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Polars of Artin–Schreier curves
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1. Introduction. In this paper we study some properties of the special
family of Artin–Schreier curves related to the theory of polar curves we
developed in [2].

Our goal is to show how this theory can be carried out in concrete sit-
uations and also show how it can be used to determine new upper bounds
for the number of rational points of projective plane curves over finite fields.
The method we will employ to get such bounds is a generalization in some
direction of the one introduced by Stöhr and Voloch in [4]. In general, our
method gives better bounds than Weil’s, essentially for curves of large de-
gree with big genus (with respect to the degree). This is the case for example
when the curve is smooth of large degree, so we could apply our method suc-
cessfully to Fermat curves in [1]. However, an Artin–Schreier curve tends to
have low genus with respect to its degree, moreover, it possesses a natural
trivial bound, which is frequently better than Weil’s and ours. Neverthe-
less, for these curves we still can improve in some cases all known upper
bounds.

Throughout this paper we will use the notation of [2]. Let K be an
algebraically closed field and let Z : F = 0 be a projective irreducible plane
curve in P2

K of degree d defined over K. Let λ be an integer such that
1 ≤ λ < d, and some mixed Hasse derivative of order λ of F is not the
zero polynomial. We have defined in [2] the λ-ic polar curve of Z at a point
P ∈ P2

K to be the curve ∆λ
PZ defined by the zeros of the homogeneous

polynomial

∆λ
PF =

∑

i0+i1+i2=λ

(Di0,i1,i2F )(P )Xi0
0 X

i1
1 X

i2
2 ,

where Di0,i1,i2 denotes the mixed Hasse differential operator of order iν with
respect to each indeterminate Xν , ν = 0, 1, 2, respectively.
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In that paper we studied I(P,Z.∆λ
PZ), the intersection multiplicity func-

tion defined on Z, and showed that it is upper semicontinuous, with min-
imum value ηZ,λ (achieved in an open dense Zariski subset of Z), and
bounded from below by an arithmetical function η(d, λ) (cf. [2]). When Z
is a general curve of degree d it was shown that ηZ,λ = η(d, λ), and in this
case we say that Z is (d, λ)-general .

We will study in this paper, under the point of view of polars, the family
of Artin–Schreier curves, which are the projective plane curves defined by
affine equations of the form (1) below. The interest in studying such curves
is that, first, they often appear in the literature as examples and test for
conjectures, and secondly, they appear as central tools in several applica-
tions, as for example in the theory of cyclic codes, and in the theory of
m-sequences.

The paper is organized as follows. In Section 2 we introduce the Artin–
Schreier curves. In Section 3 we stratify all Artin–Schreier curves of a given
degree d by the values of ηZ,λ, for certain values of λ, and describe through
their equations the curves in each stratum. In Section 4 we introduce the
notion of Frobenius degeneration, with respect to families of polars, and get
upper bounds for the number of rational points, over a finite field, of the
Frobenius non-degenerate curves in each stratum of the above stratification.
In Section 5 we describe all Frobenius degenerate Artin–Schreier curves and
show that these curves have the maximum allowed number of rational points.
Section 6 is dedicated to present some examples.

2. Artin–Schreier curves. From now on, q will be a power of a prime
number p. We will denote by Fq the finite field with q elements, and by K
its algebraic closure.

The curves we are going to study in this paper are the projective plane
curves Z in P2

K defined by an affine equation of the form

(1) f(x, y) = yq + ay − ϕ(x) = 0,

where a ∈ F∗qk and ϕ(x) ∈ Fqk [x], for some natural number k. Such curves
are called Artin–Schreier curves.

We will restrict our attention to the case in which the degree d of ϕ(x) is
greater than q and less than qk. When d = q+1, the projective closure of the
curve is smooth, and when d > q+1, the curve has only one point at infinity
which is its unique singular point. When d is prime to the characteristic,
and the equation T q + aT = 0 has all its roots in Fqk , then it is well known
(cf. [5, Proposition VI.4.1]) that the curve is irreducible, it has the same
number of rational points as its non-singular model, and its genus is given
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by the formula

g =
(d− 1)(q − 1)

2
.

