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We will study the boundedness properties of multilinear Calderén-Zygmund operators and multilinear fractional integrals on

products of weighted Morrey spaces with multiple weights.

1. Introduction and Main Results

Multilinear Calderén-Zygmund theory is a natural gener-
alization of the linear case. The initial work on the class
of multilinear Calderén-Zygmund operators was done by
Coifman and Meyer in [1] and was later systematically studied
by Grafakos and Torres in [2-4]. Let R” be the n-dimensional
Euclidean space, and let (R")™ = R" x - - - x R" be the m-fold
product space (m € N). We denote by §(R") the space of all
Schwartz functions on R” and by &'(R") its dual space, the
set of all tempered distributions on R”. Letm > 2 and T be an
m-linear operator initially defined on the m-fold product of
Schwartz spaces, and taking values into the space of tempered
distributions,

T:8(R")x---x&R") — &' (R"). )

Following [2], for given f = (f1»..., f), we say that
T is an m-linear Calder6n-Zygmund operator if, for some
G>--->qm € [1,00) and g € (0,00) with 1/g = Y/, 1/q;,
it extends to a bounded multilinear operator from L (R") x
--+-x LI(R") into L1(R") and if there exists a kernel function
K(x, y15. .., ¥,,) in the class m-CZK (A, €), defined away from
the diagonal x = y; = --- = y,, in (R")"™*" such that

T(f) )
=T (fir- s fn) (%)
- j(Rn)mK(x’yl""’yM)fl (yl)fm (}’m)d)ﬁdym,
2)

whenever f;,..., f,, € S(R") and x ¢ (-, supp fj. We say

that K(x, y;,..., ¥,,) is akernel in the class m-CZK (A, ¢) if it
satisfies the size condition
A
[K (5, y1- 5 V)| < (3)

T (-] = pa)™

for some A > 0 and all (x, y,, ..., y,,) € (R")™" with x # y,
for some 1 < k < m. Moreover, for some € > 0, it satisfies the
regularity condition that

K (5 yiseos y) = K (X 15 9|
A-|x—x"s (4)
RSN EREA TS M)

whenever |x — x| < (1/2)max;,,|x — y,| and also that, for
each fixed k with 1 < k <m,

|K(x,y1,...,yk,...,ym)—K(x,yl,...,y,'(,...,ym)'
Alye-nf )

I CESAEREA T )

whenever |y, — y| < (1/2)max,_,lx — yl|. In recent
years, many authors have been interested in studying the
boundedness of these operators on function spaces; see, for
example, [5-8]. In 2009, the weighted strong and weak type
estimates of multilinear Calderon-Zygmund singular integral
operators were established in [9] by Lerner et al. New more



refined multilinear maximal function was defined and used
in [9] to characterize the class of multiple A ; weights.

Theorem A (see [9]). Let m > 2 and T be an m-linear
Calderén-Zygmund operator. If py,...,p,, € (1,00) and
p € (0,00) with 1/p = Y7 1/pp and © = (wy,...,w,,)
satisfies the A p condition, then there exists a constant C > 0

independent of]? = (f1>...> fo) such that

I (N, < Cl_llllelm (6)

where vy, = [~ 1wp/p’

Theorem B (see [9]). Let m > 2, and let T be an m-
linear Calderén-Zygmund operator. If p,...,p,, € [1,00),
min{p;,..., p,,} = Land p € (0,00) with 1/p = ', 1/ pr
and W = (wy,...,w,,) satisfies the A condition, then there

exists a constant C > 0 independent of f = (f,,..., f,,) such
that

“T (f)”wm(vﬂ) s Cl:][”ﬁlll}’:‘(w,-)’ (7)

where vg, = [ 1wp/p‘

Letm > 2,andlet0 < a < mn.Forgivenf =(fis- 5 fin)s
the m-linear fractional integral operator is defined by
L(f) @) =L, (fir o o) )
:J fl(yl) fm(ymznn ad)’ dym
6 [ Jarer o= o)
(8)

For the boundedness properties of multilinear fractional
integrals on various function spaces, we refer the reader to
[10-16]. In 2009, Moen [17] considered the weighted norm
inequalities for multilinear fractional integral operators and
constructed the class of multiple A Bg weights (see also [18]).

Theorem C (see [17,18]). Letm > 2,0 < o < mn, and let I, be
anm-linear fractional integral operator. If p,, ..., p,,, € (1,00),
1/p=Y,1/pcand1/q=1/p-aln and W = (wy,...,w,,)
satisfies the Ap , condition, then there exists a constant C > 0

independent off = (f1>---> fon) such that
"Ia (-f)”L‘i((vi,)q) = CH”fi”Ui(wf”')’ ©)
i=1

m
where vy, = [ [, w;.

