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Analysis of Multi-Layer
Immiscible Fluid Flow
in a Microchannel
The development of microfluidics platforms in recent years has led to an increase in the
number of applications involving the flow of multiple immiscible layers of viscous electro-
lyte fluids. In this study, numerical results as well as analytic equations for velocity and
shear stress profiles were derived for N layers with known viscosities, assuming steady
laminar flow in a microchannel driven by pressure and/or electro-static (Coulomb)
forces. Numerical simulation results, using a commercial software package, match ana-
lytical results for fully-developed flow. Entrance flow effects with centered fluid-layer
shrinking were studied as well. Specifically, cases with larger viscosities in the inner
layers show a very good agreement with experimental correlations for the dimensionless
entrance length as a function of inlet Reynolds number. However, significant deviations
may occur for multilayer flows with smaller viscosities in the inner layers. A correlation
was deduced for the two-layer electroosmotic flow and the pressure driven flow, both
being more complex when compared with single-layer flows. The impact of using power-
law fluids on resulting velocity profiles has also been explored and compared to Newto-
nian fluid flows. The present model readily allows for an exploration of the impact of
design choices on velocity profiles, shear stress, and channel distribution in multilayer
microchannel flows as a function of layered viscosity distribution and type of driving
force. [DOI: 10.1115/1.4005134]

Keywords: immiscible fluids, multilayer viscosities, non-newtonian fluids, pressure-
driven flow, electroosmotic flow, microchannel entrance effects

1 Introduction

The number of microfluidic applications involving the interac-
tion of multiple immiscible fluid layers has grown dramatically in
the last decade, as researchers established the usefulness of micro-
fluidic platforms to solve a variety of science and engineering
problems. Such microfluidic platforms involving precise control
of complex fluid flow fields have become increasingly prevalent
in micro-scale biomedical processing, emulsification, therapeu-
tics, and lab-on-a-chip processes. Such applications fall into the
categories of particle formation, e.g., droplets [1–4], bubbles [5],
multilayer gas-core lipospheres [6], and “Jams” particles [7], as
well as improved interface, diffusion and reaction phenomena
[8–14], rheological measurements [8], and cell sorting and treat-
ment [15–17].

Traditionally, fluid flow is accomplished via applied pressure
gradients (e.g., Poiseuille flow) or translation/rotation of system
geometries (e.g., Couette flow). For microchannel flow at low
Reynolds numbers and without the need for mechanical (i.e.,
moving) parts, electroosmotic flow is a preferred alternative to
pressure-driven flow (see Chapter 7 in Kleinstreuer [18]; among
other texts). Briefly, in electroosmotic flow an external electric
field is applied across a charged microchannel containing an ion-
ized fluid. The induced electric potential decays exponentially
from the wall for single-plate systems or in relatively wide chan-
nels. It acts measurably in the resulting electric double-layer
(EDL), shown in Fig. 1. The EDL is composed of the Stern layer
(immobile counter ions at the wall surface), and the moving
“diffuse layer” of thickness kD, also known as the Debye length.
Approximately within a nano-scale wall layer of 0< y< 3kD the

fluid flows in the direction of the applied electric field. The vis-
cous resistance between layers of the fluid drags the bulk fluid
outside the EDL in the same direction, creating a uniform velocity
for the bulk fluid. In fact, for condition of, say, 3kD � aH (see
Figs. 1–3) it can be assumed that the electroosmotic velocity
uEO ¼ ubulk � uslip [19].

When immiscible fluid streams come into contact at the inlet
section of a microchannel, the ultimate flow regime depends on
the device geometry, flow rates, and instabilities that occur at the
fluid-fluid interfaces. These layers have different viscosities, den-
sities, and electrical properties, which will affect the velocity and
shear-stress profiles significantly and allow for unique applica-
tions. For example, Gao et al. [20,21] obtained analytical solutions
for velocity profiles and flow rates of two-liquid flow in a micro-
channel which was driven both by electroosmotic force and pres-
sure gradient. Li et al. [22] analyzed the time-dependent,
electroosmotic/pressure-driven flow of three immiscible fluids in
a rectangular microchannel. However, in some applications; for
example when employing the flow-focusing effect, it is important
to consider more than three fluid layers, i.e., any number of layers
subject to varying driving forces. For example, in Ward et al. [15]
droplets were formed by three parallel flows converging at a geo-
metrical narrowing. More recently, Hettiarachchi et al. [6] gener-
ated complex chemotherapeutic-loadable contrast agents for
medical ultrasonography using five converging fluid layers. Theo-
retical evaluations towards design choices for such systems can be
either numerical or analytical.

