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A TOPOLOGICAL ISOMORPHISM INVARIANT
FOR CERTAIN AF ALGEBRAS

RYAN J. ZERR
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For certain AF algebras, a topological space is described which provides an isomorphism
invariant for the algebras in this class. These AF algebras can be described in graphi-
cal terms by virtue of the existence of a certain type of Bratteli diagram, and the order-
preserving automorphisms of the corresponding AF algebra’s dimension group are then
studied by utilizing this graph. This will also provide information about the automor-
phism groups of the corresponding AF algebras.

1. Introduction

In studying approximately finite-dimensional (AF) C*-algebras, [2] introduced an infi-
nite graph, now called a Bratteli diagram, which can be used to describe the structure of
the algebra. These graphs have come to play an important role in the theory of AF al-
gebras, and in this paper, we will be concerned with a certain class of Bratteli diagrams
which have natural subgraphs that provide isomorphism invariants for the correspond-
ing AF algebras. Not only this, but these subgraphs serve to provide information about
the automorphism group of the AF algebras to which they correspond. The UHF algebras
will belong to this class, as well as commutative AF algebras such as C(X), where X is the
Cantor set.

This paper follows a theme similar to that in [3, 4], where invariants for a certain
class of AF algebras are developed by studying the corresponding dimension groups, see
[1, 6]. In addition to the information it will provide about AF algebras, the invariant
described here will be useful in that it will allow us to say something about the order-
preserving automorphisms on these dimension groups. Therefore, these results may also
be of interest to those working in the more general context of dimension group theory.

To establish some notation, for a given Bratteli diagram, we will let V(n) denote the
vertices at level n, n > 0 (where V(0) will be a singleton set) and E(n), n = 1, the set of
edges connecting the vertices in V(n — 1) with those in V(). Furthermore, for e € E(n),
let s(e) € V(n — 1) be the vertex at level n — 1 to which e is connected, and r(e) € V(n)
be the vertex at level n to which e is connected. The Bratteli diagrams to which the results
of this paper will then apply are those with the following property.

Copyright © 2005 Hindawi Publishing Corporation
International Journal of Mathematics and Mathematical Sciences 2005:11 (2005) 1665-1673
DOI: 10.1155/J]MMS.2005.1665


https://core.ac.uk/display/357547974?utm_source=pdf&utm_medium=banner&utm_campaign=pdf-decoration-v1
http://dx.doi.org/10.1155/S0161171205409278

1666 A topological AF isomorphism invariant

PROPERTY 1.1. For each n > 1 and each e;,e; € E(n), if r(e;) = r(e;), then s(e;) = s(e;).

In other words, each vertex at level n is connected to only one vertex at level n — 1.
This implies that the cardinality of the sets V(n) is such that [V(n+1)| = |V(n)], and
therefore we may assume, without a loss of generality, that either |V (i)| = |V (j)| for all
i, j # 0, or, by inserting levels of vertices if necessary, that |V (n)| = n+1 forall n > 0.

It should be noted that a given AF algebra, due to the fact that it has many different
Bratteli diagrams, may have one Bratteli diagram which satisfies Property 1.1 and others
which do not. One such example is the UHF 2 algebra, which can be represented by
each of the diagrams

== LN
e = o ... ° (1.1)
N\

The former diagram satisfies Property 1.1 and the latter does not.

Given a diagram satisfying Property 1.1, there will correspond a unique subgraph of
the Bratteli diagram (which is itself also a Bratteli diagram), which we will call Gin, with
the same vertex sets V (1), n = 0, as the Bratteli diagram, but with edge sets E'(n) C E(n)
having the following additional property: for each v € V(n), there exists a unique edge
e € E'(n) such that r(e) = v. For the diagram above and on the left, the subgraph Gpin
will simply be the graph with a single vertex at each level and a single edge connecting
these vertices. See Example 3.6 for another such example.