One can easily check that the number of rational points of Z over Fqk ,
denoted by N(Z, qk), is bounded from above by qk+1 + 1, which we call the
trivial bound for Artin–Schreier curves. When N(Z, qk) = qk+1 + 1, we say
that Z has the maximal number of rational points.

We will give below a characterization of the Artin–Schreier curves with
maximal number of rational points, for a = ±1 and k = 2.

Let Pa be the Fq-endomorphism

Pa : Fq2 → Fq2 , y 7→ yq + ay.

It is easy to check for a = ±1 that we have the equality

(2) Im(Pa) = Ker(P−a),

and these spaces are one-dimensional over Fq.
Proposition 2.1. Let a = ±1 and let Z : yq +ay = ϕ(x) be defined over

Fq2 . The curve Z has the maximal number of rational points over Fq2 if and
only if

(3) ϕ(c) ∈ Ker(P−a), ∀c ∈ Fq2 .

P r o o f. If the curve has the maximal number of rational points, then for
all c ∈ Fq2 the equation yq + ay = ϕ(c) has a solution, which in view of (2)
implies (3).

On the other hand, suppose that (3) holds. Then in view of (2), for all
c ∈ Fq2 , the equation yq + ay = ϕ(c) has at least one solution in Fq2 . Now
it is easy to verify that for every solution α ∈ Fq2 , the q elements of the
form α + γ, with γ ∈ Ker(Pa), are also solutions. This proves that Z has
the maximal number of rational points over Fq2 .

3. Non-general curves. In this section we will describe the Artin–
Schreier curves which are not general with respect to the pair (d, λ), and
determine the value of ηZ,λ.

If λ is an integer such that 1 ≤ λ < d, it is easy to check that

Di,jf =





a if i = 0, j = 1,
1 if i = 0, j = q,
−Di

xϕ if i 6= 0, j = 0,
0 if i = 0, j 6= 1, q or ij 6= 0.

Definition. We will say that the pair (d, λ) of integers is admissible if
λ is equal to 1 or it is a truncation of the p-adic expansion of d.

If the pair (d, λ) is admissible, then it was shown in [2, Remark 1] that
η(d, λ) = λ+ 1.
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We have the following result:

Proposition 3.1. Let Z : f(x, y) = 0 be defined as in (1). Suppose that
d 6≡ 0 mod p, or that the pair (d, λ) is admissible. Then the curve Z is not
(d, λ)-general if and only if η(d, λ) 6= q and Dη(d,λ)

x ϕ = 0.

P r o o f. From [2, Theorem 2.5], Z is not (d, λ)-general if and only if

( η(d,λ)∑
r=0

Dr
x ◦Dη(d,λ)−r

y f
)

(−fx)η(d,λ)−r(fy)r ≡ 0 mod f,

which in view of the expression of f is equivalent to

(4)
(

q

η(d, λ)

)
yq−η(d,λ)(−ϕ′)η(d,λ) − aη(d,λ)Dη(d,λ)

x ϕ = hf,

where h is a polynomial in K[x, y].
Note that (

q

η(d, λ)

)
6≡ 0⇔ η(d, λ) = q.

Hence, if η(d, λ) 6= q, we see from (4) that Z is not (d, λ)-general if and only
if

−aη(d,λ)Dη(d,λ)
x ϕ = hf.

Since the left hand side of the above equality depends only on x, and
since a 6= 0, we must have Dη(d,λ)

x ϕ = 0.
If η(d, λ) = q, from (4) we see that Z is not (d, λ)-general if and only if

(−ϕ′)q − aqDq
xϕ = hf,

which, by the same reason as above, is equivalent to

(5) (−ϕ′)q = aqDq
xϕ.

Now, if (d, λ) is admissible and η(d, λ) = q, it follows that λ = q − 1, and
therefore d ≡ λ 6≡ 0 mod p. So in any case d 6≡ 0 mod p, and consequently
degϕ′ = d− 1. But then, by degree reasons, (5) cannot be true, concluding
thus our proof.

Let us define the integer ν as

ν = min{i > λ | Di
xϕ 6= 0}.

