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On the distribution of subsets of primes
in the prime factorization of integers
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JEAN-MARIE DE KONINCK (Québec, Qué.) and IMRE KATAT (Budapest)

1. Introduction and notation. Denote by @ the set of all prime num-
bers. Assume that d is a fixed positive integer and that g, p1,. .., pq4 are
disjoint subsets of primes such that

PoUpU...Upd=p,
where pg contains at most finitely many primes (and in fact may be empty).
Let m([a,b]) be the number of primes belonging to the interval [a, b].
Let w(I|p;) = #{p € p; N1}, where I is a subset of the integers.
In what follows we assume that

U
holds uniformly for 2 < v <wu, i =1,...,d, where ¢; is a positive constant

and 41, ..., d4 are positive constants such that Zle 0; = 1. With the proper
rearrangement, we may assume that ; < ... < 4g4.

We shall use the notations

r1 =logx, x9 =loglogx, etc.
and
k—1
x
1.2 te(r) = —2—.

Writing f(x) < g(x) means that the two functions f(z) and g(z) are of the
same order as x — 00.

Further, denote by w(n) =3_,,
of n, by P(n) the largest prime factor of n and by p(n) the smallest prime
factor of n.

1 the number of distinct prime factors
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In what follows, p1, po, ... as well as q1, ¢o, . . . always denote prime num-
bers.

An expression of the form ¢145 . .. %, where ¢t > 1 and each i; is one of the
numbers 1,...,d, is called a word of length ¢t. We sometimes write A(«) = ¢
to indicate that a is a word of length ¢. Let A; be the set of all words of
length . Define Ag to be the set containing the empty word A. Finally, we

set
o0
= U At .
t=0

We now define the function H : N — A* as follows. First let H(1) = A.
For an arbitrary prime number p and positive integer a, define

e ={ e
Further, for n =pi* ...p¢" (p1 < ... <Dpr), define
H(n) = H) .. H(p).
Finally, given a word o = 77 ...1%;, we set
o(a) :==10;, ...0;,.
Let w, be a function tending to co but satisfying w, = O(x3). For an
arbitrary number w > 1, and for each word o = ¢y ... € A, define
Ni(w) ={pi* ...ppF+ w<p1 <...<pp},
/\/'(0)( ={p1...pr: w<p <...<pg},

Ni(wya) ={p]*...pgF: w<p1 <...<pg, Hp{...pi*) = a},

(O)( _{pl kw<p1<<pk, H(p]_pk):a}7

N(l)(w a Nk(w;a) \Néo)(w;a),
N (w) = Nig(w) \ N (w).

For each of the above expressions Ny (w), N,io) (w), Ng(w; @), ..., we define
the corresponding counting functions Ny (Y|w), N,EO) (Yw), Ne(Yw;a), ...
which stand for the number of elements n <Y which belong to the corre-
sponding set.

Furthermore, when w = 1, we shall write Ng(Y'), N,EO) (Y) and N,il)(Y)
instead of N (Y1), N,EO) (Y|1) and N,gl)(Y\l) respectively.

We shall also use the standard functions related to the normal distribu-
tion, namely

)
a)
)=
) =

(1.3) B(t) = ——e 1/ et

1 z
G |
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For each number w > 2 and z > 0, let

(1.4) pu(z) =[] <1+;>_1.

p<w
For s € C, R(s) > 1, 2> 0 and w > 2, let
1+ 2
(1.5) E(s,2) = [ —2

1+ £
p>w + p?®

Also, for each z > 0, let

w Fo =z L (+35)(-3)

p

where I'(z) stands for the Gamma function.

Throughout the text, ¢ stands for a positive constant not necessarily
the same at each occurrence. On the other hand, the constants cq,co,...
appear at specific occasions and keep their original value throughout the
whole text.

2. Preliminary results. In this paper, we are proving several results
involving the distribution of subsets of primes in the factorization of in-
tegers. Many of these results are stated and proved throughout the pa-
per after having been properly motivated by the flow of the material pre-
sented. In this section, however, we state two important preliminary re-
sults:

THEOREM 1. Let ¢1 > 5, limg oo w, = 00, w, = O(23), Vo <Y <z
and 1 < k < coxo, where co is an arbitrary constant. Assume that o is an
arbitrary word belonging to Aj. Then

(2.1) Ni(Ywg;a) = (14 0(1)) () Ni (Y |wy).
THEOREM 2. Assume that the conditions of Theorem 1 hold. Let A <

xg with P(A) < w,. Then the number of integers n = Any <Y for
which p(ny) > wg, H(ny) = o, w(ny) = k and « = iy...10, s equal

to
Y k—1 k—1
(Y ) ou F ,
Tlogy #(1)% ( 72 ) < 3 )
where the functions ti, ¢, and F are defined by (1.2), (1.4) and (1.6) re-
spectively.

(2.2) (1+o0(1))o(a)
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3. The preliminary lemmas
LEMMA 1. Define

(3.1) Ti(zlw)= Y  Gp)...Gp),

P1..-PE<T
w<p1<...<pk

where G(p) = 1 + tp,, with t, a sequence of real numbers, 0 < t, < 1, such
that 3_ t,/p < co. Then

T 1 xlg !
‘ _ , . 1<k< .
(32)  Te(zw) O(logm (logw)k/=2  (k — 1)!) )

Proof. Clearly we have

(33)  Tileh) SOWD+— S Glon). Gl os(r - -pe)

log
p1...pr <@
w<p1<...<pk

Denote this last sum by 2. Then we have
So< Y, Gla).. Gla-1)G(p)logp.

q1---qr—1P<T
w<q1<...<qk-1

Using the fact that Y _ G(p)logp < cz for some positive constant ¢, we

p<z
obtain
(34) Xp<c > G(q1) .- Glqr-1) > G(p)logp
w<q1<...<qrp-1<x p<z/(q1..-Qr—1)
1 ( G(q))’“‘l
< cx Z —_— .
- — |
(k 1) w<g<T q
Now
G
(3.5) Z Gla) < x9 —loglogw + &,
w<g<z q

where €, — 0 as £ — 0o. On the other hand,
logl — ey
(x2 — loglog w + gm)k_l - xlchl <1 oglogw — ¢ >
k 1 —(loglogw)k/x k #
< 2 (IOg w)k/$2 ’

for some positive constant ¢ > 0. This last estimate, combined with (3.3),
(3.4) and (3.5), proves (3.2).