Theorem D (see [17,18]). Letm > 2,0 < o < mn, and let I, be
anm-linear fractional integral operator. If p,, ..., p,,, € [1,00),
min{py,...,put =L 1/p=Y,", 1/prand 1/q=1/p - a/n,

and @ = (w,,...,w,,) satisfies the Ay, condition, then there
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exists a constant C > 0 independent off =(f1>---
that

s f) such

A€ o

m
where vy, = [ [, w;.

CH"f, “m wly (10)

On the other hand, the classical Morrey spaces Z**
were originally introduced by Morrey in [19] to study the
local behavior of solutions to second-order elliptic partial
differential equations. For the boundedness of the Hardy-
Littlewood maximal operator, the fractional integral opera-
tor, and the Calderén-Zygmund singular integral operator on
these spaces, we refer the reader to [20-22]. For the properties
and applications of classical Morrey spaces, one can see [23-
25] and the references therein.

In 2009, Komori and Shirai [26] first defined the weighted
Morrey spaces L?*(w) which could be viewed as an extension
of weighted Lebesgue spaces and studied the boundedness of
the above classical operators in Harmonic Analysis on these
weighted spaces. Recently, in [27-34], we have established
the continuity properties of some other operators and their
commutators on the weighted Morrey spaces LP*(w).

The main purpose of this paper is to establish the
boundedness properties of multilinear Calderén-Zygmund
operators and multilinear fractional integrals on products
of weighted Morrey spaces with multiple weights. We now
formulate our main results as follows.

Theorem 1. Let m > 2, and let T be an m-linear Calderén-
Zygmund operatot. If p1,..., p,, € (1,00) and p € (0,00)
with 1/p = Y, 1/ppand © = (wy,...,w,) € Ap with

Wy,... W, € Ag, then for any 0 < k < 1, there exists a
constant C > 0 independent off = (f1>---> fon) such that
N m
|77 )"wm) = Cg"ff ([ (n

where vg, = [ 1wp/‘o‘
Theorem 2. Let m > 2 and T be an m-linear Calderén-

Zygmund operator. If py, ..., p,, € [1,00), min{p,,..., p,} =
1Land p € (0,00) with 1/p = Y/, 1/pp and © =

(wy,...,w,) € Ap withw,...,w, € A, then for any
0 < & < 1, there exists a constant C > 0 independent of
Ff=(fis--s f,) such that

“T (f)“wm*(m) s Cl:l[”ﬁ”m“(w,-)’ (12)

where vy = [~ 1w‘D/‘D‘

Theorem 3. Let m > 2, let 0 < a < mn, and let I,
be an m-linear fractional integral operator. If p,..., p,, €
(lr,noo), 1/p = YL, 1 po Vg = 1/pe — a/mnand 1/q =
Yo Vg = 1/p-a/nand @ = (w,,...,w,,) € Ap)q with
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wh, .. wi e A, then for any 0 < k < p/q, there exists a

constant C > 0 independent of f = (f,,..., f,,) such that

m
|'I(X(f)'|Lq,Kq/p((Vu_J)q) < CH".fi"LPi”‘PiWP‘ii (wfi wity (13)
i=1

m
where vy, = [ [, w;.

Theorem 4. Let m > 2, let 0 < o < mn, and let I, be an
m-linear fractional integral operator. If p,,..., p,, € [1,00),
min{py,..., p,} = L 1/p = Y3, 1/p 1/qi = 1/pi — o/mn
and 1/q = YL, 1/qe = 1/p—a/n, and © = (w,,...,w,,) €
Ajp, with wh, ... wi e A, then, forany 0 < x < p/q, there
exists a constant C > 0 independent of]? = (f1>--> fpn) such
that

m
”Ia(f)"WquKq/p((%)q) £ Cl_["fi”LPi”‘Piq/P'ii(wf",wf")’ (14)
i=1

m
where vy = [ [, w;.