The primary object of interest in this paper will then be the topological space Xmin
obtained from the graph Guin by letting Xpin be the set of all infinite paths in Guyin. To
describe the topology on Xmin, we let B(v) be the set of all infinite paths in Gin which
pass through the vertex v € V(n). The collection of all such subsets will form a basis for
the topology on Xpin. This makes Xmin into a compact 0-dimensional (basis consisting of
sets which are both open and closed) Hausdorff space. We note in passing that X, is the
spectrum of the commutative AF algebra with Bratteli diagram given by Gpin.

The set Xpmin is also referred to in [8] in the context of ordered Bratteli diagrams. There,
Xmin 1s the set of all infinite paths in the ordered diagram for which each edge is mini-
mal. Our definition amounts to the same as in [8] for those Bratteli diagrams satisfy-
ing Property 1.1. For more general (ordered) Bratteli diagrams, the set Xin will depend
on the order placed on the edges. That is to say, for a given ordered Bratteli diagram,
different orderings of the edges will lead to different (nonhomeomorphic) possibilities
for Xmin. For the Bratteli diagrams considered here, this ambiguity does not arise as any
order placed on the edges will yield the same set Xpin. In a more general setting such as
[8], some of the results obtained here will still be possible. However, the nonuniqueness
of Xmin in this case means that the order structure of the corresponding dimension group
is significantly more complicated, see [9, Example 4.5].

To briefly preview what follows, we comment that the results of this paper will gen-
eralize the following three facts about the AF algebra C(X), where X is a 0-dimensional
compact Hausdorff space.
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(i) The dimension group of C(X) can be identified with C(X,Z), the continuous func-
tions from X to Z. Such dimension groups are not uncommon in the literature, such as
in [10, 11], where certain AF subalgebras of crossed product algebras are studied. For an
AF algebra 2 with a Bratteli diagram satisfying Property 1.1, it will be shown that the
dimension group of 2 can be identified with a subgroup of C(Xuin, Q). In this case, the
set Xmin will be in general a proper closed subspace of the spectrum of the MASA © C A
which is spanned by the diagonal matrix units in 2L.

(i) If C(X;) = C(X3), then X; and X, are homeomorphic. We show that for AF alge-
bras 2(; = 2(, which have diagrams satisfying Property 1.1, the sets Xiin1 and Xmin,» are
homeomorphic (Theorem 2.1).

(iii) The order-preserving automorphisms ¥ on the dimension group of C(X) are of
the form y(f) = f o ¢ for ¢ : X — X a homeomorphism. We will show that this carries
over to AF algebras with Bratteli diagrams satisfying Property 1.1 with X replaced by
KXmin-

2. Dimension groups of continuous functions

To begin, let 2 = lim(2l,,,¢,) be a unital AF algebra with unital injective *-homomor-
phisms ¢, and suppose that the Bratteli diagram for 2( satisfies Property 1.1. As men-
tioned earlier, we may assume, without a loss of generality, that either |V (n)]| is constant
or |V(n)| = n+1 for all n. We begin by considering the latter case. One can then show
that, up to unitary equivalence, the connecting homomorphisms ¢, correspond to mul-
tiplicity matrices (see, e.g., [5]) of the form

- 1
ai

an
j(n),j(n)
Appi = @)1, () , (2.1)

a;l(n)+2,j(n)+l

n
L an+2,n+1_
for some 1 < j(n) < n+ 1, where all unspecified entries are zero. By choosing nonzero

integers b, (= aj(n)+1,n+2) define, for all n > 0,

ai

n

j(n),j(n)
n
Apnt1 = Ai(n)+1,j(n) bu |, (2.2)

a'}(n)u,j(n)ﬂ

a

n
L an+2,n+1 _

in which case the inverse A, |, exists.
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Now define, for all n > 1, the linear maps R, : Q"' — C(Xiin, Q), where C(Xiin, Q)
are the continuous functions from Xy, to Q (giving Q the discrete topology), by

n—1

Rn (al yeeed “n+l) = X1 X0 + z “Z+ZXB(]>(1)+1J+1) > (23)
1=0

where y, is the function which is equal to 1 on A and 0 on A€, and as a notational conve-
nience, we write B(i,n) to denote the clopen subset of X, which consists of all infinite
paths passing through the vertex vi(n) € V(n). Here we are labeling the vertices at level
n by vi(n),...,vu+1(n), where the vertex v;(n) corresponds to the ith row/column in the
corresponding multiplicity matrices. It is left to the reader to show that R, injects.