LEMMA 2. Let ¢; > 5, lim, o w, = 00, w, = O(z3), Vo <Y <z and
1 <k < coxo. Then, writing for short w = w,, the following three estimates
hold:
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(3.6) NOY|w) = 10§gfytk(Y)g0w (km 1>F<k$2 1) (1 +0 <:%> )

37 Np(Y|w) = IO}g/Ytk(Y)E<1’ kx—z 1>% <kx_2 1>F<kx—2 1)

3.8) NP(Y|w)=0

(oM 0

Proof. Consider the generating function

e w(n)
S SOE T (14 2) = cems)
p>w p
p(n)>w
where )
h(s) = 2 )( _1>Z.
(s) pg<1+ps) 1}(1+p5 -

Using an analytic method successively developed and refined by Sathe, Sel-
berg and Kubilius (see Kubilius [6]), one can prove that

S = X =l = (15 +0(joay ) )Y s Y,

n<Y
p(n)>w

from which we easily deduce (3.6).
Similarly, starting with

we obtain (3.7).
Finally, since

1+ %5 1
E(s,z):H 1+p£ :1+O(wlogw>’
P

p>w

a relation valid for 0 < z < ¢, we deduce (3.8). This ends the proof of
Lemma 2.

4. The proofs of Theorems 1 and 2. First we prove Theorem 1.
Let c3 be a positive constant, o < [; < ... be knot-points in the interval
[wg, Y] such that ly = w,, i1 =1; +1;/(logl;)® (j = 1,2,...). We also
define I_; by the equation [_; +1_1/(logl_1)® =ly. A k-tuple (uy,...,ug)
of knot-points is said to be feasible if it satisfies o < u; < ... < ug and
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up...ur < Y. Further, let u; = [uj,u; + Au;]. Here Au; = lpy1 — I if
U; = lk.

Let w = (uq,...,ux) be a feasible k-tuple and, given av = iy .. .1, write

mp(ula) = #{(p1,...,px) : pj € u; and H(p;) =1, for j=1,... k}.
We also define

mi(u) = Y mi(ula),
Ao)=k

where the sum runs through all words « of length k.

Since we have assumed (see (1.1)) that

(il p5) = M(W(l + O<<1gu1>>>

it follows that
1 - 7 (u|a)

(4.1) S = de)m) < S(u),
where

k C
(4.2) S(u) =[] <1 + (logu4)_>

and ¢4 > 0 is a large constant.

Let ¢5 > 0 be another constant which is to be determined implicitly
by (4.5).

The feasible u’s are subdivided into three classes, By, By and Bs, as
follows:

e u € BB; if there exists at least one v for which
Uy

4.3 il —y < —
( ) U +1 u (loguu>05

e u € B ifu¢ By and
(4.4) (up + Auq) ... (ug + Aug) > Y,
e 35 contains all the other u’s.

First observe that if w ¢ By and s; denotes the number of u,, € [e?, e!™1],
then s; < %, and consequently, if we set to = [logly], we have

e 1 1
g () € Y- i < e =0 ),
0

log w
>t g Wy

provided
(45) cs+c3+2<c.
We have thus proved that
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1

log w,

(4.6) S(u) =1+ o< ) for u & By.

From (4.6) and (4.1), it follows that

a0 Y mbede) = o@(1+0(( 1)) T omtw €=1.2)

’U,GBE uEBg
On the other hand, it is clear that

3 muula) < N (Ywg; a)

ueBs
< m(ula) + > m(ula) + > mi(ula).

ueBy ueBy ueBg

We now proceed to estimate
Yl = Z 7 (u|a).
u€By
Clearly, because of (4.1), we have
(4.8) o <o(@) Y m(u)S(u) = o(a)(X11 + Fi2),
u€EBy

where in X} ; we sum over those u € By for which (u; + Auq) ... (ug + Auy)
<Y, and in X » we sum over the other u’s.

Now define
264

Glp) =14+ ———n—.
<p) (logp)mfca

We then have
(4.9) 2ia < Z G(p1---pr),
p1.--PE <Y

where the asterisk in the sum indicates that 0 < p,1+1 — p, < 2p,/(log p, )
is satisfied for at least one v € [1, k].

In order to estimate X o, we replace u by u’ = (uf,...,u}) where ] is
the left neighbour of u; among the knot-points. If [y occurs among the u;’s,
then it is simply shifted into [_;. Note that it is clear that [_1 > l/2.

By construction, we have

m(it,) = w(ﬂ»(l * O<(1g1u)>>

say, and since u ...u) <Y, it follows that

(4.10) SRR Z G'(p1...pr) = Za,

p1.-.pr<Y
say, where the double asterisk in the sum indicates that we sum over those
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P1,-..,pr for which 0 < p,4+1 —p, < 2p,/(logp,)® holds for at least one v,
l_1 <p1 <...<pg, and where G' =1+ f,, with f, =1/logp.

The sums (4.9) and (4.10) being similar, we only need to find an upper
bound for X4. First we set g(p) = 2p/(logp)“.

Clearly we have

(411) Za<4 ) > Gl qro)=4> >,

pg<Y q1---qx—2<Y/qp P:q q1,---s qr—2
p<q<p+g(p) I-1<q1<...<qr—2

say. We consider the cases p > Y/10 and p < Y'/10 separately. For the first
case, since G(p) < 2 and

) —_—
g  (logp)estt’

p<q<p+g(p)
we have
1
(4.12) 3 Y <2y Z > -
p>YL/10 g1, iz p>Y1/10 p<q<p+g(17)
p<q<p+g(p)

k
<27y logp olog P}

p>y1/1o
dt Y
<2y < ,
YlL[O t(logt)est2 — (logx)es

because 2¥ = O(log z) and since log Y =< log z.
For the second case, we use the inequality (3.2) of Lemma 1 and obtain

(4.13) > >

p<Y/10  qi,...,qK—2
p<g<p+g(p)

<X >'< 2 Hq“f) >

p<Y1/1O ’ l_1<g<z p<Q<p+g(p) ba

Y log x S| 1
<<a:1<oglogl - ol )> &= 1) ) p

" p<q<p+g(p) b

Y ok 1 1 3 1
z1 (k—=3)! (logw,)*/*2 (logw,)

p<q<prap) P4
Y 1
- O(asl ' th(@a))
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as © — 0o. Thus in view of (4.8) and the estimates (4.11)—(4.13), as well as
Lemma 2, we have proved that, for every word « of length k,

210 = 0(1)o(a) N (V]w,)

)

and in particular that
> m(u le o = o()N (Y |w,).
u€EBy

If u € By, then, using (4.6), we have

Y<(ul—f—Aul)...(uk—i—Auk)SYS(U)§Y+O< Y ),

log w,
Y
log w,

Thus, with a suitable large number B, we have, using Lemma 2,

(4.14) §:7w04a)égﬁﬂ<1+*)<b;ww)>
v}

ueBy
{N@<Y+

< gl YN(Y |w,) = o(1)o(@) N (Y |w,).

and

0 YB
)0y -2

x

Hence
Z mr(u) < O(I)Néo)(Y|wI).
ueBy

We have therefore proved that

(4.15) NO (Y |wys @) = (14 0(1))o(@) N (Y [w,.).

