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Abstract. Methods to deal with Multimodal Optimization Problems (MMOP)
can be classified in three main approaches, regarding the number and the type
of desired solutions. In general, methods can be applied to find: (1) only one
global solution; (2) all global solutions; and (3) all local solutions of a given
MMOP. The simultaneous capture of several solutions of MMOPs without
parameter adjustment is still an open question in optimization problems. In this
article, we discuss a density segregation mechanism for Fish School Search to
enable simultaneous capture of multiple optimal solutions of MMOPs with one
single parameter. The new proposal is based on vanilla version of Fish School
Search (FSS) algorithm, which is inspired on actual fish school behavior. The
performance of the new algorithm is evaluated and compared to the performance
of other methods such as NichePSO and Glowworm Swarm Optimization (GSO)
for seven well-known benchmark functions of two dimensions. According to
the obtained results, presented in this article, the new approach outperforms the
algorithms NichePSO and GSO for all benchmark functions.

1 Introduction

Multimodal Optimization Problems (MMOP) occur in various fields including
geophysics [1], electromagnetism [2], climatology [3] and logistics [4, 5], among
others. To find more than one optimal solution of MMOPs can be useful because of
two main reasons [6, p. 88]: (1) to provide insights in functions landscape; and (2) to
allow selections of alternative solutions, e.g. when the dynamic nature of constraints in
the search space makes a previous optimum solution infeasible.

Several methods based on computational models inspired on natural processes have
been proposed to deal with MMOPs. For example, Particle Swarm Optimization (PSO)
[7] is an effective optimization method [8] for which several approaches have been
proposed in order to make it able to capture multiple optimal solutions of MMOPs
[9, 10, 11, 12, 13, 14]. Moreover, new methods to MMOPs have been proposed based
on, for example, a swarm of glowworms [6].

Although several swarm based methods have been proposed to deal with MMOPs,
there are still two important issues to be addressed. The first one concerns to the
fact that performance of most of the proposed methods depends on manual parameter
adjustment. And the second one concerns to the reduction of performance when the
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dimensionality of the problem increases. In other words, many current methods, when
applied to MMOPs with more than five dimensions, e.g. present low performance.

In this article, we discuss a density segregation mechanism that enables simultaneous
capture of multiple optimal solutions of MMOPs put together on top of the original
algorithm Fish School Search (FSS) [15]. The new proposal allow each fish to
find different food sources (i.e. different optimal solutions). So, at each iteration
of the algorithm, the school can be divided into subgroups. Each created subgroup
corresponds to a possible solution to the multimodal problem. At the end of the
execution, the set of all captured solutions is provided.

The paper is organized as follows: in Section 2, we give a detailed description of
the algorithm FSS. In Section 3, we give a detailed description of the modified FSS
algorithm, based on density. In Section 4, we compare the performance of the density
FSS with the performance of other algorithms, anmelly, NichePSO and GSO for a set
of well known benchmark of multimodal functions. The conclusion is provided and
commented upon in Section 5.

2 Fish School Search

The FSS algorithm has four operators, which can be grouped in two classes: feeding
and swimming. In the next subsections, we present in details the four FSS operators.

2.1 Individual Movement Operator

The individual movement operator is applied in each iteration for each fish in the school.
Each fish randomly chooses a new position and evaluates it by using the fitness function.
The fish will only move to that calculated position if it is more advantageous than the
current one; otherwise, it stays at the same position. The next candidate position is
determined as shown in (1):

xi(t + 1) = xi(t)+ rand(−1,1)stepind(t), (1)

where xi(t) is the current position of the fish in dimension i, xi(t+1) is the new calculated
position of the fish for dimension i, and rand() is a function that return numbers
uniformly distributed in a given interval. The stepind is calculated as a percentage
of xmax) for all dimension i. stepind decreases linearly during iterations by using
stepind(t +1) = stepind(t)− (stepind initial − stepind f inal)/iterations in order to improve
the exploitation ability in later iterations, where iterations is the number of iterations
used in the simulation. The stepind initial and stepind f inal are the initial and the final
individual movement step, respectively. Note that the stepind initial must be higher then
stepind f inal in order for the gradual shift from exploration to exploitation modes of
operation along the iterations.