Elaborate numerical simulations may be performed to compare
changes in geometry towards achieving a desired outcome; how-
ever, they are typically quite complex and often do not provide a
basic understanding of transport phenomena in multilayer flows.
Using basic geometries and simplifying assumptions, analytic sol-
utions can be obtained with more traditional mathematics soft-
ware. Thus, the present study provides a compact, theoretical
model of steady laminar multilayer fluid flow. For applicability to
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a wide variety of platforms, the model has been evaluated consid-
ering different driving forces, i.e., electroosmotic and/or pressure
forces. Two important design considerations have to be taken into
account, i.e., immiscible layers must operate under low Reynolds
numbers to preserve interface stability [14] and Joule heating
should be avoided to remain below critical system temperatures.
It should be noted that in some cases interface instability is a
desired outcome to create droplets based on surface tension effects
[17].

In this paper, an analytical solution has been developed for N-
layers of pressure-driven, electroosmotic as well as combined
pressure/electroosmotic flows, assuming steady fully-developed
immiscible fluid layers in rectangular microchannels. The pro-
grammable analytic model is most convenient for the exploration
of viscous effects in the different layers as well as for the explora-
tion of layer-height effects. In addition, entrance effects, dominant
in microfluidic systems, with viscous layer development as well
as power-law fluids were simulated numerically. This model is of
use when analyzing fluid properties and system parameters of
multiple-layer interactions as they relate to more complex indus-
trial applications.

2 Theory

2.1 Governing Equations. The continuum mechanics equa-
tions describing the transport phenomena are based on the follow-
ing assumptions:

• The fluid flow is incompressible, steady, and laminar
• The no-slip boundary condition holds
• Planar interfaces between the immiscible fluids prevail
• Layer-interface matching conditions are equal velocities and

shear stresses
• Gravity does not affect (horizontal) microchannel flow

Thus, the reduced and modified Cauchy equations read
[18,23,24]:

r �~v ¼ 0 (1)

qð~v � rÞ~v ¼ �rpþr �~~sþ~fel (2)

where

~~s ¼ lr~v for Newtonian fluids

gr~v for power� law fluids

�
(3a,b)

and~fel is the Coulomb electric force per unit volume acting inside
the electric double layer (EDL), qel is the charge density, e is the
dielectric constant, ~E is the external electric field applied, and / is
the electric potential (see Fig. 1). Specifically,

~fel � qel
~E ¼ �e~Er2/ (3c)

While l is a constant, g is the apparent viscosity [18]:

g ¼ m _cn�1 (4)

where the constants m and n characterize the fluid and _c is the
shear rate. Clearly, when n¼ 1 and m¼ l a Newtonian fluid is
recovered, while n< 1 represents a pseudoplastic fluid or shear-
thinning fluid and n> 1 a dilatant fluid or shear-thickening fluid.

2.2 Numerical Method. Ansys CFX-12 software (ANSYS,
Inc., Canonsburg, PA) was employed to analyze microchannel-
entrance effects as well as multilayer flow characteristics, espe-
cially for power-law fluid flow, where the electroosmotic velocity

Fig. 1 Profile of the electric potential /ðyÞ in an electric double layer (EDL)

Fig. 2 N-layer immiscible fluid Poiseuille-type flow
Fig. 3 Idealized n-layer electro-osmotic flow in a microchannel
with zero pressure gradient and electric double layer (EDL)
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(uEO) was employed as a uslip-boundary condition to capture the
electroosmotic flow effect. The computations were performed on
an IBM Linux Cluster at North Carolina State University’s High
Performance Computing Center (Raleigh, NC) and on a local dual
Xeon Intel 3.2G Dell desktop (C M-P Laboratory, MAE Depart-
ment, NC State University). Mesh independence was examined
and verified by increasing the nodal number by 50% which pro-
duced a maximum result change of just 0.85% for the velocity
field. The unstructured mesh for a typical case contained 334080
hexahedral elements with 367710 nodes for fluid domain. Further-
more, the solutions of the flow field were assumed to be con-
verged when the dimensionless mass and momentum residual
ratios were below 10�6. Improving the convergence criteria to
less than 10�7 had a negligible effect on the simulation results. A
typical simulation run took about 12 hs.

To investigate multilayer fluid flow, the microchannel Reynolds
number is defined as the sum of sub-Reynolds numbers of each
layer, where the sub-Reynolds number is determined by its own
hydraulic diameter and viscosity. Thus,

Re ¼
Xn

i¼1

Rei (5)

and

Rei ¼
qUDhi

li

(6)

where Dhi ¼ 4Si=Pið Þ is the i-layer hydraulic diameter and U is
the average velocity at the channel inlet. For example, when there
are three layers of the same fluid in a microchannel of height H,
the combined Reynolds number is identical to single-layer chan-
nel flow, i.e., Re ¼ Re1 þ Re2 þ Re3 ¼ qUð1=3Þ2H=lð Þ � 3
¼ qU2H=lð Þ.