We now proceed to estimate IV, ,gl) (Y |wg; o), which, as we may recall from
the definition given in Section 1, represents the number of positive integers
n=pi...pp* <Y, where w, < p1 < ... < pg, such that H(n) = a and
have at least one a; > 1.

We write such an n as n = ning, where n; stands for the square-full
part of n and no stands for the square-free part of n. Note that we have
o(a) > 6%. Observe first that we can omit all those integers n for which the
corresponding n; > z§, where c is a large constant depending on d;: the
reason is that their contribution to N,El)(Y|wz; ) is less than o(a)Y/z2. We
can thus assume that n; < (logz)¢ for some large constant ¢ > 0.
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For each nq, consider those n for which the square-full part is ny. Let
H(ny) = a, . Thus, using (4.15), we may write

1 0 Y
Nk(: )(Y|ww;a) < Z Nlijw(nl) < Wg; Oy,

n
1<ni<zf 1
n1 square-full
p(n1)>wm

0 Y
< St (L o)

w(n1)
1 (0) Y
< Q(CE) Z (51) Nk—w(n1) <n

1
ni

)

Let us first assume that k£ < x5. In this case, N, (n%‘ww) is essen-

tially monotonic in k, that is,

(0) Y L 0
Nkw(m)(nl’ww) oo N (Vws),

and therefore

w(n1)
1 1
(4.16) NI (Y [wy; a) <<Q(a)<z<6l> nl>N’g0)(Y]wx).
ni
But since
w(mni)
1 1 1 /1 1
4.1 — — = 1+— =+ —=+...
am X(5) a5 Geeg)

2 1 4
< exp§ — —r—1< -,
{51 pgu:lz p2 } 51w1‘ log Wy

1
W,y log w,

it follows that

(4.18) N]il)(Y|wm;a) < N,SO)(Ylwm;a).

It remains to consider the case where zo < k < coxo. In this case,

(0)
k—w(ny)
We have

(n% |wz) is essentially decreasing in k. Hence we proceed as follows.

tkfw(nﬂ (Y)

0) Y L 0 1 (0

ni

Since

w(n1) . w(ni)
tk—w(nl)(y) (k - .7) <k - 1) w(ni)
e < T < < @m),
te(Y) - -
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it follows that

Y
k—w(n1) nil

But, similarly to (4.17), one can show that

e\ <) 1 1
niol 1 ni Wy 10 Wy

Thus (4.18) still holds in the case x5 < k < cowo.
We have thus proved that, if 1 < k < coxg and if « is an arbitrary
sequence of length &, then

w) <o) 3 (;)UJ(HI);)N,EO)(Y\%).

ni>1

e
(4.19) NP (Ywg; a) < uﬁ)g)%zv,gm(ym).
A consequence of this result is that N,gl)(Y]wm;a) = o(l)N,EO)(Y]wz;a) in
the whole range 1 < k < cox9, a result which, combined with (4.15), ends
the proof of Theorem 1.
Theorem 2 follows easily by taking into consideration (4.15), (4.19) and
Lemma 2.

5. Immediate applications. Theorems 1 and 2 have a wide range of
applications in number theory. An important one will be treated extensively
in Section 7. Nevertheless, here we mention two classical situations where
the results of Theorem 1 and of Theorem 2 can be applied.

Congruence classes. Let D > 1 be a fixed integer. Subdivide the set
of primes p into congruence classes mod D, that is, in d = ¢(D) distinct
classes, where ¢ stands for the Euler function. We have po = {p : p| D}.
Then o(i) = 1/d for each i # 0, and o() = 1/d*(®), where A(a) denotes the
length of the word «.

Distribution of primes in special sequences. Let the interval [0, 1] be sub-
divided into disjoint intervals Iy,...,I; of length |I,| = §,. Let n be an
irrational number and set

ov={p€p:pm—Imlel} ¥=1,..4d).
Assume that 7 is a number for which the corresponding ¢, ’s satisfy
u
7([u, v]|pv) zéuﬂ([u,v})+0<(logu)cl> (r=1,...,4d),

for every fixed large number ¢; > 0. It is a classical result of I. M. Vinogradov
that such a relation holds for almost all irrational numbers 7.
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6. The main results

THEOREM 3. Let cg be an arbitrary positive constant and assume that
C1 > 5. Set

(6.1) P=Pyy= Y E

and assume that as w — oo, we have y = y(w) — oo so that P, , — oo.
Then, uniformly for 1 <k < cgPy y, and uniformly for o € Ay, we have

Ly L e Y

Q( ) w<p1<...<p <y P1 Dk w<p1<..<pp<y P1 Pk
H(pi...pr)=«

Furthermore,

Y g Y ——
H(p,"...p =«
max(lal,..fak)>1
Proof of Theorem 3. The proof is very similar to that of Theo-
rem 1. Let

Sp(a) = Z ;7 S = Z ;

w<pr<..<pp<y PL- Pk w<pr<...<pp<y PPk
H(p1...pp)=c

Divide the interval [w,y] by knot-points Iy < ... < l;, where Iy = w, l;11 —
l; = 1;/(logl;)¢", for some constant c¢; > 0. For an arbitrary k-tuple of

subintervals @, = [uy,u, + Au,] (v =1,...,k), ug < ... < uy, let
1 1
L(u) = Z ———  and L(u]a) = Z _
Rl SRR S Pk
H(p1...pk)=a
where w = (uq,...,ux). Since
k
Au,
Ul ... Uk Spl...pkg(ul...uk)n <1+ " >,

it follows that

where

for some large constant ¢ > 0.
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We shall say that w is well spaced if S(u) < 1+ &, where ¢ > 0 is an
arbitrary but fixed positive number. Hence, if w is not well spaced, it means
that there exists at least one couple of primes p,, p,4+1 such that

Py < Dut1 < Du + 9(0v),

where g(p) = p/(logp)°®, with a positive constant cs. We shall see that the
main contribution to the sum Si(a)) comes from the well spaced u’s.