To compute the dimension group Ko(21), we utilize the fact that Ko(2() = limKo(2,,).
However, to be more explicit about the nature of limKo (), we define, for all n > 1,

Ap=[Agi @l A, 9 LA . (2.4)

Note that A, has rational entries. Then, let @, : Z"*! — C(Xpin, Q) be given by @, =
R, 0 A,. To show that Ky(2l) can be identified with a subgroup of C(Xmin, Q), we would
like to show that the diagram

Ko(2,) = 21— s Ky (1) = 2772

\ lq, (25)
@,

C(Xmin) Q)

commutes, where ¢, is the homomorphism induced by the standard embedding ¢, :
Q[n - an-%—l-
Let (ay,...,0,41)T € 2. Then, @11 © $s (1., ane1) T equals

_ _ _ T
(Rusio[Agi @ L] -+ [AL @A, 1) o Apner (@155 @011,0) (2.6)

If we define (,B’f_l,...,/};‘;ll)T = A;lll)n(al,...,“n+l)T and, in general, for 2 <i<n, ([S’f_i,

n—i \T _ A—1 —itl —i+1\T T
ceoBn ) = AL (BT BT, we see that Dy 0 Gy (.., d041) T equals

_ _ _ T
Ryi10 [Ao,% @] [An712,n71 e LB ... Bn150)

= Ravt (BB BBl 0) .

n—1

_ RO 1

= P1Xsuo + Z ﬂl+2XB(j(1)+l,l+l)'
1=0



Ryan J. Zerr 1669

However, @, (a1,...,0,11)" = Ra(BY, B B3, B2, B, and thus @), = @iq 0 P, We
conclude that the diagram commutes. By the universal property of the direct limit, it
follows that there exists a homomorphism ¥ : Ko(2) — C(Xmin, Q). Since each of the
maps O, is injective, ¥ injects.

Next, we consider the nature of the positive cone Kj (21). Letting (a1, a2)” € 72, we see
that @ (ay,a;)" equals

0
R 061 a4y, (o4 X (0%} 0‘10121 X
1 0 = B(1,0) - B(2,1)
al by ay by by al by

o 061 o) “laz,l
- 0 XB(II + - b 0 Xs)»
0

al 1 a1,1bo

(2.8)

since B(1,0) = B(1,1) U B(2,1). This is simply (a1/a} 1 )x,.,, + (02/a3)Xss,, if we choose
by = a3 . In order to obtain a convenient description of Kj (), we would like to show
that there exists a sequence {b,},_, of positive integers such that for every n > 1,

n+l

a;
(I)n(al)---)an+1)T = Z WXB(M)) (29)

i=1

where k(i,n) € Z*, for all 1 <i < n+ 1. Our above calculations prove that it is possible to
choose by accordingly.

Assume that by,...,bx—; € Z* have been chosen in order to guarantee that @y is of the
appropriate form for 1 < k < n. Let (a,...,%,12)" € Z""2. Then,

Ay
0

T

0
q)n+l (ala--->an+2)T :Rn+1 |: :|Ann+1(a1)---)“n+2) > (210)

from which it follows that @, (a1,...,a.42)T is equal to

f’l

o[ % Xj(n) Qj(m)+2 Xnt2 jm+1 X Ljn)+1,j(n)

gttt gt > e g + b - b tZ X(jms1me1)*
1,1 j(n),j(n) “j(n)+2,j(n)+1 n+2,n+1 n n),j(n)

(2.11)

Hence, by the induction hypothesis, @1 (a1,...,a,+2)" equals

—.
~
2
=
T
—_

Mz

a; iyl Cim+1  Xjn) (n)+1 i(n)
e m t D S Xim T - ; .
aﬁ,-k(z, n)XB(A,n) i:j a?+1)ik(1, n)XB(x,n) ( bn b a](n n) XB(](n)+1,n+1)

(2.12)

Now, we note that for 1 <i < j(n) — 1, B(i,n) = B(i,n+1), and for j(n)+1<i<n+
1, B(i,n) = B(i+ 1,n + 1). Furthermore, B(j(n),n) = B(j(n),n+1) UB(j(n)+1,n+1).