Entrance effects may be very important for flow in microfluidic
devices. Atkinson et al. [25] and Chen [26] provided correlations
for the entrance length of parallel-plate flow of a single layer as:

Le

Dh
¼ 0:3125þ 0:011Re (7)

and

Le

Dh
¼ 0:315

0:0175Reþ 1
þ 0:011Re (8)

The correlation of Chen [26] (i.e., Eq. (8)) may be more accurate
for low Reynolds numbers, say, Re¼ 0.5 to 5.

2.3 Analytical Results

2.3.1 N-Layer Poiseuille Flow. Fig. 2 provides the sche-
matics of N-layer Poiseuille-type immiscible fluid flow in a micro-
channel, where each layer ends at a height specified by the
coefficient ai. For example, height a1H specifies the bottom
boundary of layer one. The following rule applies to the height
coefficients (where layer Nmax ends at the solid boundary
interface):

0 < a1 < a2 < � � � < aNmax�1 < 1 (9)

For 2D flow with a constant pressure gradient, Eq. (2) can be
reduced to:

d2u

dy2
¼ �Dp

lL
(10)

while the shear stress is:

szy ¼ l
du

dy
(11)

Applying this to n-layers of immiscible fluid flow (see Fig. 2), the
following boundary conditions arise.

At solid surfaces:

u1ðy ¼ 0Þ ¼ 0 (12a)

and

uNmaxðy ¼ HÞ ¼ 0 (12b)

at liquid-liquid interfaces (n> 1):

uiðy ¼ aiHÞ ¼ uiþ1ðy ¼ aiHÞ; 1 � i � Nmax � 1 (13)

szy;iðy ¼ aiHÞ ¼ szy;iþ1ðy ¼ aiHÞ; 1 � i � Nmax � 1 (14)

With this generalized approach, Eq. (10) and Eq. (11) can be
solved in terms of the ith-layer (1 � i � Nmax) and featuring coef-
ficients Ci;1 and Ci;2 as:

ui ¼ �
Dp

2liL
y2 þ Ci;1yþ Ci;2 (15)

and

szy;i ¼ �
Dp

L
yþ liCi;1 (16)

Evaluating these coefficients in matrix form, the following rela-
tionships can be derived for Poiseuille-type flow

(1) All coefficients Ci have a common term dependent on
Nmax, defined here as:

NCOEF ¼

PNmax�1

j¼1

aj

ajðljþ1 � ljÞ
ljþ1lj

YNmax

i¼1

li

" #
þ

QNmax�1

j¼1

lj

PNmax�1

j¼1

ajðljþ1 � ljÞ
ljþ1lj

YNmax

i¼1

li

" #
þ

QNmax�1

j¼1

lj

(17)

(2) The Ci;1 coefficient is given as:

Ci;1 ¼
Dp

2liL
HNCOEF (18)

(3) The Ci;2 coefficient reads:

Ci;2 ¼
Dp

2L
H2
Xi�1

j¼1

aj

ðNCOEF � ajÞðljþ1 � ljÞ
ljþ1lj

" #
(19)

Hence, the generalized solution for the velocity profile of each
layer can be expressed as:

ui¼
DpH2

2liL
� y

H

� �2

þNCOEFy

H
þli

Xi�1

j¼1

aj

ðNCOEF�ajÞðljþ1�ljÞ
ljþ1lj

" #( )

(20)

The generalized solution for the shear stress at each layer-
interface is:

szy;i ¼
DpH

L
� y

H
þ NCOEF

2

� �
(21)
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2.3.2 N-layer Electroosmotic Flow. For electroosmotic flow
a new body force per unit volume, ~fel, inside the diffuse layer
of thickness kD (see Fig. 1 and Eq. (2)), has to be considered. Fig-
ure 3 depicts the schematics of N-layer electroosmotic flow in a
microchannel with zero pressure gradient and EDL. The immisci-
ble, N-layer fluids may include some conducting liquids and non-
conducting liquids. We assumed that only two conducting fluids
are in the microchannel, i.e., the bottom layer and the top layer,
i.e., the f potential at the fluid-fluid interface does not only depend
on the wall potential and the ionic properties of the two liquids,
but also on the pH-values and the concentration of the electrolyte
[27,28]. Thus, the fluid-fluid interfacial f potential is set to zero
for the analytical solution. Depending on the effective electroos-
motic force, the fluid-layer velocities and hence the interface posi-
tions can be controlled. Specifically, the charge density qel along
the wall is mainly confined to the EDL, following a Boltzmann
distribution [23]. In the Debye-Hueckel limit we have:

qelðyÞ ¼ �
e

k2
D

/ (22)

so that r2/ in Eq. (3b) can be replaced, i.e.,

r2/ ¼ /

k2
D

(23)

Equation (23) can be approximately solved by applying the fol-
lowing boundary conditions in the thin layers near the walls,
which are based on the present assumption that 3kD � aH [24]:

/w ¼
/ðy ¼ 0Þ � f1

/ðy ¼ HÞ � fNmax

�
(24a)

/ ¼ /ðy � 3kDÞ
/ðy � H � 3kDÞ

�
� 0 (24b)

Clearly, assuming the typical exponential decay of /ðyÞ, at
y � 3kD, / � 0:05f. Solving Eq. (23) subject to Eqs. (24a) and
(24b) and noting /ð3kD � y � H � 3kDÞ ¼ 0, we have:

/ ¼
� coshð3Þ

sinhð3Þ f1 sinhðy=kDÞ þ f1 coshðy=kDÞ 0 � y � 3kD

0 3kD � y � H � 3kD

coshð3Þ
sinhð3Þ fNmax sinh ðy� H þ 3kDÞ=kD½ 	 � fNmax cosh ðy� H þ 3kDÞ=kD½ 	 þ fNmax H � 3kD � y � H

8>>>><
>>>>:

(25)

So, a reduced form of Eq. (2) in conjunction with Eq. (3a) now
reads:

li

d2ui

dy2
þ fel

z ¼ 0 (26)

and with Eq. (3b) we have:

d2

dy2
uiðyÞ �

eE0

li

/ðyÞ
� �

¼ 0 (27)

subject to the following boundary conditions.
At the walls:

u1ðy ¼ 0Þ ¼ 0 (28a)

uNmaxðy ¼ HÞ ¼ 0 (28b)

and at the interfaces (n> 1):

uiðy ¼ aiHÞ ¼ uiþ1ðy ¼ aiHÞ; 1 � i � Nmax � 1 (29a)

szy;iðy ¼ aiHÞ ¼ szy;iþ1ðy ¼ aiHÞ; 1 � i � Nmax � 1 (29b)

Taking this generalized approach, the solutions for the ith-layer
(1 � i � Nmax) with coefficients Di;1 and Di;2 are:

ui �
eE0

li

/ðyÞ ¼ Di;1yþ Di;2 (30)

and

szy;i ¼ eE0

d/
dy

				
y¼aiH

þliDi;1 (31)

Again, evaluating these coefficients in matrix form, the following
relationships can be derived for the electroosmotic flow.

(1) All coefficients Di have a common term dependent on
Nmax, defined here as:

MCOEF ¼

fNmax

lNmax

� f1

l1

� �
PNmax�1

j¼1

aj
l1

lj

� l1

ljþ1

 !" #
þ l1

lNmax

(32)

(2) The Di;1 coefficient is given as:

Di;1 ¼
eE0

H

l1

li

MCOEF (33)

(3) The Di;2 coefficient reads:

Di;2 ¼ eE0MCOEF

Xi�1

j¼1

aj
l1

lj

� l1

ljþ1

 !" #
� eE0f1

l1

(34)

Finally, the generalized form of the velocity profile for each
layer can be expressed as:

ui ¼
eE0

H

l1

li

MCOEFyþ eE0MCOEF

Xi�1

j¼1

aj
l1

lj

� l1

ljþ1

 !" #

� eE0f1

l1

þ eE0

li

/ðyÞ (35)
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The generalized form of the shear stress profile for each layer is:

szy;i ¼
eE0

H
l1MCOEF þ eE0

d/
dy

(36)

2.3.3 Combined Flow. For combined electroosmotic and
pressure-driven flow, we obtain the velocity profile by adding
Eqs. (20) and (35):

ui ¼
DpH2

2liL
� y

H

� �2

þNCOEFy

H
þli

Xi�1

j¼1

aj

ðNCOEF�ajÞðljþ1�ljÞ
ljþ1lj

" #( )

þ eE0

H

l1

li

MCOEFyþeE0MCOEF

Xi�1

j¼1

aj

�
l1

lj

� l1

ljþ1

�" #

� eE0f1

l1

þeE0

li

/ðyÞ (37)

2.3.4 Flow Rate Comparisons. For a 2D system with single
layer (i.e., plate of width W separated by H, where W
H), the
electroosmotic and pressure-driven volumetric flow rates are:

QPDF ¼ W

ðH

0

DpH2

2lL
� y

H

� �2

þ y

H

� 

dy ¼ DpH3W

12lL
(38)

and

QEOF � W

ðH

0

uEOdy ¼ � en1

l
E0HW ¼ lEOE0HW

¼ lEOðDV=LÞHW (39)

Setting the net flow rate equal to zero [24] provides the necessary
pressure drop over applied voltage as:

Dp

DV
¼ 12lEOl

H2
¼ � 12en1

H2
(40)

Extension to multilayer flows yields:

Q ¼
XNmax�1

i¼1

Qi ¼
XNmax�1

i¼1

W

ðaiH

ai�1H

uidy (41)

subject to ai�1 � y
H � ai; 1 � i � Nmax; a0 ¼ 0; aN max ¼ 1:

Inserting Eqs. (20) and (35) into Eq. (41) provides the flow rates
for both multilayer pressure driven flow and electroosmotic flow.
Employing a two-layer flow case for illustration, i.e., Nmax¼ 2,
we have with Eqs. (17), (20), (32), (35), and (41):

Q2layer
PDF ¼

DpH3W

2l1L

4

3

l1

l2

� 1

3

� �
a3

1 þ
1

2
� 3

2

l1

l2

� �
NCOEFa2

1

�

�l1

l2

a2
1 þ

l1

l2

NCOEFa1 þ
1

2

l1

l2

NCOEF �
1

3

l1

l2

�
(42)

QEOF �
WeE0H

l1

1

2
MCOEFl1a

2
1

l1

l2

� 1

� �
þMCOEFl1a1 1� l1

l2

� ��

þ 1

2
MCOEFl1

l1

l2

� n1

�
(43)

Thus,

Dp

DV
¼ 2e

H2

1

2
MCOEFl1a

2
1

l1

l2

� 1

� �
þMCOEFl1a1 1� l1

l2

� �
þ 1

2
MCOEFl1

l1

l2

� n1

� �
4

3

l1

l2

� 1

3

� �
a3

1 þ
1

2
� 3

2

l1

l2

� �
NCOEFa2

1 �
l1

l2

a2
1 þ

l1

l2

NCOEFa1 þ
1

2

l1

l2

NCOEF �
1

3

l1

l2

� � (44)

To test the results for single layer flow, i.e., l1 ¼ l2, a1 ¼ 1:0 and
fNmax ¼ f1, we obtain MCOEF ¼ 0 and NCOEF ¼ 1. Substitution
into Eq. (44) yields Dp=DVð Þ ¼ � 12en1=H2ð Þ, i.e., Eq. (40).

Based on dimensional analysis, the numerator of Eq. (44) is of
the order of MAX(viscosity2

, f potential), i.e., typically O
(10�3). The denominator is of the order of one. Thus, Eq. (44)
provides quantitative information when to use a micro-pump
versus electroosmosis to obtain a desired flow rate in a
microchannel.

2.3.5 Height-Coefficient Analysis. The interface and the
height (or width) of a focused stream are important for sorting,
separation, reaction and mixing in many applications [22,29].
Control of the interface allows for adjustment of the stream width.
When applying the same flow rate in different layers, the variation
of fluid viscosities and the magnitude and direction of the applied
electric field can be used to adjust the stream width. For example,
at the same volumetric flow rate, the more viscous fluid has to
spread over a larger cross-sectional area; thus occupying a larger
portion of the channel. The electroosmotic effect can further
adjust the interface position, where the conducting fluid becomes
“more viscous” or “less viscous” because the electric field
changes the flow resistance at the flow interface.

For the present case, the cross-sectional area is simply
described as A¼W�H, where W is the unit width. Now, to keep
the same flow rate at each layer, the height coefficients should
follow:

qi ¼
ðaiH

ai�1H

uidy ¼ Q=DW ¼ q: (45)

subject to ai�1 � y
H � ai; 1 � i � Nmax; a0 ¼ 0; aNmax ¼ 1:

In summary, for any given flow rate the final layer distribution
can be achieved according to the velocity profile in each layer.

3 Verification

To determine the validity of the developed equation for steady
laminar fully-developed N-layer immiscible fluid flow, some tests
have been performed.

(1) With Nmax¼ 1 (i.e., just one layer), the equation should
produce the standard Poiseuille flow for pressure-driven
flow and the standard electroosmotic flow for electric force
flow:
Using Eq. (17) and Eq. (32) with Nmax¼ 1, the values of
NCOEF and MCOEF are:

NCOEF ¼

X0

j¼1

aj

ajðljþ1 � ljÞ
ljþ1lj

Y1

i¼1

li

" #
þ
Y0

j¼1

lj

X0

j¼1

ajðljþ1 � ljÞ
ljþ1lj

Y1

i¼1

li

" #
þ
Y0

j¼1

lj

¼ 1 (46)
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and

MCOEF ¼

fnmax

l1

� f0

l1

� �
X1

j¼1

aj
l1

lj

� l1

ljþ1

 !" #
þ l1

l1

¼ fnmax

l1

� f0

l1

(47)

As a result, for pure pressure-driven flow:

u1 ¼
DpH2

2l1L
� y

H

� �2

þ y

H
þl1

X0

j¼1

aj

ð1�ajÞðljþ1�ljÞ
ljþ1lj

" #( )

(48a)

and for pure electroosmotic flow with fNmax ¼ f1

u1 ¼ �
eE0f1

l1

þ eE0

l1

/ðyÞ (48b)