2. Notations and Definitions

The classical A, weight theory was first introduced by
Muckenhoupt in the study of weighted L¥ boundedness of
Hardy-Littlewood maximal functions in [35]. A weight wis a
nonnegative, locally integrable function on R"; B = B(x,, rg)
denotes the ball with the center x, and radius 7. For 1 < p <
00, a weight function w is said to belong to A, if there is a
constant C > 0 such that, for every ball B € R”,

(% [, ww dx) (% |, w(x)l/(Pl)dx>p_l <c, (1)

where |B| denotes the Lebesgue measure of B. For the case
p=1,we A, ifthereisa constant C > 0 such that for every
ball B ¢ R”,

% JB w(x)dx<C- es:egnfw (x). (16)

A weight function w € A if it satisfies the A , condition for
some 1 < p < 0o. We also need another weight class A,
introduced by Muckenhoupt and Wheeden in [36]. A weight
function w belongs to A, for 1 < p < g < oo if thereisa
constant C > 0 such that, for every ball B ¢ R",

1/ NV
(éJ’ w(x)qu> q(éj w(x) P dx) <c. (17)
B B

When p = 1, wis in the class A, ; with 1 < g < co if there is
a constant C > 0 such that, for every ball B ¢ R”,

(LJ w(x)qu>l/q ess su ! <C (18)
1Bl Js e wx) )T

Now let us recall the definitions of multiple weights.
For m exponents p,,..., p,,, we will write P for the vector

P = (py..-sp,)- Let ppy...sp,, € [1,00), and let p €
(0,00) with 1/p = Y, 1/py. Given @ = (wy,...,w,,), set

vg = [ w! /P We say that w satisfies the A 3 condition if it
satisfies

1 I/P m 1 1 p/ I/Px,
sup{ — | vz (x) dx) <— J w;(x) "dx) < 0o.
B ( 1B] L LI1B1 )

i=1
(19)

When p; = 1, ((1/IB]) |, w;(x)' ™ dx)"/ is understood as
(inf . pw;(x)) .

Let prs..., P € [1,00), let 1/p = ¥;"  1/p;, and let g >
0. Given @ = (w,,...,w,,), set v = [[.-,w;. We say that @
satisfies the Az condition if it satisfies

1 . 1/q
supl — | vg(x dx)
Bp<|B| L )

m 1 , 1/p;
X H(ﬁ JB wi(x)_P"dx> < 00.

i=1

(20)

When p; = 1, (1/IB]) [, w;(x) " dx)" is understood as
(inf ,cgw;(x)) 7.

Given a ball Band A > 0, AB denotes the ball with the
same center as B whose radius is A times that of B. For a given
weight function w and a measurable set E, we also denote the
Lebesgue measure of E by |E| and the weighted measure of E

by w(E), where w(E) = [, w(x)dx.

Lemma 5 (see [37]). Letw € A, with1 < p < co. Then, for
any ball B, there exists an absolute constant C > 0 such that

w(2B) < Cw(B). (21)

Lemma 6 (see [38]). Let w € A,. Then for all balls B € R",
the following reverse Jensen inequality holds:

J w(x)deC|B|-exp<iJ log w(x)dx). (22)
B |B| JB

Lemma 7 (see [37]). Letw € A . Then, for all balls B and all
measurable subsets E of B, there exists § > 0 such that

w (E) <|E| 0
<C|— . 23
w(®B) * |B|> =

Lemma 8 (see [9]). Let py,...,p,, € [1,00), and let 1/p =
Y 1/ pe. Then @ = (wy,...,w,,) € A ifand only if

Vg € Amp,
l—p.’ (24)
w; 1€AV”P,~” i=1,...,m,

P/pi

. 1-p; .
where vy = [, w!"? and the condition w, Pie A,y in the

case p; = 1 is understood as wl.l/m €A,



Lemma 9 (see [17,18]). Let 0 < « < mn, and py,..., p,, €

[1,00), let 1/p = ¥1- 1/ py, and let 1/q = 1/p — a/n. If © =
(wy,...,w,,) €Ap, then

. (25)
w. pi € Amp”

1
where vy = [, w;.

Given a weight function w on R", for 0 < p < oo, the
weighted Lebesgue space L (w) is defined as the set of all
functions f such that

1p
"f"U’(w):(JRn |f (x)|Pu)(x)dx> <co.  (26)

We also denote by WLP (w) the weighted weak space consist-
ing of all measurable functions f such that

"f"WLP(w) = au%’/\ ‘w({x eR": |f(x)| > A}) ?

(27)
In 2009, Komori and Shirai [26] first defined the weighted
Morrey spaces LP*(w) for 1 < p < co. In order to deal with

the multilinear case m > 2, we will define L?*(w) for all 0 <
p < oo.

Definition 10. Let 0 < p < 00, let 0 < ¥ < 1, and let w be

a weight function on R”. Then the weighted Morrey space is
defined by

LPK (w) = {f € Lloc ) : ||f“l,1’”‘(w) < OO} ’ (28)

where

» 1/p
i = 08 e [ 1F P wimax) @)

and the supremum is taken over all balls B in R".