Proposition 3.2. Let Z : f(x, y) = 0 be defined as in (1), and suppose
that the pair (d, λ) is admissible. Then

ηZ,λ =
{
ν if λ ≥ q,
min{q, ν} if λ < q.
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P r o o f. Let P = (1; a; b) be a general point of the curve Z, and let
P ′ = (a, b). Since η(d, λ) = λ+ 1, we know [2, (6)] that

∆λ
P ′f −

(
d− 1
λ− 1

)
f = −

∑

r≥λ+1

fr,P ′(x, y),

where

∆λ
P ′f = (∆λ

PF )(1, x, y)

and

fr,P ′(x, y) =
∑

i+j=r

Di,jf(P ′)(x− a)i(y − b)j .

Defining

% =
{
ν if λ ≥ q,
min{q, ν} if λ < q,

it follows from the formula for the derivatives of f that
∑

r≥λ+1

fr,P ′(x, y) =
∑

r≥%
fr,P ′(x, y),

hence,

ηZ,λ = I(P ′, f∆λ
P ′f) ≥ %.

On the other hand, choosing a parametrization of Z at P as follows:

P (t) = (1; a+ t; b+ b1t+ b2t
2 + . . .),

we have
∑

r≥%
fr,P ′(x(t), y(t)) =

%∑
r=0

b%−r1 Dr,%−rf(P ′)t% + higher order terms in t.

Suppose that ηZ,λ > %. Then by an argument similar to the one we used
in the proof of [2, Theorem 2.5], we have

%∑
r=0

(Dr,%−rf) (fy)r(−fx)%−r ≡ 0 mod f,

which by an argument similar to the one used in the proof of Proposition 3.1
implies that % 6= q andD%

xϕ = 0 or (−ϕ′)q = aqDq
xϕ. But the last case cannot

happen by a degree argument, so D%
xϕ = 0 and % 6= q, a contradiction taking

into account the definition of %.

4. Bounds for rational points. As asserted in the introduction we will
use the family of polar curves to determine upper bounds for the number
of rational points of Artin–Schreier curves over finite fields. The method is
described below.
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Let Z : F = 0 be any plane projective curve defined over Fq′ , where q′

is a power of p, and consider the Frobenius morphism

Fq′ : P2
K → P2

K , (X0;X1;X2) 7→ (Xq′
0 ;Xq′

1 ;Xq′
2 ).

Since P ∈ ∆λ
PZ for all P ∈ Z (see [2, Lemma 2.1(ii)]), and since the

rational points of Z are the fixed points of the Frobenius morphism, it
follows that the rational points of Z are among the points P ∈ Z that
satisfy the condition Fq′(P ) ∈ ∆λ

PZ.
If some mixed Hasse derivative of order λ of F is not zero then

Hλ(X0, X1, X2) =
∑

i0+i1+i2=λ

(Di0,i1,i2F )Xi0q
′

0 Xi1q
′

1 Xi2q
′

2

is a polynomial of degree d− λ+ λq′ such that

Fq′(P ) ∈ ∆λ
PZ ⇔ Hλ(P ) = 0.

If Hλ does not vanish identically on Z, that is, if the polynomial F is
not a divisor of Hλ, then the intersection set of the curves Z and Hλ = 0 is
finite and contains the rational points of Z.

Suppose now that there exists an integer m such that for all rational
points P of Z we have

I(P, F.Hλ) ≥ m.
In fact, such an integer m ≥ 2 exists and we will show that it is related
to ηZ,λ.

IfN(Z, q′) is the number of rational points of Z over Fq′ , then by Bézout’s
theorem,

(6) N(Z, q′) ≤ d(d− λ+ λq′)/m.

It is clear why the condition that F does not divide Hλ is important for
the method to work. Therefore we give the following definition.

Definition. We say that a curve Z : F = 0 is λ-Frobenius non-degenera-
te if F is not a divisor of the polynomial Hλ. If the opposite holds, we say
that Z is Frobenius degenerate.

In order to get concrete results from our theory, we must have easy-
to-check criteria for the Frobenius non-degeneracy. This will be done for
Artin–Schreier curves in Section 5.

The bound in (6) may be improved when the curve Z has singular or sta-
tionary rational points, since Hλ then vanishes to a higher order consuming
more from the intersection of F and Hλ.