Equations (48a) and (48b), reduce simply to:

u1 ¼
DpH2

2l1L
� y

H

� �2

þ y

H

� 

(49a)

and

u1 ¼

eE0f1

l1

� eE0

l1

� coshð3Þ
sinhð3Þ f1 sinhðy=kDÞ þ f1 coshðy=kDÞ

� �
0 � y � 3kD

eE0f1

l1

3kD � y � H � 3kD

eE0f1

l1

� eE0

l1

coshð3Þ
sinhð3Þ f1 sinh ðy� H þ 3kDÞ=kD½ 	 � f1 cosh ðy� H þ 3kDÞ=kD½ 	 þ f1

� �
H � 3kD � y � H

8>>>>>>><
>>>>>>>:

(49b)

These velocity profiles match the Poiseuille expression for
a single layer, horizontal parallel plate flow as well as the
electroosmotic flow results.

Evaluating the shear-stress equations yields:

szy ¼
DpH

L
� y

H
þ 1

2

� �
(50a)

and

szy ¼ eE0

d/
dy

(50b)

As expected, the shear stress at the centerline (where
y¼ 0.5 H) is zero.

(2) With Nmax¼ 2 (i.e., two-layer), a1 ¼ 0:5 and l1 ¼ l2, the
pressure driven flow should produce the standard Poiseuille
profile for one layer (the same is true for any Nmax as long
as each layer’s viscosity is the same).
The NCOEF value again results in NCOEF ¼ 1 (due to the
condition l1 ¼ l2), which creates the following velocity
profiles:

u1 ¼
DpH2

2l1L
� y

H

� �2

þ y

H

� 

subject to 0 � y

H
� 0:5 (51a)

u2 ¼
DpH2

2l2L
� y

H

� �2

þ y

H

� 

subject to 0:5 � y

H
� 1:0

(51b)

It is easy to see that with the same viscosities, the equations
remain the same across the entire channel and can be con-
densed to:

u ¼ DpH2

2lL
� y

H

� �2

þ y

H

� 

subject to 0 � y

H
� 1:0 (52)

The shear stress profiles are obtained similarly, resulting in:

szy ¼
DpH

L
� y

H
þ 1

2

� �
(53)

To test the interface position, we have

q1 ¼
ða1H

0

u1dy ¼
ða1H

0

DpH2

2lL
� y

H

� �2

þ y

H

� 

dy

¼
ðH

a1H

DpH2

2lL
� y

H

� �2

þ y

H

� 

dy ¼ q2 (54)

If the multilayer fluids flow at the same flow rate, the fluid
of lower viscosity occupies less space. Solving Eq. (54), we
can get a1 ¼ 0:5:

(3) Considering pure electroosmotic flow with Nmax¼ 2,
a1 ¼ 0:5, l1 ¼ l2 and f2 ¼ f1 the results are:

u2 ¼ �
eE0f1

l1

þ eE0

l1

/ðyÞ subject to 0 � y

H
� 0:5 (55a)

and

u2 ¼ �
eE0f1

l1

þ eE0

l2

/ðyÞ subject to 0:5 � y

H
� 1:0 (55b)

Equations (55a) and (55b), can combined to one equation
describing the whole channel, i.e.,

u ¼ � eE0f1

l
þ eE0

l
/ðyÞ subject to 0 � y

H
� 1:0 (56)

The shear stress profile can be obtained from Eqs. (25) and
(36):
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szy;i ¼ �eE0

d/
dy

¼

� eE0

kD
� coshð3Þ

sinhð3Þ f1 coshðy=kDÞ þ f1 sinhðy=kDÞ
� �

0 � y � 3kD

0 3kD � y � H � 3kD

� eE0

kD

coshð3Þ
sinhð3Þ f1 cosh ðy� H þ 3kDÞ=kD½ 	 � f1 sinh ðy� H þ 3kDÞ=kD½ 	
� �

H � 3kD � y � H

8>>>>><
>>>>>:

(57)

(4) With Nmax¼ 1, the combined electroosmotic and pressure-
driven flow velocity profile can be derived from Eq. (37)
with i¼ 1,NCOEF ¼ 1 and MCOEF ¼ 0 as:

u1 ¼
DpH2

2l1L
� y

H

� �2

þ y

H

� 

� eE0f1

l1

þ eE0

l1

/ðyÞ (58)

That same result can be obtained when solving:

0 ¼ @p

@x
þ l

@2u

@y2
þ qelE0 (59)

4 Results and Discussion

Equation (37) plus associated expressions are useful for analyz-
ing numerous applications. For example, often up to five layers of
immiscible fluids have to be controlled to create desired emulsion
properties. To gain physical insight and demonstrate the model
applicability, 2 -, 3 - and 4-layer flow profiles subject to different
viscosity values and height coefficients for each layer have been
simulated. Of interest is how flow fields interact over several
layers, and how a layer’s maximum velocity can be enhanced or
reduced by adjusting the placement of layers as well as the height
allotted to each layer. This insight can be especially useful for
applications as those described by Wang et al. [16] and Takayama
et al. [17], where careful design of laminar flows allows for spatial
control of cell treatment and flow rates determining the treatment
rate. First, the analytical results were compared with the numeri-
cal simulations to assure model accuracy and to gain basic physi-
cal insight. All equations were solved with the constant values
listed in Table 1.