Definition 11. Let 0 < p < 0o,let0 < x < 1,and letw be a

weight function on R". Then the weighted weak Morrey space
is defined by

WLP* (w) = {f measurable : ||f||WU>,K(w) < OO} , (30)

where

1 e w({x € B: |f ()] > A}

= sup su ;)\
5 o w(B)*?

(31)

Furthermore, in order to deal with the fractional order
case, we need to consider the weighted Morrey spaces with
two weights.

Definition 12. Let0 < p < coand 0 < k < 1. Then for two
weights u and v, the weighted Morrey space is defined by

LPK (u’ V) - {f € Lloc (u) : “f”LP’“(u,v) < 00} > (32)
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where

1/p
i =500 55 [, 17 @Puax) 69

Throughout this paper, we will use C to denote a positive
constant, which is independent of the main parameters and
not necessarily the same at each occurrence. Moreover, we
will denote the conjugate exponentof p > 1by p' = p/(p-1).

3. Proofs of Theorems 1 and 2

Before proving the main theorems of this section, we need to
establish the following lemma.

Lemma 13. Let m > 2, let p,,..., p,, € [1,00), and let p €
(0,00) with 1/p = YL, 1/ py. Assume that wy,...,w,, € Ay,

andvg = [, w? /P then, for any ball B, there exists a constant
C > 0 such that

m plpi
]’[(J w; (x) dx) < cj e ()dx.  (34)
i1 \JB B

Proof. Since w,,...,w,, € A, then, by using Lemma 6, we

have

(J'B w (%) dx)P/Pi
ﬁ<|B| exp< 1| J log w; (x)dx))P/Pi

= CH <|B|P/P" - exp (ﬁ JBlogwi(x)P/P" dx))

i=1

—

Il
—

=C- (|B|)Z:Z1P/pi - exp <§|113| J log w; (x)P/P‘dx>
(35)

Note that Y7 p/p; = 1 and v (x) = [11",w;(x)?'?. Then, by

Jensen inequality, we obtain

m

g(Lwi(x)de/Pf
<C-|B|- exp<| |Jlogv (x)dx> "

< CJ vy (x) dx.
B

We are done. O]
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Proof of Theorem 1. For any ball B = B(xy,r5) € R" and

letting f; = fi0 + f°, where fio = fixop i = 1,...,m, and
X»p denotes the characteristic function of 2B, then we write

m m

[5G =107

= Z
Hf )+ Y F ()

() + 172 ()
}fl(YI)"‘me (Vm) (37)

o (V)

where each term of Z' contains at least one o; # 0. Since T is
an m-linear operator, then we have

1
v ( B)K/P

1 U
= W(L T (fs- fm) (X)|va(x)dx>
") (x)|pvw (x) dx)l/p

! 1
—_— T(f,..., f>
3 va,(B)K/P(JB| ! Fon

<JB T (oo fon) GO g () clx>1“D

(38)

In view of Lemma 8, we have that v; € A,,,. Applying
Theorem A and Lemmas 13 and 5, we get

m

1 pi Hp
¢ m(B)K/pH<LB i ) w,»(x)dx)

i=1

I°<

Hlei(ZB)K/pi
v (B)'?

v5(2B)"P

v5(B) P

m

S CH“fi”U’i”‘(w,») :
i=1
m

< CH“ﬁ”L"i"‘(w,-) :
i=1

< CH“fi”w»K(wi)-
i=1

For the other terms, let us first consider the case when «; =
-+ = a,, = 00. By the size condition, for any x € B, we obtain

IT (£ ) ()]
SCJ yn m |fl (yl)fm(ym)l mndyl "d)/m
®@M@B" (| = yi| + -+ [x = y,])
S ZJ‘ lfl (yl fm(ym)| mndyl'"dym
Slempn@n” (x = yi| + -+ |x = y,)
=L s ey
oo m 1
) C;H |2jHB| L’“B |fl (yi)l D
(40)

where we have used the notation E” = E x --- x E.
Furthermore, by using Holder’s inequality, the multiple A 5
condition, and Lemma 13, we deduce that

IT (% for) ()]
SCZHPJLB'(I £ 0)P'wi (9:) dy,)

pi

' I/Pi,
1-p!
wi(yi) b d)’i)

o1 p| /PP ER R

v4(27+1B)"* (41)
i(szrlB)K/Pi)

vw(zf“B)l/p

m [oe)
< Cl_["fi“LPi"‘(w,-) : Z (
i=1 =1
e < 41\ (e=1)/
< C[ T fill sy - 2-7a(2"'B) ’
i1 i