1670 A topological AF isomorphism invariant

Thus, @1 (ag,...,0.2)T becomes

(n) n+l
Z Kt D e,
P n) B( 1n+1) - j(n)+1 a;’l+l,ik(i’n) B(i+1,n+1)
. [ j(n) (1 ik (i(m),n) )] L B
a;l(n)’](n)k(](n), n) bn XB n)+1,n+1) bn XB(j(n)+l,n+1) :
(2.13)
If welet b, = n)ﬂ jn (mk(j(n),n), then we have the desired outcome.

The s1gn1ﬁcance of this is that when determining the positive cone K (), we see that
since the image of K () inside of C(Xpmin, Q) is U= @n(Z7+1), clearly K (2A) can be
identified with a subset of C(Xmin, Q*). Furthermore, for all U C X, clopen, each func-
tion y, will be an element of the positive cone. Therefore, for such AF algebras, the hy-
potheses of the following theorem are satisfied.

TaEOREM 2.1. Suppose that A, and U, are AF algebras such that there exist injective ho-
momorphisms ¥; : Ki (2;) — C(X;,Q"), for i = 1,2, where the sets X; are 0-dimensional
compact Hausdorff spaces and where each ¥; maps the order unit of Ko(2l;) to y, . Assume
further that for all U C X; clopen, y, € Yi(Ky (). If v : Ko(2y) — Ko() is an order-
preserving isomorphism taking order unit to order unit, then X, and X, are homeomorphic.

Proof. To begin, let x € X; and take {U,};_, to be a decreasing sequence of clopen subsets
in X; with {x} = ,_, Uy. Then, suppressing explicit mention of the maps ¥;, we have
Xo = V(X ) = ¥(xy,) +¥(x, ), forall n > 1, where Uy is the complement of U, in X;. If
we suppose that the supports of the functions y(,,) and y(,) are not disjoint, then
there exists a nonempty clopen set V' C X such that ay, < y(y,,), ¥(x, ), where a €
Q*, a # 0. Because y~' is order preserving, it follows that y~'(ay,) < xy,, X,s» implying
that W‘l(a)(v) = 0 since U, N U; = &. Thus, ay, = 0, a contradiction, and we conclude
that y(y,,) and y(x,.) have disjoint supports. Therefore, by continuity, there exists a
nonempty clopen subset V,, C X, such that v(y,, ) = x,,, for all n > 1. Because {y,, },-1
is a decreasing sequence in C(X;,Q), {x,, },-; decreases in C(X,,Q), and {V,};_; is a
decreasing sequence of clopen sets. It is relatively straightforward to show that (", V,, is
a singleton, and so we let y be the lone element in this intersection.

Define 0 : X; — X, by letting 8(x) = y, for all x € X;. Clearly, this map is well defined
since any two sequences {U,}, {U,} which decrease down to {x} can be intertwined,
resulting in the intertwining of the corresponding sequences {V,} and {V,}. It is also
clear that 8 is a bijection. Finally, for U clopen in X;, one sees that if y(y,) = y,, then
O(U) = V. Therefore, 0 is an open map, and similarly so is its inverse. Hence, X; is home-
omorphic to X;. O

3. Applications and further questions

Considering those AF algebras which have a Bratteli diagram satisfying Property 1.1, we
have the following corollaries of Theorem 2.1.
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CoroLLARY 3.1. Let 2y and 21, be AF algebras, each with Bratteli diagrams satisfying
Property 1.1. If 2, = 2y, then X is homeomorphic to X>

in min*

CoOROLLARY 3.2. Suppose that 2 is an AF algebra with a Bratteli diagram satisfying Property
1.1. Then, under the identification of Ko(2) with a subgroup of C(Xmin, Q) as above, every
order-preserving automorphism y of Ko(21) which takes the order unit onto itself must be of

the form y(f) = f o 0~ for some homeomorphism 6 of Xmin.