2.2 The Feeding Operator

The weight is a metaphor to quantify the success of the search process for individual
fish. The heavier a fish is, the higher is the probability for it to be in a good region
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of the search space (i.e. aquarium). The amount of food that a fish eats depends on
the improvement in its fitness and the largest improvement in the fitness of the entire
school. The weight of a fish is updated according to Wi(t +1) = Wi(t)+Δ fi/max(Δ f ),
where Wi(t) is the weight of the fish i, (Δ fi) is the difference of the fitness at current and
new position for the fish i, max(Δ f ) is a function that returns the maximum difference
of the fitness values among all the fish. One should remember that Δ fi = 0 for a fish
that does not perform the individual movement at the current iteration.

2.3 Collective Instinctive Movement Operator

Only fish that successfully performed individual movements, i.e. Δxi �= 0, influence the
resulting direction of the school movement. The resulting direction (I) is evaluated by
using (2). After that, all fish of the school must update their positions according to (3).
The collective instinctive movement operator, at each iteration of the algorithm, tends
to guide the whole school in the direction of movement taken by the fish that found the
largest portion of food in its individual movement (i.e. to regions of the space search in
which it was discovered the large amounts of food).

I(t) = ∑N
i=1 ΔxiΔ fi

∑N
i=1 Δ fi

, (2)

xi(t + 1) = xi(t)+ I(t). (3)

2.4 Collective Volitive Movement Operator

The collective volitive movement operator is important to: (1) balance the trade-off
between exploration and exploitation; and (2) avoid the algorithm to be trapped in local
optima. The school contraction is applied as a step - inward drift - to every fish position
with regard to the school barycenter. Conversely, the school dilatation is applied as a
step outwards. The fish-school barycenter is obtained by considering all fish positions
and their weights, as shown in (4). All fish must update their positions according to (5)
when the total weight of the school increases at the current iteration. On the other hand,
if the total weight of the school remains constant or reduces at the current iteration, all
fish must update their positions according to (6).

B(t) =
∑N

i=1 xiWi(t)
∑N

i=1 Wi(t)
, (4)

x(t + 1) = x(t)− stepvol rand(0,1)
(x(t)−B(t))

distance(x(t),B(t))
, (5)

x(t + 1) = x(t)+ stepvol rand(0,1)
(x(t)−B(t))

distance(x(t),B(t))
, (6)

where distance() is a function which returns the Euclidean distance between the
barycenter and the fish current position, stepvol is a predetermined step used to control
the displacement from/to the barycenter.
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The stepvol must be in the same order of magnitude of the step used in the individual
movement. As stepvol is multiplied by a factor drawn from the uniform distribution in
interval [0,1] with expected value equal to 0.5, which is usually twice the stepind value.

3 Density as the Segregation Mechanism in FSS

The modifications applied to FSS are presented as follows.

3.1 Feeding Operator

In the new proposal, as opposed to what occurs in vanilla FSS, Δ fi is shared among
all fish. The objective of that sharing process is to locate areas for which fish cooperate
(i.e. share food) and then, gather together all cooperating fish in the same subgroup. The
sharing mechanism of Δ fi among other fish j is performed according to (7). It depends

on two factors: (1) the normalized distance dRi j = di j
mindik

,k �= i, where k ∈ 1,2, . . . ,N
(i.e. dRi j ≥ 1), and (2) the number qi j of fish k for which dik < di j (i.e. the density of
fish around fish i), including fish i.

Δ fi = Pi

N

∑
j=1

1
(dRi j)

qi j
=

Δ fi

∑N
j=1

1
(dRi j )

qi j

= Pi, (7)

In (7), Pi must be evaluated for each fish i and it represents the amount of food the
fish i will receive after sharing Δ fi. The other fish j will receive 1

(dRi j )
qi j of Pi, as given

in (8). In (7), when i = j, we have dRi j = 0 and qi j = 0, resulting in 00. For this case,
computationally, we consider 00 = 1. Note that if, for a given fish i, we have mindik = 0,
we decided to consider mindik = 4,9E−324 as this is the lowest possible value for the
numerical precision using the data type double in our computer set up.

C(i, j) =
Pi

(dRi j)
qi j

=
Δ fi

(dRi j)
qi j ∑N

k=1
1

(dRik
)qik

. (8)

According to (7) and (8), each fish j will receive an amount of food exponentially
smaller according to (dRi j)

−qi j . This equation is based on the one used by Martinetz and
Schulten [16, p. 520] in the step (iv) of their proposed algorithm for creating Topology

Representing Networks (TRN). For density FSS, the expression e
−ki
λ of [16, p. 520]

was adapted to (dRi j)
−qi j , in order to quantity the amount of food a fish j will receive

because the successful foraging behavior of another ”colleague” fish i. The greater the
value of qi j (i.e. the greater the density of fish around fish i), the smaller will be the
amount of food avaiable for fish j. That means that crowded areas exert little influence
over other fish.