Let now Z : F = 0 be the projective plane curve in P2
K of degree d with

q < d < qk, defined over Fqk by the affine equation

f(x, y) = yq + ay − ϕ(x) = 0

with a 6= 0, and let q′ = qk.
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Let λ be an integer such that 1 ≤ λ < d. We will express the polynomial
Hλ, defined above, in terms of the mixed partial derivatives of f with respect
to the indeterminates x and y. To do this, consider the following expression
of the λ-ic polar, which can be found in [2, Lemma 2.4]:

∆λ
PF = Xλ

0

[
∆λ
PF

(
1,
X1

X0
,
X2

X0

)]

= Xλ
0

λ∑
r=0

ar−λ0

(
d− r
λ− r

) ∑

i+j=r

D0,i,jF (P )
(
X1

X0
− a
)i(

X2

X0
− b
)j
.

From this formula we find that Hλ is equal to

Xλqk

0

λ∑
r=0

Xr−λ
0

(
d− r
λ− r

) ∑

i+j=r

D0,i,jF

((
X1

X0

)qk
−X1

X0

)i((
X2

X0

)qk
−X2

X0

)j
.

The dehomogenization of Hλ is then given by

hλ =
λ∑
r=0

∑

i+j=r

(
d− r
λ− r

)
Di,jf(xq

k − x)i(yq
k − y)j .

We have the following result.

Proposition 4.1. Let f(x, y) = 0 be an Artin–Schreier curve as above,
and let λ be an integer such that the pair (d, λ) is admissible. Then

hλ =
{
ayq

k

+ yq − ψ(x) if λ < q,
yq
k+1

+ ayq
k − ψ(x) if λ ≥ q,

where

ψ(x) =
λ∑

i=0

(Di
xϕ)(xq

k − x)i with degψ(x) = d− λ+ λqk.

P r o o f. The proposition follows from the above expression of hλ, where
we replace the Di,jf ’s by their values and take into account the hypothesis
on λ. Since (d, λ) is admissible, we get the equality for degψ.

In order to study the intersection multiplicity of Z with the curve defined
by Hλ = 0, at rational points, to get the upper bound for the number of
such points, we will need the following notation and a lemma.

We will denote by U the set of rational points of Z at finite distance,
that is,

U = Z(Fqk) \ {P∞}.
Lemma 4.1. For all integers m such that m < qk, for all P ∈ U , and for

ψ(x) =
λ∑

i=0

(Di
xϕ)(xq

k − x)i,
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we have

Dm
x ψ(P ) = cmD

m
x ϕ(P ), where cm =

λ∑

i=0

(−1)i
(
m

i

)
.

P r o o f. First note that for all P ∈ U ,

Ds
x(xq

k − x)i(P ) =
{

(−1)i if s = i,
0 if s 6= i.

It follows, for all P ∈ U and for all m with 1 ≤ m < qk, that

Dm
x ψ(P ) = Dm

x

( λ∑

i=0

(Di
xϕ)(xq

k − x)i
)

(P )

=
λ∑

i=0

∑
r+s=m

(
r + i

i

)
Dr+i
x ϕ(P )(Ds

x(xq
k − x)i)(P )

=
[ λ∑

i=0

(−1)i
(
m

i

)]
Dm
x ϕ(P ) = cmD

m
x ϕ(P ).

Corollary 4.1. Notation as above. For all P ∈ U , we have

Dm
x ψ(P ) = 0, ∀m; 1 ≤ m < ν.

P r o o f. This follows from the following obvious remarks. We have cm = 0
if 1 ≤ m ≤ λ, and Dm

x ϕ = 0 if λ < m < ν.

We now give one of the crucial results of this section.

Proposition 4.2. Let Z be an Artin–Schreier curve of degree d as above
and let λ be an integer such that the pair (d, λ) is admissible. Then for all
P ∈ U ,

I(P,Z.Hλ) ≥ ηZ,λ.
P r o o f. Since fy = a 6= 0, at every point P of U the function t = x−x(P )

is a local parameter of Z and consequently, for all P ∈ U ,

I(P, F.Hλ) = ordt(hλ) = min{s | Ds
xhλ(P ) 6= 0}.

It is easy to verify that Dm
x y

q = Dm
x y

qk = 0, m = 1, . . . , q − 1, and Dq
xy
q =

(D1
xy)q.
Suppose that λ < q. From the expression of hλ in Proposition 4.1, from

the above remarks, and from Corollary 4.1, we deduce that for all P ∈ U ,

Dm
x hλ(P ) = 0, ∀m = 1, . . . ,min{q, ν} − 1.