Sincevg € A, C
that

A, then it follows directly from Lemma 7

8
Vg (B) | B|
o (27B) SC( |zf+IB|)' 2

Hence,

© <vgB)TPIT (£, ) ()]

B)(-®)/p
<cH||f,uU, o z s (5)

(ZJHB) (1-x)/p

|B| 8(1-x)/p (43)
<l Wl 3 (751)

< CH”fi”LPi"‘(w,-)’
i=1

where the last inequality holds since 0 < ¥ < 1 and § > 0.
We now consider the case where exactly € of the «; are co
for some 1 < ¢ < m. We only give the arguments for one
of these cases. The rest are similar and can easily be obtained
from the arguments below by permuting the indices. Using
the size condition again, we deduce that, for any x € B,

[T (F2os FE S ) @)

|f1 (J’l)"‘fm (J’m)l
<C
8 J(R”f\@B)" J'(zBY"*f (Jx =y ]+ + |x = )™

Xdyl'”dym



<C H _[ |f1 ()’i)| dy;
i=¢+1 V2B
o0
1
X ; |2j+lB|m

X J
(2)+1B

<C H J |f1 ()’i)l dy;

i=6+1

(v) dv.
S |21+1 sl l_[ Lms\m 1 ()l dy;

|f1 y1)- fe(}’e)ld)’l"’d)/e

(44)

j=1

oo m 1

- CZH |2]+IB| J‘21+1B |fl (yl)l dyi’

and we arrive at the expression considered in the previous
case. So for any x € B, we also have

[T (o £ Fo oo fin) )
m e vl o\ (k=1)/p
< CH“ﬂ”LPi”‘(w,») : Zv@(zj B) :
i=1 j=1

Therefore, by the inequality (42) and the above pointwise
inequality, we have

(45)

Irxl,...,(xm
< vy (B) /P |T (f...

m
< CH“fi”mK(wn :
i=1

S s f) )]

i vw(B)(l—K)/P
£ (2 B)

. o IB| 8(1-x)/p
< C[ [l - Z( 271 B] )
i=1 =1

m
< CH“fi”LPi”‘(w,»)‘
i=1

(46)

Combining the above estimates and then taking the supre-
mum over all balls B ¢ R”, we complete the proof of
Theorem 1. 0

Proof of Theorem 2. For any ball B = B(x,,rg) € R" and

decomposing f; = f) + f°, where f = fixopi = 1,...,m,
then, for any given A > 0, we can write

)| > AN
ol frensirito > 5})”

2 1/p
)

(47)

v({x € B:|T (fi,-..

+Z,vﬂ,<{x eB:|T(f1".... fum)] >
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where each term of '’ contains at least one o, # 0. By Lemma 8
again, we know that v; € A,,, with 1 < mp < co. Applying
Theorem B and Lemmas 13 and 5, we have

I < % - (LB |f; (0)P'w, (x) dx)l/p

i=1

< ¢ Hlei(ZB)K/Pi =

< SR T e
i=1

. C (23)”/1’ m

< l_[llﬁllmw)

C B
%l i an,um)

(48)

In the proof of Theorem1, we have already showed the
following pointwise estimate (see (40) and (44)). Consider

T (- )(x)|<CZH|2,+1B|J |fi 5l dy-

j=li=1
(49)
Without loss of generality, we may assume that p; = -+ =
pe = min{p,....,p,} = 1 and pp,fs....p > L

Using Holder’s inequality, the multiple Ay condition, and
Lemma 13, we obtain

IT(f%, o ) ()

oo ¢ 1
<C - (v dy:
;g|2]+13| LMB |fi ()] dy,

L |
L1 L 001

oo ¢ 1
= CZH |27+1B| L].HB |f; D)l w; () dy;

-1 (50)
x( inf wl(yl))

y,€2/*1B
UL |

x 1;[ |2]+1B|(J |f1 yl)lpl l(yz)dyz>
i=0+1
_p! I/Pi
8 <sz+1 w ()" dy,-)

< CH”ft"LM(w)ZV ( i+l )(K—l)/p.