In order to find an upper bound for the contribution of the badly spaced
prime sequences {pi,...,pr}, we subdivide them into classes J(l,t1,...
..oy lryty), where the [,’s and the t,’s are positive integers such that

h<h+ti<lbb<lhb+ty<...<l.+t, <k,

the subdivision being made according to the following rule: {pi,...,px} €
J(1,t1, .. ey ty) if for every v (1 < v <),

(@) pr,+j+1 — Pr+5 < 9(pi,+5) (G =0,1,...,t, — 1) and
(b) Pht1 — pr > 9(Ph)s Ph — Ph-1 > g(ph—1) for each h & U, _ {l,, 1, +
.., 0L+t }.

Further, define

Pr=pi...p,,-1, Qi=py---Diy+ty, -y Pri1 =Dl 4t,41- Dk
Note that it may happen that P, and/or P, are empty. Then set
U=P,...Py1, V=Q1...Q,.

Note that the value of V' determines its factorization into Q1,...,Q,. Ob-
serve also that the primes occurring in U are well spaced. Furthermore, if
V' is given, then only one factorization of U exists with the property that
P ,Q1,P,Q2, ..., P11 contain the primes in increasing order.

Let us now fix both J(l1,t1,...,0,t,) and V.

Since @« = H(p1...pr) = H(P)H(Q1)H(P2)H(Q2) ... H(P,41), it fol-
lows that all the H(P,) = (3, (v=1,...,7+ 1) are determined by a. So let

us fix Q1,...,Q, and consider the sum
* 1
K, = Z )
b, Diee b
where the asterisk indicates that we sum over {p1,...,px} € J(l1,t1,...

.« oy lpy ty) with the corresponding fixed V. We can compare K, with

f1
Ki=3, Pr.. Pt

where we have dropped the condition H(P,) = 3, but kept all the others.
Since the primes p;’s in P, ... P.11 are well spaced, we have

Ko <(1+¢€)o(B). .. 0(Bri1) K.



182 J.-M. De Koninck and I. Kéatai

Using the fact that
r+1

o(a) > H 0(3;) (51)* (@9,

it follows that, denoting by 7, the contribution of the badly spaced u to the
sum, we get, recalling notation (6.1),

(1/61)W(Q1Q7)

T, < o(a) IE; (Q1...Qn)(P1...Pry1)
w(V)
<o) (1/5%/) 2 %
% w(U)=k—w(V)
(1/81)V)  pEelV)
< Q(Q)E‘; Vo (k—w(V)

where we used the fact that

Now since

ph—w(V) pk ™)

k—j P ENY) PR Lo
F—w() & g( P ><<k:!<P> S G

we have
Pk (cﬁ/él)w(\/)

where in ), we sum over all the V' = Q1 ...Q,, where the Q,’s run over
those integers all prime factors of which are close to each other in the sense
mentioned earlier.
For each fixed r, we have
(Sa)-(5a)=(5)
2, Qr) = \logw)
1 Qr

whence it follows that

5 w(V) 1
> (e/0)" —.
% Vv (logw)es
Thus we have
ole)  P*

T« 29 1
<<(logw)08 k!
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Similarly (and more easily!), one can prove that the contribution of the
badly spaced {p1,...,pr} to Sk can be estimated from above by

1 P*
R S
za: < (logw)es k!

Now since S =< P¥/k! in the range 1 < k < cyxo, by summing over all
the well spaced u’s and taking into account the above estimates, the first
assertion of the theorem follows. The second assertion can be proved in a
similar way; hence we will omit its proof.

Notation. For a given word «, let J, denote the set of words § such that
a = [ for some 7, including the word § = A. Furthermore, assume that z
satisfies 0 < z < ¢g for some constant cg, and let

Claw) = Y
g(z|a,w) == ,
e A(HTA)
P(A)<w

where the sum runs over all numbers A such that P(A) < w and for which
H(A) € J,, including A = 1. Let also

(6‘2) m(z]a,w) = g(Z’aﬂw)SOw(z)a

where ¢,,(z) is defined by (1.4). Note also that we shall assume that « is
a word of length greater than 7(w), which implies that H(A) € J, has a
meaning for each A occurring in the definition of g.

Let w = w; be fixed for the moment and let ws > wy. Then

6.3)  gllow) = Y ki 5 20(42)
: glz|a,wa) = e o
H(A)Eq Ar0(H(Ar)) Asy0(H(A2))

P(A1)<w;

where the asterisk in the inner sum indicates that summation is to be taken
over those Ay for which H(A;)H(As2) € J, and satisfying w; < P(Ag) <
P(A;) < ws, with A; = 1 being included.

Assume that the length of « is greater than m(ws). To estimate the inner
sum on the right hand side of (6.3), we use Theorem 3; indeed, for

1
t < c19log o8W2 _ T,
log wy
we have
1 1
= (140,
2 dpEyy ~ree® 3,

w(Az)=t w1<p1<...<pr<w2
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and thus

(6.4) Z Aw Toolf Ay ~ LT om( N>z S o

t<rt w1 <p1<...<p:r<wa

On the other hand,

(6'5) §2tw1<p1;<pt<w2pl'l”pt
- L () e(Ea(E3)

wy <pLlws t>T1

Note that in (6.5) the first term on the right hand side is clearly of order
eP#, where P = Y w, <p<w, 1/P; While the error term is o(ef?) if we assume
that 2z < c19, say. Furthermore,

w(Az) w(A2) 1
6.6 < —_—
(6.6) 2 g € 2 < ) 4,
w(A2)>T w(A2)>T
(2/01)" P .
< Z T = 0(1)€P
t>7
if 7 > c112, where c1; is a sufficiently large constant. Note that clearly we

can also assume that cig > c¢q1.
Combining (6.4)—(6.6), we have thus proved that

ZAM Fra) = (1 0w (1) I1 <1+;>.

w1 <plwa

Hence (6.3) becomes

glaws) = (1 +ou (1) I (1+;)g<z|a,w1>,

w1 <plwa

and consequently,
(6.7) K(z|a,wa) = (1 4 0w, (1))k(2|a, wr)

uniformly in a.
Note that x(z|a, w) depends at most on the first w(w) digits of a.
Now given an infinite sequence £ defined over A, let

Clem = Y o @)
k(z|€,y) == — (2
e AlH )

P(A)<y

and

(216) == lim k(21¢.y).
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From (6.7), it is clear that ¢(z|{) exists and furthermore that

16216, wo) < q(2[€) < 26(2]€,wo),

provided wyq is large enough.
For a finite sequence «, we let & be the infinite sequence a = al...1...