So the result is proved in this case in view of Proposition 3.2.
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Suppose now that λ ≥ q. In this case from the expression of hλ in
Proposition 4.1, we have I(P, f.hλ) = min{s | Ds

xψ(P ) 6= 0}, which by
Lemma 4.1 is greater than or equal to ν, which in turn from Proposition 3.2
is equal to ηZ,λ.

Lemma 4.2. Let P∞ be the point at infinity of the curve Z, and let λ be
such that the pair (d, λ) is admissible. Then

I(P∞, Z.Hλ) >
{

(d− q)[d− λ+ (λ− 1)qk] if λ < q,
(d− q)[d− λ+ (λ− q)qk] if λ ≥ q.

P r o o f. Homogenizing the expression of hλ in Proposition 4.1, we see
that Hλ is equal to
{
aX

d−λ+(λ−1)qk

0 Xqk

2 +Xd−λ+λqk−q
0 Xq

2 − Ψ(X0, X1) if λ < q,

Xd−λ+λqk−qk+1

0 Xqk+1

2 + aX
d−λ+(λ−1)qk

0 Xqk

2 − Ψ(X0, X1) if λ ≥ q,
where Ψ(X0, X1) is the homogenization of the polynomial ψ(x).

Since the equation of Z can be written as

F = Xd−q
0 Xq

2 + aXd−1
0 X2 + φ(X0, X1),

where φ(X0, X1) is the homogenization of the polynomial ϕ(x), the multi-
plicity of Z at P∞ is

mP∞(Z) = d− q,
while the multiplicity of Hλ at P∞ is

mP∞(Hλ) =
{
d− λ+ (λ− 1)qk if λ < q,
d− λ+ λqk − qk+1 if λ ≥ q.

Now since the curves Z and Hλ have the same tangent line at the point
at infinity, we have

I(P∞, Z.Hλ) > mP∞(Z).mP∞(Hλ).

The result now follows from this inequality.

Theorem 4.1. Suppose that Z is Frobenius non-degenerate, and that the
pair (d, λ) is admissible. Then

N(Z, qk) <





qk[d+ q(λ− 1)] + q(d− λ)
ηZ,λ

+ 1 if λ < q,

qk+1[d+ λ− q] + q(d− λ)
ηZ,λ

+ 1 if λ ≥ q.

P r o o f. Let P1, . . . , PN be the points of Z at finite distance and let P∞
be the point at infinity of Z. Let R = I(P∞, Z.Hλ). By Proposition 4.2,

ηZ,λP1 + . . .+ ηZ,λPN + ηZ,λP∞ + (R− ηZ,λ)P∞ ≺ [F.Hλ],
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where [F.Hλ] is the intersection cycle of Z with the curve defined by Hλ =
0. Since Z is Frobenius non-degenerate, the result follows from Bézout’s
theorem and from Lemma 4.2.

R e m a r k 1. Notice that the bound we got for λ ≥ q is useless because
it is bigger than the trivial bound, since we always have ηZ,λ < d+ λ− q.

R e m a r k 2. Recall Weil’s bound (see for example [5, V.2.3])

N(Z, qk) ≤ qk + 1 + 2gqk/2.

For λ < q, and ηZ,λ = q, it is easy to check that if our bound is simulta-
neously better than the trivial bound and Weil’s bound then we must have
q < d < q2 and k ≤ 4.

The above theorem can only be applied to Frobenius non-degenerate
curves, therefore it is of fundamental importance to have criteria for Frobe-
nius degeneration of curves. This will be done in the following section.

5. Frobenius degenerate curves. In this section we will characterize
the Frobenius degenerate Artin–Schreier curves. Let Z be the curve with
the affine equation

f(x, y) = yq + ay − ϕ(x) = 0,

defined over Fqk with a 6= 0, and d = degϕ < qk.

Proposition 5.1. Let λ be a truncation of the p-adic expansion of d with
λ ≥ q. Then Z is λ-Frobenius non-degenerate.