At the end of each iteration, each fish i received an amount of food given as C( j, i)
from other fish j that successful found food. The sum of each amount C( j, i) for all
other fish j corresponds to the total amount of food fish i received in a given iteration.
Then, the weight Wi(t) of fish i at the tth iteration is updated according to (9).
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Wi(t + 1) = Wi(t)+
Q

∑
j=1

Δ f j

(dRi j)
qi j ∑N

k=1
1

(dR jk
)q jk

, (9)

where Q is the quantity of fish that successful found food at the tth iteration. In this
new proposal, differently from a real fish in nature, we assumed that the weight of all
artificial fish do not decrease along iterations.

3.2 Memory Operator

In the algorithm derived here, each fish i has a memory Mi = {Mi1,Mi2, . . . ,MiN}, where
N is the number of fish in the school, and Mi j quantifies the influence of one fish j over
the fish i. Mi j depends on the total amount of food the fish i received because of the
foraging behavior of fish j (i.e. C( j, i)) along the entire execution of the algorithm.
The bigger is C( j, i), the greater will be the influence of fish j over fish i. This exerted
influence manifests itself in terms of how synchronized will be the behavior of a fish i
regarding the foraging behavior of another fish j.

After the Feeding Operator is computed, the Memory Operator updates Mi j as shown
in (10). In (10), 0 ≤ ρ ≤ 1 is a parameter that controls the influence of one fish over
every other. For example, if the value of ρ is close to 1, in general, just after a relatively
small number of iterations (e.g. 10 iterations), the memory of each fish may be greatly
changed. That is, fish here learn and forget rather quickly.

Mi j(t + 1) = (1−ρ)Mi j(t)+
Δ f j

(dRi j)
qi j ∑N

k=1
1

(dR jk
)q jk

= (1−ρ)Mi j(t)+C( j, i). (10)

3.3 Collective Instinctive Movement Operator

For density based FSS, the resultant behavior Ii for each fish i is evaluated as shown
in (11). In (11), Ii is a sum of the directions taken by each fish j during the Individual
Movement Operator weighted by Mi j. Note that, contrary of FSS, even though a fish
does not locate food (i.e. Δx j = 0), it would influence the resultant behavior Ii of other
fish i. In other words, even if fish j does not locate food, fish i will mimic its behavior
(i.e. remain stationary) according to the memorized value Mi j.

Ii(t) =
∑N

j=1 Δx jMi j

∑N
k=1 Mik

. (11)

3.4 Operator for Partitioning the Main Fish School

In our new approach, at each iteration of the algorithm, the main school is partitioned
into subgroups. One fish i will be in the same subgroup of other fish j if and only if:

Mi j = maxMik
k=1,2,...,N

∨ Mji = maxMjk
k=1,2,...,N

, (12)
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where N is the number of fish in the main school. Therefore, fish i is into the same
subgroup of fish j if and only if fish j is the fish that exerts the largest influence over
fish i or fish i is the fish that exerts the largest influence over fish j.

The algorithm for the partition of the main school into subgroups is illustrated in
Algorithm 1. Through this procedure, a fish i is chosen randomly in the main school.
After that, all other fish j of the main school that are into the same subgroup of fish
i, according to the definition in (12), are removed from the main school and put in the
same subgroup of fish i. Then, for each fish j, all other fish k that are into the same
subgroup of fish j are removed from the main school. This process of selection of fish
that are into the same subgroup of fish i is repeated until all the fish into the subgroup of
fish i have been removed from the main school. Then, another fish i is chosen randomly
from the main school and the procedure is repeated until all the fish have been removed
from the main school.