1/p;

Observe that v; € A,,, with 1 < mp < co. Thus, it follows
from the inequality (42) that, for any x € B,

|T (%o fom) (x)|
S (.
i=1 "

1 i Vw(B)(l_K)/p
(B)(I—K)/p = V@(ZjHB)(l—x)/p
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é‘ —
v5(B) P S\ 271 B

1
1}lD(B)(I*K)/P'

m
< CH"fi”wK(w,.) :
i=1

m
< CH"fi”wK(w,.) :
i=1

(51)
If {x € B: [T(f{*,.... fom)(x)] > A/2"} = @, then the
inequality
Wty C-vg (B)
I Hllﬁllw<w> (52)

holds trivially. Now, if instead we suppose that {x € B :
T f3m)(x)| > A/2™}+ @, then, by the pointwise
inequality (51), we have

1

vuj(B)(kK)/P’ (53)

m
A< Cl_Illfillm«w,.) :
i=1

which is equivalent to

C Bxpm
il e S [ PRCE

vy (B)P < =0

Therefore,

1/P<C Ve (B)Kpm

l_[llflllmw (55)

I77% <y (B)

Summing up all the above estimates and then taking the
supremum over all balls B € R" and all A > 0, we complete
the proof of Theorem 2. O

By using Holder’s inequality, it is easy to check that if each
w; isin A, then

[]4, <As (56)
i=1

and this inclusion is strict (see [9]). Thus, as direct conse-
quences of Theorems 1 and 2, we immediately obtain the
following.

Corollary 14. Let m > 2, and let T be an m-linear Calderén-
Zygmund operator. If p,, ..., p,,, € (1,00) and p € (0, 00) with
1p =Y 1/peand @ = (wy,...,w,) € [[,A,, then, for

any 0 < k < 1, there exists a constant C > 0 independent of

F=(fire..r f,) such that
“T (f) “LP’K('V,;,) S CH||ﬁ||LPiaK(wi)> (57)
i=1

where vy = [T w?'P,

Corollary 15. Let m > 2 and let T be an m-linear Calderon-
Zygmund operator. If py,..., p,, € [1,00), min{p;,..., p,,} =
1and p € (0,00) with 1/p = Y, 1/pp and & =
(wy,...,w,,) € H;:lAp,-’ then, for any 0 < k < 1, there exists

a constant C > 0 independent off = (f1>--> f,n) such that

IT(F) < L 1l (58)

“WLP"‘(v,D)

where vy = [ le/P’

4. Proofs of Theorems 3 and 4

Following along the same lines as those of Lemma 13, we can
also show the following result, which plays an important role
in our proofs of Theorems 3 and 4.

Lemma 16. Letm > 2, q;,...,4,, € [1,00) and q € (0,00)
with 1/q = Y7L, 1/qy. Assume that w', ..., wl" € A and
vy = [ 12 w;; then, for any ball B, there exists a constant C > 0
such that

m

H(L w' (x) dx>q/qi <C L v (x)dx. (59)

i=1
Proof of Theorem 3. Arguing as in the proof of Theorem 1, fix
aball B = B(x,,r5) € R"and decompose f; = f+ f°, where
fio = fixop>i = 1,...,m.Since I is an m-linear operator, then
we have

1/q
W(I e (Forever o) (1350 )

1 <L e (0 ) (x)|qvw(x)qu>l/q

< 9 (R\k/p
v5(B)

/ 1
2 W(L I (
_ ]0 + Z’]le,...,zxm

1/q
O o) (x)]qvi,(x)qu)

(60)

where each term of Y’ contains at least one ; # 0. In view of
Lemma 9, we can see that (v;)? € A,,,,. Using Theorem C and
Lemmas 16 and 5, we get

I <cC- %ﬁ(LB | fi (x)|p"w,»(x)P"dx>1/p

V%(B)K/p i=1

i .

I Ii=1w7’(23)'€q/pq,

< Cl | i | Lpipialpai (Pi %) o= 2
o ||_f_l|lex Pid/ pai ( iP’ ,-q) v[l( )K/P

= Cﬁ“ || (H,-lef" (ZB)q/q,»>"/P
i fz Lpi,KPiq/[’qi( ip,-’ ?i) qu( )K/P

- |m| Vq. (ZB)K/P

=¢ i | Lpiwpial pi (wPi ) * A
o “fz”LPx Pid/ pai ( ip) ?) ti}( )K/P

m
< Cl_,[“ﬁ”[}’b"l’i‘i/l’%(w’?i,w?i)-
i=1
(61)



For the other terms, let us first deal with the case when «; =
- = a,, = 00. By the definition of I, for any x € B, we

obtain
Lo (F7°5-0 fi0)) ()]
. J 00 S Ol
= a1
@B (Jx = yi| ++ |x = p,])
lfl (J’l)"‘fm(ym)l