P r o o f. By Proposition 4.1, hλ = yq
k+1

+ ayq
k − ψ(x). On the other

hand,

fq
k

= yq
k+1

+ aq
k

yq
k − [ϕ(x)]q

k

= yq
k+1

+ ayq
k − [ϕ(x)]q

k

,

hence hλ = fq
k

+ ϕq
k − ψ. Therefore, if Z is λ-Frobenius degenerate then

f divides ϕq
k − ψ, which is equivalent to ϕq

k

= ψ. Computing the degrees
in this expression, we conclude that d − λ + λqk = dqk, hence d = λ, a
contradiction.

Proposition 5.2. Suppose that a ∈ F∗q , λ is such that the pair (d, λ)
is admissible, and λ < q. Then Z is Frobenius degenerate if and only if
a = ±1, k = 2, d = λ(1 + q) and ψ(x) = a[ϕ(x)]q, where ψ(x) is as in
Proposition 4.1.

P r o o f. Since a ∈ F∗q , the affine equation of Z gives

(−1)k+1ak+1y + ayq
k − [(−1)k−1akϕ+ (−1)k−2ak−1ϕq + . . .+ aϕq

k−1
]

= (−1)k+1akf + (−1)k−2ak−1fq + . . .+ afq
k−1 ≡ 0 mod f.
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Hence

ayq
k ≡ (−1)kak+1y+ [(−1)k−1akϕ+ (−1)k−2ak−1ϕq + . . .+ aϕq

k−1
] mod f.

On the other hand, the affine equation of Z also gives

yq ≡ −ay + ϕ(x) mod f.

It then follows that

hλ = ayq
k

+ yq − ψ(x)

≡ (−1)kak+1y + [(−1)k−1akϕ+ (−1)k−2ak−1ϕq + . . .+ aϕq
k−1

]

− ay + ϕ(x)− ψ(x) mod f.

If Z is λ-Frobenius degenerate then

0 ≡ [(−1)k−1ak+1 + a]y + ψ(x)− ϕ(x)

− [(−1)k−1akϕ+ (−1)k−2ak−1ϕq + . . .+ aϕq
k−1

] mod f,

which implies that

(7) ψ(x)− ϕ(x)− [(−1)k−1akϕ+ (−1)k−2ak−1ϕq + . . .+ aϕq
k−1

] = 0

and that

(8) (−1)k−1ak+1 + a = 0.

Comparing degrees in (7), we get d − λ + λqk = dqk−1, which due to the
condition λ < q implies that k = 2 and d = λ(1 + q). Since (8) implies that
ak = (−1)k, and since k = 2, we have a = ±1. It then follows from (7) that
ψ(x) = aϕ(x)q.

Conversely, if k = 2 and ψ(x) = aϕ(x)q, then

hλ = ayq
2

+ yq − aϕ(x)q = [ayq + y − aϕ(x)q]q.

It then follows, for a = ±1, that hλ = (±f)q. Therefore f divides hλ, and
consequently Z is λ-Frobenius degenerate.

Corollary 5.1. Suppose that (d, λ) is admissible and a ∈ F∗q . If Z is
Frobenius degenerate, then

ϕ(c) = aϕ(c)q ∀c ∈ Fq2 .

P r o o f. From the expression of ψ it follows immediately that ψ(c) = ϕ(c)
for all c ∈ Fq2 . Now the result follows from Proposition 5.2.

The following theorem generalizes one of the main results of [3], for
Artin–Schreier curves.

Theorem 5.1. Suppose that (d, λ) is admissible and a ∈ F∗q . If Z is
λ-Frobenius degenerate, then Z has the maximal number of rational points.
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P r o o f. We know from Proposition 5.2 that if Z is Frobenius degenerate,
then k = 2, a = ±1 and from Corollary 5.1, ϕ(c) = aϕ(c)q for all c ∈ Fq2 .
Now the result follows from Proposition 2.1.

In order to find explicitly the equations of the Frobenius degenerate
curves, we establish the following result.

Proposition 5.3. Let ϕ(x) ∈ Fq2 [x] with degϕ(x) < q2, and suppose
that a = ±1. Write

ϕ(x) =
∑

i,j

ai+jqx
i+jq,

with 0 ≤ i, j < q. Then

(9) ϕ(c) = aϕ(c)q, ∀c ∈ Fq2 ,

if and only if

(10) ai+jq = aaqj+iq.