4.1 Three-Layer Flow. Figures 4–7 compare computer sim-
ulations with the theoretical results for pressure-driven flow, elec-
troosmotic flow, and combined pressure/electroosmotic flow. As
expected, all simulated profiles are in excellent agreement with
the analytical results. Specifically, Fig. 4 shows the velocity pro-
files for an evenly-spaced, three-layer pressure-driven flow, where
the velocities vary significantly due to changing fluid-layer viscos-
ities. The maximum velocity was achieved by placing the most
viscous fluid in the center, with the least viscous fluids along the
walls. Clearly, in Case I the center-layer “rides” on the less vis-
cous wall-layers in which the fluid flow swiftly “recovers” from
the no-slip boundary condition. Case II represents the inverse sce-

nario where the least viscous fluid occupies the center part of the
channel. The two highly viscous wall layers resist fluid flow, dras-
tically lowering the volumetric flow rate. When the fluid viscosity
is decreased six-fold from top to bottom (see Case III), an asym-
metric velocity profile is generated with the maximum velocity
occurring in the bottom layer. The results shown in Fig. 4 also
indicate that desired velocity profiles, and hence flow rates, can be

Fig. 4 Three-layer pressure-driven flow

Fig. 5 Three-layer electroosmotic flow with
fNmax ¼ f1 ¼ �24:4mV

Table 1 Parameter-values

Parameter Value Unit Parameter Value Unit

Dp 1000 Pa e 7:1� 10�10 C=Vm
l 0:9� 10�3 kg

ms Dh 144 lm
q 1000 kg=m3 L 18 mm
E0 60000 V/m H 72 lm
f1 � 24.4 mV kD 20 nm
fNmax � 48.8 mV
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constructed by adjusting the layers’ heights and fluid viscosities
for a given pressure drop. Figure 5 depicts the velocity profiles for
three cases under electroosmotic flow condition. In Case IV the
same top/bottom-wall f potentials, i.e.,� 24 mV, and low viscos-
ities were enforced. The electrokinetic diffuse layer of thickness
kD, which moves with electroosmotic velocity uEO, generates a
uniform velocity profile because all three fluid layers “ride” on
that EDL. For Case V the same type of profile is achieved; how-
ever, at a much lower flow rate because the more viscous layers
were placed along the channel walls. Clearly, maximum velocities
can be generated when placing the most viscous fluid in the center
and the least viscous ones on the solid surfaces. A stepwise profile
appears when the viscosity increases from layer to layer (see Case
VI). Compared to Figs. 5 and Fig. 6 demonstrates that various ve-
locity profiles can be produced when applying different f poten-
tials at the two walls (e.g., fNmax ¼ 2f1 ¼ �48:8mV). A larger f
potential causes the wall fluid-layer to move faster and drag the
bulk fluid along at a speed which depends on the assigned viscos-
ities of the core layers. As a result, stepwise profiles appear for
Cases VII – IX, characterized by their given viscosity
distributions.

If both pressure and electro-static forces are applied to micro-
channel flow, the resulting velocity profiles exhibit the combined
effects. Specifically, Fig. 7 shows the profiles due to a pressure
gradient plus electroosmosis (i.e., f1 ¼ fN max ¼ 624:4mV) with
slip effects at both walls. For this case study, Dp ¼ 100Pa was
used, instead of Dp ¼ 1000Pa, in order to better contrast mechani-
cal to electroosmotic flow. Clearly, the electroosmotic flow in the
thin EDL layer is aiding the bulk flow when applying a positive
electro-static force, while some backward flow may occur when
using a negative Coulomb force. The impact of different EDL-
thicknesses (i.e., actually kD-values) on velocity profiles is only
apparent when the diffuse layer is in the micrometer range. In
reality, the EDL-thickness is usually less than 100 nm. Thus, a
slip velocity at the wall, in terms of electroosmotic velocity uEO,
can well describe the electroosmotic flow effect in pressure-driven
microchannel flows.