Algorithm 1. Pseudo code of Partition Operator

while There is fish in the main school do
Choose a fish i randomly in the main school
Create a new subgroup Si

Put fish i in subgroup Si
Remove fish i from the main school
Find other fish j in the main school that satisfies (12)
while there exists fish j in the main school do

Put fish j in subgroup Si
Remove fish j from the main school
Set i = j
Find other fish j in the main school that satisfies (12)

end while
end while

3.5 Individual Movement Operator

In density FSS, the new update mechanism to update the length of the step of the fish is
given in (13).

stepindi(t + 1) = decayi ∗ stepindi(t), (13)

decayi = decaymin −
(

Ri(t)−min(R j(t))
max(R j(t))−min(R j(t))

)
(decaymin −decaymax(t)), (14)

decaymax(t) = decaymaxini

(
decaymaxend

decaymaxini

) t
Tmax

, (15)

Ri(t) =
Q

∑
j=1

Δ f j

(dRi j)
qi j ∑N

k=1
1

(dR jk
)q jk

, (16)

where stepindi(0) = stepinit , 0 ≤ decaymin ≤ 1, 0 ≤ decaymaxini ≤ 1, and 0 ≤
decaymaxend ≤ 1 are parameters of the algorithm and decaymaxend < decaymaxini <



decaymin. decaymin is the decay to be applied to the step of the fish that received the
smallest amount of food in a subgroup. decaymax decays exponentially as given in (15)
and it is used to reduce the step size of the fish that received the largest amount of
food in a subgroup. For the other fish in a given subgroup, the value of decayi, where
decaymax < decayi < decaymin, is evaluated as given in (14).

3.6 Collective Volitive Movement Operator

In density based FSS, the Collective Volitive Movement Operator is performed
independently for each created subgroup. The barycentre is calculated for each
subgroup based on the weight of fish as given in (4). Then, aiming to allow a progressive
convergence of each subgroup around a potential solution of one MMOP, each fish
“swims” in the direction of the barycentre of its subgroup according to (17). To avoid
premature convergence of subgroups around regions for which there is no solution, the
size of the step to be performed for a fish in the barycentre direction of its subgroup
varies according to the value of decaymax(t).

x(t + 1) = x(t)+ (1−decaymax(t))(B(t)− x(t)). (17)

4 Experiments

In this section the performance of our new approach is compared to the performance of
NichePSO [10] and GSO [6] for benchmark functions with two and more dimensions
and with a finite number of optimal solutions.

4.1 Methodology

For the experiments in this section, we used the set of multimodal functions shown in
Table 1.

For all benchmark functions, we consider that: (1) the entities are disposed uniformly
on the search space; to ensure a uniform distribution of the entities in the search
space, we used Faure sequences [18] to generate a uniform sequence of pseudo-random
numbers; (2) the number of iterations for density FSS is halved regarding the number
of iterations of the algorithms NichePSO and GSO for all experiments, since in density
FSS each fish performs two calls to the objective function at each iteration; (3) if the
normalized distance between two captured optima i and j, for all optima, is less than
0.01, we assume those optima as being the same optimal solution; in this case, only
the fittest optimum will be taken, and the other one will be discarded. The normalized

distance dN(i, j) between two points i and j is given as dN(i, j) =
√

(xN
i−xN

j)·(xN
i−xN

j)
D ,

where xN = ( x1
x1max

, x2
x2max

, . . . , x1
xDmax

), D is the number of dimensions of one MMOP, and
xkmax is the upper bound of the dimension k; (4) for all selected optima, we considered
that density FSS and NichePSO have captured an optimal solution k if the normalized
distance between k and the optima closest to k is less than 0.005; in GSO [6, p. 99], an
optimal solution k is captured when at least three glowworms are located at a distance
less than ε = 0.05 from k. In this paper, the value of ε was modified to 0.005, following
the procedure used for the algorithms NichePSO and density FSS, as described earlier.
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Table 1. Multimodal benchmark functions. The domain of the search space and the corresponding
number of peaks for that domain are given in the second and the third columns, respectively.

Function Domain No. of
peaks

Source

F1(X) = ∑m
i=1 cos2(X(i)),X ∈ R

m [−π,π]m 3m [6]

F2(x,y) = cos2(x)+ sin2(y) [−5,5]2 12 [11, 6]

F3(x) = 1+∑n
i=1

x2
i

4000 −∏n
i=1 cos

(
xi√

i

)
[−29,29]2 124 [17]

F4(x,y) = 200− (x2 +y2 −11)2 − (x+y2 −7)2 [−6,6]2 4 [10, 6]

F5(x,y) = 3(1 − x)2e−[x2+(y+1)2] − 10( x
5 − x3 −

y5)e−[x2+y2] − ( 1
3 )e−[(x+1)2+y2]

[−3,3]2 3 [6]

