tdd if − 1 ,
S2

f2
, 1

u if
S2

f2
, − 1,

6 s19d

whereTd is the desired temperature of the SMA wire andf2 is the
thickness of the boundary layer around the switching surfaceS2. A
linear approximation is used to calculate the desired tempe
of the wire. This way,Td is calculated as a function of desir
position and transformation temperatures.

5 Results
The nonlinear SMA model simulations have been previo

verified through several experimentsf13g. The simulation resul
with the extended Kalman filter are presented here and com
with the model. In each simulation state variables are colle
from simulating the model. Next, the EKF is simulated, wh
uses the angular position, previously generated from the m
The state vector estimated by the filter is compared with the s
lation results of the model.

Figure 3 shows the comparison between the EKF estimate
the nonlinear model state variables for a step input with chan
amplitude. Figure 4 represents the estimation performance b
EKF for a sinusoidal input. It can be clearly seen that the filte
an excellent performance for both set-pointsstepd and tracking
ssinusoidald type tasks. Figure 5 presents the effect of the m
surement noise covariances, which is used by the filter to co
its estimates, on the angular position estimation error. Cle
larger measurement noise causes the filter to reply more
estimations and lead to larger errors.

In Fig. 6, the performance of the variable structure contr
sNVSCd is compared to a controllersPVSCd, which is based onl
on the first switching conditionsS1d. The performance of the tw
controllers are the same for the positions below the maxi
stress position. The overshoot problem is reduced with addin
new switching condition,S2, for the angular positions beyond t
maximum stress position. The NVSC prevents the SMA wire f
overheating as can be seen in Fig. 7, while the arm passes th
the maximum stress position. With the PVSC the wire heats
the austenite final temperature when the arm reaches the
mum stress position and hence arm has a larger overshoot.
8 presents the effect of the temperature boundary thicknessfT on
the overshoot minimization performance of the VSC where
desired angular position is kept constantud=50°. It can be see
that the overshoot is smaller for the boundary layers with la
thickness. Hence, overshoot can be avoided altogether by in
ing the temperature boundary layer.

6 Conclusion
An extended Kalman filter is designed for a rotary SMA a
tionated manipulator and has been tested through simulations. Satis-

JUNE 2005, Vol. 127 / 287
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Fig. 2 The stress of the SMA wire reaches a maximum as arm moves upwards; as a result
the transformation temperatures also change
Fig. 3 Comparing the simulation results of the SMA-actuated arm model and the extended

Kalman filter for a switching step input
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Fig. 4 Comparing the simulation results of the SMA-actuated arm model and the extended
Kalman filter for a sinusoidal input „w =5 rad/s …
Fig. 5 The effect of the measurement noise covariance sv on the arm angular position pre-

diction error of the extended Kalman filter, sw =1

Journal of Vibration and Acoustics JUNE 2005, Vol. 127 / 289
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Fig. 6 Comparing the performance of the new VSC „based on position and velocity feedbacks
and an EKF estimator … with the performance of the previous VSC „based on position and v

velocity feedbacks only …
Fig. 7 The transformations and SMA wire temperatures for „a… previous VSC „based on posi-
tion and velocity feedbacks only … and „b… new VSC „based on position and velocity feedbacks

and an EKF estimator …; desired angular position ud =50°
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factory results have been shown in terms of the filter estimat
state vector that closely matches the state vector generated
nonlinear model of the system. Since the model had been p
ously verified against experimental data and the filter is desi
based on this model, it is expected that the filter can accur
estimate the state vector of the SMA actuated arm. Model u
tainties can degrade the estimation. However, these uncerta
can be included in the filter and therefore reduce the advers
fect. It is also shown that the filter performance is sensitiv
measurement and process noise and sampling time but not to
in the state variable initial conditions.

In our previous workf13g, we had shown both by simulatio
and experiments that a simple VSC has a robust performan
regulation, tracking, and disturbance rejection. However, o
shoot can still occur when large rotations are required sinc
arm goes beyond the maximum-stress-position and therefo
transformation temperatures decrease. In this work, EKF is
to estimate the SMA wire stress and temperature and incorp
them into a modified VSC system. The new controller is show
reduce or avoid overshoot while enjoying the desirable chara
istics of our original controller.
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