Remark 3.3. When a Bratteli diagram satisfies Property 1.1 and |V (n)| remains constant
for all n > 1, the multiplicity matrices for the corresponding AF algebra are permutation
similar to diagonal matrices. Thus, the above results generalize to this situation as well.

Remark 3.4. One can use Corollary 3.2 to provide a new proof of the well-known result
that identifies automorphisms on C(X), X a 0-dimensional compact metric space, with
homeomorphisms on X, see [7, Theorem 3.4.3].

We now mention some applications of Corollary 3.2 which provide information about
the automorphism groups of certain AF algebras.

COROLLARY 3.5. Suppose that 2 is an AF algebra with a Bratteli diagram satisfying Property

1.1. If the only homeomorphism of Xmin is the identity map, then Aut() = Inn(2().

Proof. Each automorphism a € Aut(2() induces an automorphism as € Aut(Ky(2)). By
Corollary 3.2, a4 (g) = g o 67! for some homeomorphism 6 of X.in, where we are identi-
fying Ko(2) with a subgroup of C(Xmin, Q). By hypothesis, it follows that ay = idy, and
therefore, by [5, Theorem IV.5.7], & € Inn(2A). Hence, Aut(2) = Inn(2). In particular,
this applies to the UHF algebras, and should be compared with [5, Corollary IV.5.8]. [

The converse of Corollary 3.5 is in general not true. The following example illustrates
this and demonstrates an application of Corollary 3.2 which utilizes the structure of Xin
to obtain complete information about the automorphism groups of Ky(2() and 2L.

Example 3.6. Consider the AF algebra 2 with Bratteli diagram
5N
£ (3.1)

/SN

where the multiplicity matrices are such that

An,nﬂ = 1 € Mn+2,n+1: (32)
2n+1

1
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for all n > 0. In defining the matrix A, ,+1, if we choose the sequence {b,} from Section 2
so that b, = 1 for all n, one can verify by induction on # that

-l _
_271 2—2
22

A, = . . (3.3)

o-n
=27 1

With Xinin given (uniquely) as the set of all infinite paths in the graph

¥ X\
[ ] [ )
[ ] / [ ] / \ [ ] (3'4)
we have, for any (ay,...,a,1)T € 2", that
T n
D, (a1y.. s Cnp1) = (Z“ZZZXB(M)> + U1 g - (3.5)
=1

By Corollary 3.2, every order-preserving automorphism y of Ky(2) must be of the
form y(f) = f o 67! for some homeomorphism 6 of Xpin, where f € Ko(2) € C(Xmin,
Q). The set Xpmin is easily seen to be homeomorphic to {1/n:n € Z*}, and thus, any
homeomorphism 6 of Xy, must fix the point corresponding to 0. It follows that if 0
is a nonidentity homeomorphism of Xy,in, then there exist n > 1 and 1 <} <L, < n such
that 8(B(l;,n)) = B(l,n), where here, B(l;,n) and B(L, n) are singletons. But then, for the
function f =27y, +27hy,, € Ko(2A), we see that

y(f)=fob =270y, +27hy, & Ko(). (3.6)

Hence, we conclude that the only order-preserving automorphism of K () is the identity
map.

Consequently, the converse of Corollary 3.5 is not true. After all, we have just shown
that the only order-preserving automorphism of Ky(2() is the identity map. So again, by
[5, Theorem IV.5.7], Aut(2() = Inn(2A). However, Xnin clearly has many nontrivial home-
omorphisms.

As some of the results here generalize certain well-known results from the theory of
AF algebras, a natural next question is how much the results in the present paper can be
generalized further. It is possible to define a generalization of the set Xpin, such as in [8]
for ordered Bratteli diagrams, for an arbitrary AF algebra. The nonuniqueness of Xy, in
this case is problematic, but it may still be possible to generalize some of the results here
to fit into this context.
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Furthermore, it would be interesting to know if being able to embed an AF algebra’s
dimension group into a dimension group of the form (C(X,Q),C(X,Q"),x,), where X
is a 0-dimensional compact Hausdorff space, is sufficient for its having a Bratteli diagram
satisfying Property 1.1.
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