4.2 Four-Layer Flow. To demonstrate the general applic-
ability and accuracy of the analytical and computational models
two 4-layer flow cases have been analyzed, considering pure
pressure-driven flow (Fig. 8) and pure electroosmotic flow
(Fig. 9). The viscosity distribution is l1 ¼ l3 ¼ l,l2 ¼ l4 ¼ 6l.
For the electroosmotic flow, the top wall f potential is twice that
of the bottom wall (fNmax ¼ 2f1 ¼ �48:8mV). As shown in
Fig. 8, the highly viscous top fluid layer #4 causes a shifted

Fig. 7 Three-layer combined electroosmotic and pressure-
driven flow

Fig. 8 Four-layer pressure-driven flow

Fig. 9 Four-layer electroosmotic flow

Fig. 6 Three-layer electroosmotic flow with
fNmax ¼ 2f1 ¼ �48:8mV
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velocity profile which recovers symmetric features due to the low-
viscosity layers # 1 and #3. In contrast, layered electroosmotic
flows generate steplike velocity distributions (see Fig. 9). Again,
the present model allows for the generation of desired/required ve-
locity profiles in multilayer microchannel flow as a function of
layered viscosity distribution and type of driving force.

4.3 Entrance Effect. In order to investigate the entrance
effect of multilayer flow in microchannels, several three-layer
flow simulation results were compared (see Fig. 10) to experimen-
tal correlations (i.e., Eqs. (7) and (8)) of Atkinson et al. [25] and
Chen [26]. For symmetric viscosity distributions with the most
viscous fluid-layer in the center, the simulation results for the
dimensionless entrance length as a function of Reynolds number
match the correlations quite well. Shorter entrance lengths appear
when the centered fluid-layer is less viscous than the two fluid
layers along the wall. The higher viscosities in the outer layer
effectively decrease the velocity gradients, resulting in shorter en-
trance lengths. In comparison with experimental correlations for
the one-layer parallel plate flow [25,26], the slope decreased from
0.011 to 0.008 (nearly 30%). For such cases, a simple correlation
is proposed:

Le

Dh
� 0:008Re (60)

Considering uniform inlet flow for three, evenly spaced layers, a
computer experiment demonstrated that the middle layer thins out
in the flow-developing region, regardless if it has a higher or
lower viscosity compared to the equal viscosities of the fluid wall-
layers. The reason is that the middle layer has always the largest
average velocity and hence the center-layer thickness reduces in
order to keep the same flow rate. For a particular case, e.g.,
l1 ¼ l3 ¼ 6l2 ¼ 6l, the middle layer may shrink about 30%
within the entrance region.

4.4 Power-Law Fluid Flow. Biochemical multilayer flow
applications may involve polymeric liquids described by the two-
parameter power-law (see Eq. (4)). Hence, two cases of three-
layer fluid flow with typical power-law fluids in the middle layer
were investigated. As shown in Fig. 11, a pressure-driven layer of
pseudoplastic fluid (n< 1) moves faster than its dilatational coun-
terpart (n> 1), or the Newtonian fluid equivalent (n¼ 1). Consid-
ering pure electroosmotic power-law fluid flow subject to
different wall f potentials, i.e., fNmax ¼ 2f1 ¼ �48:8mV, Fig. 12
depicts the resulting asymmetric velocity profiles for n¼ 0.8, 1.0,
and 1.2. Obviously, the different f potentials induce a linear ve-
locity distribution for n¼ 1 (Newtonian fluid), while nonlinear
profiles are generated based on the given n-values characterizing
the fluid. The centerline velocity is the same for all three cases
because of the assumed constant inlet flow rate.

5 Conclusions

In this study, pressure-driven and/or electroosmotic immiscible
multilayer flows in microchannels have been investigated. Assum-
ing steady laminar fully-developed flow, general equations for ve-
locity and shear stress profiles of N layers of different viscosities
were derived, resulting in a compact set of equations that can be
used to explore various fluid properties and system parameters for
any number of fluid layers. The numerical simulation results,
using ANSYS CFX, match theoretical results, which can be read-
ily programmed using analytical mathematics software such as
MATLAB. Entrance flow effects with centered fluid-layer shrinking
were studied as well. Specifically, cases with larger viscosities in
the inner layers show a very good agreement with experimental
correlations for the dimensionless entrance length as a function of
inlet Reynolds number. However, significant deviations may
occur for multilayer flows with smaller viscosities in the inner

Fig. 10 Entrance effect for three-layer pressure-driven flow

Fig. 11 Three-layer pressure-driven flow with power-law fluid
in the middle layer

Fig. 12 Three-layer electroosmotic flow with power-law fluid in
the middle layer
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layers. A correlation was deducted for the two-layer electroos-
motic flow and the pressure driven flow, both being more complex
when compared with single-layer flows. The impact of using
power-law fluids on resulting velocity profiles has also been
explored and compared to Newtonian fluid flows. The present
model readily allows for an exploration of the impact of design
choices on velocity profiles, shear stress, and channel distribution
in multilayer microchannel flows as a function of layered viscosity
distribution and type of driving force.
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