F6(x,y) = ∑Q
i=1 aie−bi((x−xi)2+(y−yi)2), where Q = 10,

ai = 1+2ϑ , bi = 2+ϑ , xi =−5+10ϑ , yi =−5+10ϑ ,
and ϑ is a random value uniformly distributed in [0,1]

[−5,5]2 10 [6]

F7(X) = 10n+∑m
i=1

[
x2

i −10cos(2πxi)
]
,X ∈ R

m [−5,5]2,
[−3,3]m

100, 6m [6]

The parameter configuration for NichePSO was the same used in [14, p. 2300]. In
[14, p. 2300], c1 = c2 = 1.2, w linearly decreases from 0.7 to 0.2, δ = 10−4, μ = 10−2

and ε = 0.1. Those values are used for all experiments performed in this paper. For
GSO, we used the same configuration as described in [6, p. 99]: ρ = 0.4, γ = 0.6,
β = 0.08, nt = 5, s = 0.03, l0 = 5. The value of the parameter rs = 2 was chosen
for all experiments based on the results presented for GSO in [6, pp. 109–110]. For
density FSS, the parameter values were: ρ = 0.3, stepinit = 0.05, decaymin = 0.999,
decaymaxini = 0.99, and decaymaxend = 0.95. All those values were determined based on
tedious numerical experiments performed earlier.

4.2 Performance Comparison among NichePSO, GSO and Density FSS

In this section, for each function, we vary both the number t of iterations of the
algorithms and the number n of entities in the swarm. In the experiments in this
section, we set t = 50, 100, 150, . . . , 500. We choose tmax = 500 iterations because,
for some numerical experiments, the performance of the algorithms do not improve
significantly after 500 iterations. For the functions F1, F2, F4, F5 and F6, we used n =
5, 10, 15, . . . , 200, 210, 220, . . . , 350. Therefore, for those functions, there are 550
(10*55) combinations between t and n. For the functions F3 and F7, we used n =
5, 10, 25, 50, 100, 150, . . . , 1300, 1400 and n = 5, 10, 25, 50, 100, 150, . . . , 1000,
respectively. Then, for F3, there are 300 (10*30) combinations and for the F9 there are
230 (10*23) combinations. For each combination, we collect the mean value and the
standard deviation of the number of optimal solutions captured by the algorithms in 30
trials.
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Table 2. Comparison of the performance of the algorithms NichePSO, GSO and density FSS
regarding the percentage of the total number of combinations for which the algorithms captured
on average more than 95% of the number of optimal solutions of one MMOP

F1 F2 F3 F4 F5 F6 F7

NichePSO 68.18% 34.55% 0.667% 80.09% 82.73% 0.00% 0.00%

GSO 72.75% 52.00% 9.33% 73.09% 78.18% 0.00% 0.00%

dFSS 74.00% 64.55% 34,67% 86.91% 83.45% 0.00% 23.48%

In order to compare the performance of the algorithms NichePSO, GSO and density
FSS we choose the metric: percentage of the total number of combinations for which
the algorithms captured on average more than 95% of the number of optimal solutions
(i.e. number of peaks) of one MMOP. Table 2 summarizes the performance of the
algorithms. In general, as one can note in Table 2, density FSS outperformed the
algorithms NichePSO and GSO for all functions used in this Section, regarding the first
metric. For the function F7, for example, density FSS captured on average more than 95
optimal solutions for 23.48% of the total number of combinations, whereas NichePSO
and GSO failed to capture more than 95 optimal solutions for all combinations.

5 Conclusions

In this paper, the algorithm FSS was adapted to locate simultaneously multiple optima
of MMOP. We were able to produce a new mechanism (and algorithm), based on
the principle of density, that affords the segregation for splitting the fish school and,
consquently, is able to locate multiple optima. Two new operators are proposed for
the partition of the fish school into subswarms, such that each created subswarm
corresponds to one potential optimal solution of a given MMOP. At the end of the
execution of the algorithm, a set of captured optima of a given MMOP is clearly
produced.

The experimental results demonstrate that FSS based on density is a far better
approach to MMOP than NichePSO and GSO. The reason for that is the evident
ability of density FSS to simultaneously capture multiple optima without heavy
parameterization additional costs. The highlights of the current proposal are: (1) it
outperforms NichePSO and GSO for all benchmark functions; (2) it has the ability
to tackle MMOPs of more than two dimensions with the need of manual parameter
adjustments.
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