- g JZJ*‘B) \(2/B)"

(Jx=py] + -+ |x =y )™

xdy, ---dy,,

= J+1 R\ 9 n—afm i
j=li=1 2 B\ZB|.X— il

< o g g MO0

j=li=1
(62)

Moreover, by using Holders inequality, the multiple Ap
condition, and Lemma 16, we deduce that

L (F° s ) X)|
§U|
([, 1000 a)

- 1/p;
X(J w;(y;) ’dJ’i>
2/*1B

1/q+Y 2, (1-1/p;)

1-a/mn

2J+1B|

1/p;

= 1

8
’ 1R/
v1(2/*1B)

m o .
g l_[ <"fi“LPMPWM(w;-l’i,w;qi)w?l(2JHB)Kq " )
i=1

<C

|2

m
< Cnllﬁ“miwx‘qlmi(wfi wi
i=1

) (H "W ‘11(21+1B)q/q,->"/1’
2

= v (2i+1B)"

<C1—["fl||LP,xpzq/pq, wh ) Z (21+1 )x/p—l/q.
(63)

Since (vz)? € A,,, C A
Lemma 7 that

oo then it follows immediately from

A0 _(my
@) - \prE )
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Hence,

s f) ()]

o L1 (B)l/q ®/p

m
s CH"fi“LPivKPiq/pqi(
i=1

!) Z q(2]+lB 1/q-«x/p

)5'(1/q—1</p)

| B
< Cl_[".fl“LPx xp;d/ paj wPl w%) Z( 2J+IB|

m
< Cl_["»fi“Lpiv"Piq/PQi(wfi’w?i))
i=1
(65)

where in the last inequality we have used the fact that 0 < « <
p/gand 8’ > 0. We now consider the case where exactly ¢ of
the o; are oo for some 1 < € < m. We only give the arguments
for one of these cases. The rest are similar and can easily be
obtained from the arguments below by permuting the indices.
Using the definition of I, again, we can see that, for any x € B,

L (£ s S flaseoos ) )]
- j J 11 O01) - fon )
(RMA\@2B)¢ J2B)™t (|x - y1| bt |x _ ym|)m"*<x
X dyl T dym
<C H J |f, ()’i)ldyi
i=¢+1 72B
= 1
X g |2]+1B|m a/n

XJ |f1 y1) - fe (ve)| dyy -+ dy,
"B \2/B)*

LB |f; ) d;

3

< 1
Xz—ma/nl—l”

1|2/ B| 2*1B\2/B

: CZH%/W LMB i ()l dy

i

|fz (}’i)l dy;

(66)

and we arrive at the expression considered in the previous
case. Thus, for any x € B, we also have

L (F e £ S ) ()]
m
< Cnllﬁnmx‘m}’iq/qu(w;?i ,wiqi)
i=1

. OZO:vqlD(zj“B)K/P_l/q_

Jj=1

(67)
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Therefore, by the inequality (64) and the above pointwise
inequality, we obtain

<ALBYTI L (f70 s 520 fors s Fo) (9]

q 1/q-x/p
<> Vy(B)

m
< CH”fl "LPi”cPi‘i/P‘Ii (wf"' wly z
i=1 :

a .sz(szB)l/q—K/P

< CH”fz"m *pidlpai (w! ,w) (68)
i |B|
SN2 B

m
< CH ”fz "LP,\KP;‘LI/P'I;' (wf’i ’w:_zi )
i=1

)5 (1/q-x/p)

Summarizing the estimates derived above and then taking
the supremum over all balls B ¢ R”, we finish the proof of
Theorem 3. O

Proof of Theorem 4. As before, fix a ball B = B(x,,r5) € R”
and split f; into f; = f + f°, where f’ = fixopi=1,...,m
Then for each fixed A > 0, we can write

Vi({x € B Iy (firo s fi)] > AN
e o A1)
X(prem %m})uq

(69)

where each term of "' contains at least one a; # 0. By Lemma 9
again, we know that (v;)? € A,,, with 1 < mg < co. Using
Theorem D and Lemmas 16 and 5, we have

2 <ST1([L 1heopwemas)”

i=1

C- I, wk@By</rai m
< i=1 ;\ H||-fi||LPi:KPi‘7/P‘1i(wfi)w;1i)
i=1

_C% (23)“/1’ m (70)

- H 1 fill oot W W)