We are now ready to formulate Theorem 4 and deduce its proof mainly
by using Theorem 2.

THEOREM 4. Let k, be an arbitrary sequence tending to infinity
with x. Then, for every k satisfying k, < k < coxo and for every a € Ay,

| &) Q(a);tk(x)F(k - 1).

1 x2

Niale) = (1 + o) (£

Proof. Let w, be the 6-fold iterated logarithm of k,. Write each n
satisfying H(n) = « in the form n = Any, where P(A) < w,, and p(ny) >
w,. Then clearly

Wy VA) ’

x
(6.8) Ni(zle) = D Ni_w(a) <A
H(A)eJa

where 74 is the word defined implicitly by a« = H(A)v4. As in the proof of
Theorem 3, we can drop from the sum all the A’s for which A > (log )¢,
for some large ¢, their contribution to the sum being O(z/(log x)¢). For the
other A’s, we have, using Theorem 2,

(6.9)  Np_w(a <

A wz;’YA>
= (140 () 23 0wy (@, (P2 P (R,

X

T2
Since w(A) is small, one can write that

k—1

€2

w(A)
o (@) = ( ) (1 + 00(1)ta(a).

and since the functions ¢,, and F' are continuous, (6.9) may be written as

(6.10)  Ni—w(a) <Z wm;’YA>
= (140 (1)- Q(”“”(}l)ww (2) P, (’“;1>F(’“‘1)

Using (6.10) in (6.8) and the fact that o(yva) = o(a)/0(H(A)), we have
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(6.11)  Ni(elo) = (1+ 0w, (1)e(0) - tx(x)

" ¢wz<kx_21>F<kI_2 1) Z*

H(A)EJq

(k—l)w(A)

Z2

Ao(H(A))’

where the asterisk in the sum indicates that we sum for A up to (logx)©,
the contribution of the A’s larger than (logx)¢ being o(1); this explains why
one can, in view of (6.2) and of the definition of ¢(z|{), replace the sum
in (6.11) by g(z|a,w;) and thereafter g(z|a, wy) goww(kl;l) by k(z]a, w,),
thereby completing the proof of Theorem 4.

7. Counting subwords in H(n). Let 3 be a particular word in .A*. For
an arbitrary x € A*, we define ug(x) to be the number of occurrences of (3
as a subword of &, i.e. the number of possible ¢ € A* for which k = {8n for
some 7 € A*. For short, we sometimes write ug(n) instead of ug(H(n)).

Let o(8) be defined as in Section 1, i.e. if § = i;...0, then p(f) =

By using Theorem 2 and some purely probabilistic theorems we can
provide asymptotic estimates for

M(z,r,l) = Mg(z,r,l) :=#{n <z :wn)=r, ug(n) =1}
for a wide variety of r and [, and also for
M(z,l) = Mg(z,l) := #{n <z :ug(n) =1}.

We further need to introduce the quantities m = m((3) and o = o(3), which
represent respectively the mean value and the variance of a random variable
X: their exact meaning is given later in (8.3).

THEOREM 5. Let m and o be as above. Then as x — o0,

x m r —ml
7.1 M y ,l == 1+ 1 7tr )
) (@) = (1+ o) Lty )" o )
uniformly for r — xo = O(xa/x3), and | — xo/m = O(xa/x3), where ¢ is
defined by (1.3). Furthermore,

(7.2)  M(w,l) = T/%l),/mfﬁ ¢< mTJQ (2 —ml))

uniformly for | — xo/m = O(x2/x3). Consequently,

(7.3) Jim. i#{n <w: \/%ZLE < y} = D(y),

where D(y) is defined in (1.3).

The proof of Theorem 5 is given in Section 9.
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Remark. Most likely, similar assertions are valid for “diophantinely
smooth” subsequences of integers, such as substitutional values of polyno-
mials at integer values, or at prime values, but at this moment we are only
able to prove such global theorems.

In order to illustrate the method, we shall consider the distribution of
the vectorial

(uﬂo (TL), Ug, (n + 1)a s Uy, (TL + h))
(see Theorem 6) and the set of shifted primes (see Theorem 7).
In order to do this we set
ug(n) — m(fB)x
c(B)y/@2 ’

where m(3) = 1/m and ¢(8) = /m(m + ¢2). We shall prove the following
results.

Tp(n) =

THEOREM 6. Assume that By, B1, ..., 0n are fized words belonging to A*.
Then
wlin;o%#{n <z:mg(n+l)<y (1=0,1,...,h)}
ooy h
- gxll,néo Hn e (ntl) <y} = E)@(yz)-

THEOREM 7. Let 3 € A* be fixed. Then

Jim W(lw)#{p sz:7p(p+1) <y} =P(y).

The proofs of these two theorems are given in Sections 10 and 11 respec-
tively.

8. Auxiliary probabilistic results

LEMMA 3. Let k be a fized positive integer and let £y, &1, . . . be a sequence
of independent random variables, X; = f(&;,&+1,---,&j+k—1), where f is a
Baire function. Let M denote the mean value. Assume that MX; = 0. Let
k—1
o® = MX5+2) MXoX; (<o),
j=1

and assume that o # 0. Then

(8.1) nli_)noloP<U\1/ﬁ zn;Xj < z> = ¢(2).
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For the proof, see Theorem 19.2.1 in Ibrakhimov and Linnik [5] or Dia-
manda [1], [2].

LEMMA 4 (Esseen [3]). Let X1, Xos,... be independent identically dis-
tributed integer valued random variables for which MX; = 0 and M|X;|°
< oo, with o > 3. Assume furthermore that for a suitable I, P(X; = )
X P(X; =14+1)#0. Then

1 1

P(Xi 4. 4+ Xy =k) = ——d(z, -,

(X1 oot X =8 = i) + O )

where ¢ is defined in (1.3) and where
k

Zn,k = ma

Remark. The condition P(X; = [)P(X; = [ + 1) > 0 stands only
in order to guarantee that the maximal step between possible consecutive
values of X is not larger than 1.

Setting up the problem. Let A = {1,...,d}. Let &, be identically dis-
tributed independent random variables, P(§, = j) = J; (j = 1,...,4d),

o=MX;.

9; > 0, Z;l:l 0; = 1. Note that £ may be an infinite sequence or a finite
one.