P r o o f. Condition (9) is equivalent to the fact that the polynomial

g(x) =
∑

i,j

(ai+jq − aaqj+iq)xi+jq

defines the zero function on Fq2 . Since deg g(x) < q2, this is equivalent to
saying that g(x) is the zero polynomial, which is equivalent to (10), proving
the result.

Corollary 5.2. Let k = 2, a = ±1 and Z : yq + ay = ϕ(x). Suppose
that degϕ(x) < q2 and that Z has the maximal number of rational points.
Then

ϕ(x) =
∑

i,j

ai+jqx
i+jq with ai+jq = aaqj+iq.

P r o o f. Proposition 2.1 yields that if Z has the maximal number of
rational points, then (9) holds, which in view of Proposition 5.3 implies the
result.

Theorem 5.2. Suppose that (d, λ) is admissible and a ∈ F∗q . The curve
Z is λ-Frobenius degenerate if and only if k = 2, a = ±1, d = λ(1 + q) and

ϕ(x) =
∑

0≤i,j≤λ
ai+jqx

i+jq with ai+jq = aaqj+iq.

P r o o f. The “only if” assertion of the theorem follows from Corollary 5.1
and from Proposition 5.3.

Conversely, if ϕ(x) is as above, then

ψ(x) =
λ∑

k=0

Dk
xϕ(x)(xq

2 − x)k
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=
λ∑

k=0

∑

i,j

ai+jq

(
i

k

)
xi+jq(xq

2−1 − 1)k

=
∑

i,j

ai+jqx
i+jq

λ∑

k=0

(
i

k

)
(xq

2−1 − 1)k

=
∑

i,j

ai+jqx
jq+iq2

= a
∑

i,j

aqj+iqx
jq+iq2

= a[ϕ(x)]q.

Therefore ψ(x) = aϕ(x)q and from Proposition 5.2, the curve is λ-Frobenius
degenerate.

It is not true that a curve of degree less than q2 over Fq2 with the
maximal number of rational points must be Frobenius degenerate. Here is
an example:

yq − y = x2+q − x1+2q.

6. Examples. We have seen in Remark 2 that there is a limitation for
our method to improve simultaneously on Weil’s bound and on the trivial
bound, namely q < d < q2, and k ≤ 4.

In our examples we take Z : yq − y = ϕ(x) defined over Fqk , where
ϕ(x) =

∑d
i=0 aix

i, with q < d < q2. Write d = λ + αq, with 0 ≤ λ, α < q,
and let λi be the remainder of the division of i by q. Suppose that

λ = max{λi | 0 ≤ i ≤ d}.
It then follows from Proposition 3.2 that ηZ,λ = q. We will denote by Nλ the
bound in Theorem 4.1, by NW Weil’s bound and by NT the trivial bound.

Example 1. Here we assume k = 2. It is easy to verify that in this
situation Nλ ≤ NW, and if α+ λ ≤ q, then Nλ ≤ NT.

As a numerical example take q = 81, k = 2, λ = 28, α = 17, and

Z : y81 − y =
17∑

i=0

x81iPi(x),

where each Pi(x) is a polynomial in Fq2 [x] of degree at most 28. Then ηZ,λ =
81, and since α 6= λ, by Proposition 5.2, Z is Frobenius non-degenerate. In
this case we have Nλ = 292,330, NT = 531,442 and NW = 9,104,482.

Example 2. Here we take k = 3. In this case Nλ < NT if α+λ ≤ q, and
NT < NW if α >

√
q.

As a numerical example, take q = 36 = 729, k = 3, λ = 50, α = 45 and

Z : y729 − y =
45∑

i=0

x729iQi(x),
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where each Qi(x) is of degree at most 50. It is clear that ηZ,λ = 729
and by Proposition 5.2, Z is Frobenius non-degenerate. In this case Nλ =
36,344,056,922 while NT = 282,429,536,481.

Example 3. Here we take k = 4. It is easy to verify that when α+λ ≤ q
then Nλ ≤ NT, and when λ = 1 and α ≤ q − 2, we have Nλ < NW.

As a numerical example, take q = 9, k = 4, λ = 1, α = 7 and

Z : y9 − y = x

7∑

i=0

aix
9i.

Then ηZ,λ = 9, and Z is Frobenius non-degenerate. In this situation Nλ =
46,720, NW = 47,386, and NT = 59,050.
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