C-: (B)K/p m
= H”fl"LPz "qu/Pq,(sz q,

In the proof of Theorem 3, we have already proved the
following pointwise estimate (see (62) and (66)). Consider

|L (f7% s fom) ()]

< CznlzﬁlBll o/mn J-

j=li=1

71
g |f1 (J’i)l dy;. 70

Without loss of generality, we may assume that p; = --- =

pe, = min{p,,....,p,} = 1and ppy,....p,, > 1. By
using Holder’s inequality, the multiple A, condition, and

Lemma 16, we obtain

[ (A7 ) G0

oo ¢ 1
& 1
X H —afmn J-zf“B |f: ()] dy;

=61 |2j+lB|

o)) | ee—

j=li= 1|2]'HB|1 ~a/mn

gl 00t O g 00

|m| 1/p;
pi pi
Xl €+1|21+IB|1 1 j41 p|la/mn J;;H |f1 (yi)| wi(y,-) dyi>
1pi
X<J 1 y’) Ptd)}l)
2/+1B
- \ q ]+1 x/p-1/q
< CH||fi”LPiv’<Piq/Mi(wiPi, iy Z 12)(2 ) .
i=1 i
(72)

Note that (v3)? € A,,, with 1 < mq < co. Hence, it follows
from the inequality (64) that, for any x € B,

[ (f s £ )
m
- Cl_["-fi“LPi”‘Piq/PQi(w;_Df’wiqi)
i=1

Z V1 (B)l/q—K/P
%(B)l/q /p q(2]+1B)1/q «/p

1 [ee)

m
(73)
1_[ |»f1||LP1 ©piq/ pdi wa qu)
1 i( |B| )5 (1/q-x/p)
Vi (BT S\ [/ B
- 1
<C ||f'“LPi,Kp,-q/pq,' P iy T
1:1[ i (w;*,w;") 'V?D(B)l/q K/ p
If {x € B : |Ioc(fa1,...,f$”‘)(X)| > A/2"} = @, then the
inequality
o (B)"/P m
]:1 ..... : - Hl'ﬁl|mx kp;iq/ pa; wa qu) (74)

holds trivially. Now, if instead we assume that {x € B :
IL(f"s s fam)(x)| > A/2™}+ @, then, by the pointwise
inequality (73), we get

m
1
A< Cll:ll||fi||Lpi,xpiq/pq,- WP ) * W) (75)
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which in turn gives that

q (p\k/p
C- vw(B) m

V%(B)l/q < TH”fi"Lpi,xpiq/pqi (WP wy- (76)
i=1

Therefore,

C -1 (B)P m
]i‘h...,«xm < V?D(B)l/q < wTH”ﬁ||Lpi,xp,'q/}7‘1i(wf’i,w?i).
i=1

(77)

Collecting all the above estimates and then taking the
supremum over all balls B € R"” and all A > 0, we conclude
the proof of Theorem 4. O

By using Holder’s inequality, it is easy to verify that if 1 <

pi<aqp1/q =Y., 1/q,andeachw;isin A, ,, then we have

HAPi:% = Aﬁ,q’ (78)
and this inclusion is strict (see [17]). Also, recall that w € A 2
if and only if w? € Ay, C A (see [36]). Thus, as
straightforward consequences of Theorems 3 and 4, we finally
obtain the following.

Corollary 17. Let m > 2, let 0 < « < mn, and let I, be an
m-linear fractional integral operator. If p,,..., p,, € (1,00),
1p =3 Upe g, =1/pe—a/mnand1/q = ¥," 1/q; =
1/p—a/n, and 0 = (w,,...,w,,) € H:ZIAPhqi’ then, for any
0 < Kk < p/q, there exists a constant C > 0 independent of

F=fire-es f,) such that

m
||I(x(f)'|Lq,xq/p((VLD)Q) < Cl_[".fi"LPi!"Piq/PQi(wfi )w?i)’ (79)
i=1

where vy = [, w;.

Corollary 18. Let m > 2, let 0 < o < mn, and let 1, be an
m-linear fractional integral operator. If p,,..., p,, € [1,00),
min{py, .. pt = L 1/p = Yo', 1 peo 1/de = 1/py ~ of/mn
and 1/q = YL, 1/q. = 1/p—a/n, and © = (w,,...,w,,) €
HZIAPX_,%, then, for any 0 < k < p/q, there exists a constant

C > 0 independent off = (f1>-- o> fo) such that

m
“Ioc(f)"WLq,xq/p((m)q) < Cl—[".fi||LPi)KPiq/PQi(wt{Di‘w?i)’ (80)
i=1

m
where vy = [ [, w;.
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