Let 8 = b1...bs, ¥ = g1...9s—1 be arbitrary but fixed sequences of
length s and s — 1 over A respectively. For a random sequence &; ... &,, we
shall denote by I, (r) the probability of the event that both of the following
conditions are satisfied:

L& &-1=7,

2. the number of I’s satisfying 1 <1 < n—s+1 for which &&41...&4s-1
= (3 is exactly r.

Further, assume that the independent variables Y; are distributed as the
&,’s. Then for an arbitrary s — 1 tuple ~, let II,(t) be the probability of the
event that

(82) 91---93—1Y1~--Yt

ends with (3, that is, that Y;_s11...Y; = 8 and that this is the only occur-
rence of 3 as a subsequence in (8.2). Further, let 7, denote the length of the
sequence Y7 ...Y;. Then P(n, =t) = I1,(t).

Similarly, for the s-tuple 3, let o5(t) be the probability of the event that
the random sequence

by...bsY1...Y;
has the same property. Thus, using the notation 8 = b3, it is clear that

o3(t) = IIg(t) and also that > .-, og(t) = 1. Furthermore, let X be the
random variable such that P(X =t) = IIg-(t).



Subsets of primes in the factorization of integers 189

Finally, let 75(¢) be the probability of the event that
bo...bsY1...Y;

does not contain (8 as a subword.

It is clear that

Tg(t) = O’g(t) +Jg(t+ 1) + Ug(t+ 2) + ...,
and hence that
T3(t) = P(X > t).

For the random sequence &;...&, starting with v, let 1 < ... < t,. be
the indices of the last digits of occurrences of the word (3. Then clearly
ti,to —t1,...,t, —t._1,n—t, are independent random variables, where t; is
distributed as 7y and the (¢;41 —t;)’s are distributed as independent copies
of X. Consequently, denoting by I1,(r,n) the probability that n, + X; +
...+ X, <nandthat X, 1 >n—(n, + X +...+ X;), we have

Iy(r,n)= > Ply=uPXi+...+ X, =0)P(X,11 >n— (u+tv)).

u,v>0
utv<n

We would like to apply Esseen’s theorem in order to prove that
1 v—1rm 1
PXi+..+ X, =v)= ol -,
Kt X =) 0ﬁ¢< 0\/7“>Jr (7’)
where

(83) m=m(B)=MX =) tlst), o°=0"(B)=MX-m)

Let 3 =b1...bs and ¢ # bs, and consider the sequence
bl...bs C...Cbl...bs7
——

FE times
F being a large number.

Let Tk denote the length of the shortest prefix ending with § in the
word bobsz ...bsc...cbibs ... bs. Since the last digit of 3 is different from c,
we have T > E + s, and thus

Tpy1 =T + 1.
It follows that
IIg(Tg) #0 and IIg(Tg +1)#0, for every large number E.

This condition guarantees as well that ¢ # 0. Note that the finiteness of
the third moment is satisfied; moreover, it is true that M (e*¥X) < oo holds
for a suitable positive A. Indeed, P(X > t) is the probability of the event
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that the sequence & = & ...& does not contain §. If it occurs, then none
of {u—1)s41---&us, With u = 1,...,[t/s], equals 3, these sequences being
independent; thus

P(X >t) < (1=P(&...& =),

and the assertion follows immediately.
We have thus obtained that

(8.4) II(r,n)

— Z P(Thzu)P(X>t)P(X1-|—...+XT:n—u—t)—i—O(nlz>

0<u<clogn
0<t<clogn
n—u—t)—mr
:G\[ > ¢<( U\/;) )P(n,y:u)P(X>t)
0<u<clogn
0<t<clogn
+o(2 > Phy=uw)P(X>t)+0 !
r =1 n2 )’
0<u<clogn
0<t<clogn

Clearly the last sum is O(1). On the other hand, since ¢(y1) — ¢(y2) =
(y1 — y2)¢'(y*) for some y* € (y2,51), and since ¢'(y*) = —y"¢(y*), it

follows that
—mr n—t—mr t .
() o) | < )

where y* is a suitable number located between “={=™T and =T Thig
o1 or T

implies that the first term in (8.4) above can be written as

1 n—mr
55 ¢< m— >o<u<zdognp(””:u)P(X>t)

0<t<clogn
1 u+t
+O<x/'7" 2 Vr {

U+t
u,t

n—mr

o

o(" ) P =oree > o)

Now observe that

S Pl =uw)P(X > 1)
0<u<clogn
0<t<clogn

:(gp(m )(gPX>t>+O<;>
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and that

> Py=u)=P&...&-1=7), while > P(X>t)=m.
u=1 t=0

Finally, the O(...) in (8.5) is O(1/r), because ’%’gf)("g\}?) is bounded
and Y (u+t)2P(n, = u)P(X >t) < oc.
From these estimates it follows that (8.4) becomes

nien () o(t) ()

We have thus proven the following result.

LEMMA 5. Assume that &, are identically distributed independent random
variables, distributed as P(§, = j) =6; (j=1,...,d), Z;l:l 0;=1,4; >0.
Let 3 be a fized element of As, and let v € As_1. Let m and o be as
in (8.3). Denote by II,(r,n) the probability of the event that the random
sequence &1 ... &, satisfies &1 ...&s—1 = v and that B occurs exactly r times
as subword of v. Then

I, (r,n) = 0”\;; ¢<”U_ ’;’ﬁ”) +0<i> +0<nl2>.

9. Proof of Theorem 5. Every integer n < x satisfying w(n) = r and
ug(n) = [ can be written uniquely as n = Am (< z), where P(A) < w
and p(m) > w. Now consider all the possible o € A, for which ug(a) =
[. The integers n satisfying H(n) = « are subdivided according to their
corresponding number A. It is clear that A occurs in the structure of «
if H(A) € J,, where J, was defined in Section 6. Let v4 be defined by
a = H(A)ya. Further, define J(A,~v4) to be the occurrence of 5 in the
sequence composed from the last s — 1 digits of H(A) concatenating with
the first s — 1 digits of v4. It is clear that

up(a) = ug(H(A)) +up(va) + J(A,74).

For each 0,11 € A;_1, define & to be the set of words ending with 6,
and F, to be the set of words starting with 1 in the following sense. Let
f=ei...eq_1andn = f1...fs_1 be arbitrary elements of A,;_1. We define
&y to be the set of words A,es_1,€5_2€5_1,...,62...e5_1 and also all ~v
which can be factorized as v = 76 for some 7. On the other hand, we define
F, to be the set of words A, f1, fif2,..., f1... fs—2 and also all v which can
be factorized as v = nu for some pu.
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With this notation, we clearly have

Mz,r.1) Z Z > Nr—w(A)(i‘WW)-

0, YEF,
H(Aes, A(v)=r—w(A)
PA)SW wg(y)=l—ug(H(A))—ug(0n)

Assume that r — zo = O(x3/x3). Then, by Theorem 2,

M(z,7r,1) = (1 + 0,(1)) H (1_ 1)

p<w p
1 x
X E E 1 E —tr_way(®)o(y)-
x1
0, A YEF,
H(A)e&o A(y)=r—w(A)
P(A)<w ug(v)=l—ug(H(A))—ug(0n)

Note that here we have dropped the terms corresponding to A > xs, since
their contribution was small. In this range for r, we have

tr—w(ay () = (1 4+0(1))t,(xz), assuming that w = O(x3).
Thus we deduce that
M(z,r,1) = (14 ow(1))E, Fi,

where

and

Fe= Y0 Y I us(H(A) — us(0n), 7 — w(A))
B

Thus, by Lemma 5, observing that the II,’s occurring in the sum are
(14 0(1))II,(1,7), summing on n and afterwards on A, we obtain

n=(, 3, ) () o)

Since

we obtain

T m r—ml
Mz,r,1) = (1 + 0u(1) Sty >M¢(M),

an estimate which is valid as * — oo, r—x9 = O(xa/x3), |l —22/m| < x9/x3.
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The second formula of Theorem 5 is an easy consequence of the first one,
and the third one follows immediately.
This ends the proof of Theorem 5.

10. Proof of Theorem 6. Set w, = z3, z, = z'/V?2 and

E(n) = H p.
p*n
Wy <P <2z

Let £ be the set of integers all prime factors of which belong to the interval
(Wg, 22).
Let Fy, Eq,..., E, € £ be mutually coprime integers, chosen so that
log E,,
max —2—Y = o,(1).
0<v<h logzx

Then, by the sieve method, we have

é#{ngx:E(n—i—j):Ej (j=0,1,...,h)}

=1+01) ] <1—h+1>=(1+0(1)) 11 <1—1>h+1.

Wy <P¥<zyp p Wa <P¥<zg p

Now let wy(n) be the number of prime divisors of n/E(n). Since

Sy toow,

p<wI 2z <p<96

by using the Turdn-Kubilius inequality, we have w;(n) = O(x3) for almost
all integers n. Furthermore, observe that ug(n) — ug(E(n)) = O(wi(n));
thus, neglecting a set of integers n having zero density, we have

78, (n+j) = 78,(E(n + j)) = o(1).

Because of this, and since @ is continuous, it is sufficient to prove the theorem
for 75, (E(n + j)) instead of 73, (n + 7).

Now it is clear that the set of integers n < x with max;_g 1

x*3/V72 is of zero density.
We have

S <, (B4 ) <5 =01, )

* X
—(1+o0(1 Yo 1o
(1+0(1)) EOEl...Eh+0( ),
Eo,E1,....Ep

-----

where the asterisk in the sum indicates that the sum is taken over those
Eo, E1, ..., Ey for which 75, (E(n+j)) <y; (j =0,1,...,h), E; < a%/V2,
(Ei, Ej) =1 for every i # j.
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Now we can drop the condition of coprimality in X*. Indeed, if we set
F = EyFE, ... Ey, one can observe that F' can be factorized as EgFE1 ... Ej, in
no more than dp41 (F) different ways. Hence if (E;, E;) > 1 for some i # j,
then p? | F' for some p > w,; the contribution of such p’s is less than

3 dh+;(u) 3 dh+; (0)7

where v runs over the square-free integers with p(v) > w,, P(v) < z,, and
u runs over the square-full integers with p(u) > wy, P(u) < 2z, u = 1 being
excluded. But clearly

de—l(”) < H 14 h+1 < log z, \ "'
v P log w,

W <Pp<zZg

and

Z dni1(u) _ I1 <1+ dpi1(p?) n dni1(p*) +) 1
u Wa <P<Z2g p2 p3

1 1
p>wa T T

Hence we have

h
* T 1
T _T[Rw)+0o(——
Z EyE;...E, ]]-;[0 (v5) + <wm logwm>’

where R(y;) is the number of those E; for which E; < x®3/V®2 and
78, (EJ) < Yj-

We have thus proved that the conditions 75, (E;) < y;, j = 0,1,...,h,
are independent. It is therefore enough to prove that

1 ) log z,
100) (< as s (Bl ) <) = @+ o) (122 ) Ry
= (1+0(1))2(y;),
say A = B = C. But we have just proved that A = B. Relation (7.3) of
Theorem 5 implies that

log 2,

g w, W) = (L+0(1)P(y)  as = o

and therefore that B = C. This therefore ends the proof of Theorem 6.

11. Proof of Theorem 7. Let w, z,, F(n), wi(n) and £ be as in the
proof of Theorem 6. Denote by II(x|E) the number of primes p < z for
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which E(p+ 1) = E. By the Eratosthenian sieve, we have
(11.1) 1(e|E) = 3 (s B, ~1) (o).
s
where ¢ runs over the divisors of
K = H P
W <Pp<zZg

and where m(z;a,b) stands for the number of primes p < z such that
p=0b (mod a). Using (11. 1) we have

M ()
11.2 (z|E) w(x; o, —1) — ,
) |l > < 3 |rtass -0 - 25
0<z/E

where ¢ stands for the Euler function. But it is clear that

(11.3) “ _)H(l— )

6\K p|E

b )
ptE
W <Pp<zZg

(-,
- o e (ieo(3)

First summing up over all E < z%3/vV®2 := X say, we have

(114) Y | (2|B) — SE)n(2)| < Y |nlziu,~1) - @) g,
E<X u<zw cp(u)
uel

where as usual d(u) stands for the divisor function.

We shall prove that the right hand side of (11.4) is O(z/log® z) for any
given positive constant c.

We split the integers u < z into three distinct classes, namely those
which are < X, those satisfying X < u < 2!7¢ and finally those such that
2'7¢ < u < z; here ¢ is a small positive number. We name the corresponding
sums Y1, Yo and Y3 respectively.

First we notice that, since m(z;u, —1) < m(x)/¢(u),

d(u)

ugml—e

ueé
and that
d(u)
2 g s
3K T "

2l f<u<a
ue€

These sums are indeed essentially small because P(u) < z,. Hence we have
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5, 23=0< z >
log® x

2= Z + Z =211+ 20,

d(u)<logBzx d(u)>logBax
ueé uel

We now write

say, where B is some positive constant. We first estimate X; 5 and obtain

212 < (logz)~Br(x) Z i((z)) < w(z)(logz)™ P H (1 + 2 +. >
< 7(z)(logz)~ B (ﬁ"ét) .

In order to estimate X 1, we use the Bombieri-Vinogradov theorem in a
weaker form and this allows us to obtain

T
> 11(alB) ~ S| = 0 1k )
E<X
From the above estimates, it also follows that
> H(z|E) = o(1)m(x).
E>X
By using the Turan—Kubilius inequality for the shifted primes p + 1, we
find that
p+1
wilp+l) =w| =— | =ol)zx
o+ 1) = o5 ) = olt)es
for all but o(w(x)) primes p < x.
Let y be given. We shall now prove that

#{p <o “ﬂw%;% naim) y} = (1+ 0s(1)) ()7 ().

In order to count the number of primes satisfying the condition contained
in {...}, we observe that

(11.5) Y H@E)= ) H(z|E)+o(n(x))

3(E)<y m3(E)<y
FEF<X
—n@) S S(E) + o(n(x))
3 (E)<y
E<X
() 08 s L o(r(a)
=T\ R e— o\1m\x
log z,; o(E) ’

T5(E)<y
E<X
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where we made use of (11.3). We have thus reduced the problem to that of

estimating
1
X = —.
2. o

T8 (E)<y
E<X

To do this, we use formula (7.3) of Theorem 5. First we observe that, since
¥

Pone-)

p|E

and writing

T8(E)<y
E<X
we have
1 1 1 1
s (D) -5
— o(E) E — E p‘El—l/p
q 1
-1 (ete)- T
Wo <q< 2z < (¢—1) Wp<q<za 1-1/q
D LI (et (-0) )
= II (1-= IT (1+ S(1=-=) -1
W <g<zyg ( q Wy <g<zyg (q o 1) q
log z,, logz, \ 1
(e )= (X 5) 1) = (o)
log w, o a log w, ) w,
Thus

log w,

Y H(|E) =n() R(y) + o(m(z)).
T6(E)<y
Hence, combining this with (11.5) and taking into account (10.1), the result

follows immediately.

log 2,

12. A higher dimensional problem. Let (1, ..., 3, be given distinct
words of length s and let

v(n) = (ug, (H(n)), ..., up, (H(n))).

By a more sophisticated method, we are able to give an asymptotic estimate
for the size of integers n for which w(n) = r and v(n) = (l1,...,l,) are
satisfied at least in the range r ~ x9 and l; ~ xo/m; (i = 1,...,h). In this
case, the components of v(n) are dependent and their correlation depends
on the special choice of ;.
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It is much easier to prove the global distribution theorem by using
Lemma 3 and Theorem 2.

Let w, be a function tending to oo very slowly and divide the integers
n < x into classes n = Av, where w(v) = r, P(A) < wy, p(v) > w,, and
according to H(v) = a.

For a fixed A, each o occurs (1 + o(1)) =t (x)o(c) times.

Furthermore,

where

V(Oé) = (uﬂl (a)v s, Uy, (a))
Consider now the random variables &; which were defined in Lemma 5 and
set

[, 8) = (v=1,...,h),

{tl/ ifgl---és:/gy
0 if&...& # B

Thus

Mf1(§17 s )fs) = tlg(ﬁl) + ...+ th@(ﬁh) =1t.
Then further set

Xj = fl(gjvgj-i-lv e 7£j+s—1) —t.

Let 0 = o(t1,...,ty) be defined by

s—1

o? =MX7+2> MX\X;.

j=2

It remains to prove that the quadratic form o is positive definite.
To prove that o(ty,...,t,) > 0, we proceed as follows. First recall that

&1,&2, ... are identically distributed random variables with P(&; = 1) = ¢,
forl=1,...,d. Now let f be defined on A, by

Py = {70 1 = e

otherwise.
Let

Y;” :§r§r+1---§7“+s—17 Zn :f(Y1)++f<Yn—s+1)

Then choose a particular y€.A4, and consider those sequences Y7,...,Y, s11
for which Y; = v. Let (1 = 79 <)m1 < ... < 7, denote the sequence of the
indices m for which Y,, = v, and let

Si=fYo)+...+fYr,, 1) (=0,1,...,r=1),

T = f(YTT-) +.o+ f(Yn—S-H)'
Thus Z, = So+ 51+ ...+ 5,1 + T, and the summands are mutually
independent. Furthermore, all the moments of S, and T are finite. By
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using the same argument as in the proof of Lemma 5, we first find that
P(r, = k) > 0 for every large k. Thus M(S, — MS,)*> = 02 > 0 can be
deduced immediately. From classical theorems on the distribution of sums of
random variables with random number of summands, one can deduce that

min M(Z, —a)®> >cen (¢ > 0),

and hence that o(ty,...,t,) is positive definite.
To prove that the limit distribution of

h
(12.1) > miug, (H(n))
=1

exists, and that it is the normal law with variance o(¢y,...,t;), we can
repeat the argument used in the proof of Theorem 6.

Since the limit distribution of v(n) is completely characterized by that
of the projections (12.1) (see Galambos [4], Theorem 19), Theorem 8 follows
immediately:

THEOREM 8. Let

1 .
Fe(yrs -5 un) i= ;#{n <w:tg(n)<y; (j=1,...,h)}
Then
mli_)rgoFm(yl,...,yh) =P, (y1,---,Yn),

where @, denotes the Gaussian law with covariance matrix corresponding
too.

13. Additional remarks. For each oo € A* let x(«) denote the largest
integer k such that all possible words of length k& occur as subwords in a.

To prove a sharp theorem for the order of x(H(n)) seems to be hard in
the general case. However, assuming that §; = ... = §4 = 1/d, we can apply
the following nice result of Tamas F. Méri [7]:

If &, is an infinite sequence of independent random wvariables with
P, =j)=1/d (j=1,...,d), then for every € > 0, the event that

1 loglog m
logm — loglogm — e—"—
logd logm
1 log1
<k &m) < logm—loglogm+(1+5)w
log d log m

holds for every large enough m, is of probability 1.
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As a straightforward consequence we have the following result:

If 61 = ... =064 =1/d and if (1.1) holds, then for all but o(x) of the
integers n < x, we have

K(H(n)) =

This comes out by observing that A(H(n)) = xQ—i—O(ng) for all but o(x)
of the integers n < z, and using Theorem 2, taking into account that x5 is a
very slowly varying function, in the sense that loglog(z¢) —loglog x = O(1).

1
logd

(2 —x3) + O(1).
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