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We prove that Fan’s theorem is true for discontinuous increasing mappings f in a real partially ordered reflexive, strictly convex,
and smooth Banach space X. The main tools of analysis are the variational characterizations of the generalized projection operator
and order-theoretic fixed point theory. Moreover, we get some properties of the generalized projection operator in Banach spaces.
As applications of our best approximation theorems, the fixed point theorems for non-self-maps are established and proved under
some conditions. Our results are generalizations and improvements of the recent results obtained by many authors.

1. Introduction

Let X be a real Banach space with the dual space X* and C ¢
X anonempty subset of X. The set-valued mapping P : X —
Ca

Po(x) = {z €C:llx—zl = inf |x - y||}, M

is called the metric projection operator from X onto C. It is
well known that the metric projection operator P plays an
important role in nonlinear functional analysis, optimization
theory, fixed point theory, nonlinear programming, game
theory, variational inequality, complementarity problems,
and so forth.

In 1994, Alber [1] introduced the generalized projections
e : X* - Cand Il : X — C from Hilbert spaces
to uniformly convex and uniformly smooth Banach spaces
and studied their properties in detail. In [2], Li extended the
generalized projection operator 77~ from uniformly convex
and uniformly smooth Banach spaces to reflexive Banach
spaces and studied some properties of the generalized pro-
jection operator with applications to solving the variational
inequality in Banach spaces. Recently, Isac [3] and Nishimura
and Ok [4] studied the order-theoretic approach towards

establishing the solvability of variational inequality on a
Hilbert lattice X which is based on the fact that the metric
projection operator Pp is order-preserving if only if C is a
sublattice of X. Very recently, Li and Ok [5] obtained the
generalized projection operator 7 is order-preserving in
partially ordered Banach spaces.

Motivated and inspired by the above mentioned work,
in this paper, we get the continuous property of generalized
projection operator Il and increasing characterizations
of Il in a partially ordered reflexive, strict convex, and
smooth Banach space. Further, we consider the following
Fan’s approximation theorem (Theorem 2 in [6]) through the
variational characterization of I1-. The normed space version
of the theorem is as follows.

Theorem 1. Let C be a nonempty compact convex set in a
normed linear space X. If f is a continuous map from C into
X, then there exists a point u in C such that

lu=f @l =d(f@w.C). )
The point u is called a best approximation point of f in C.

Fan’s theorem has been of great importance in nonlinear
analysis, approximation theory, game theory, and minimax


https://core.ac.uk/display/357543956?utm_source=pdf&utm_medium=banner&utm_campaign=pdf-decoration-v1

theorems. Various aspects of this theorem have been studied
by many authors under different assumptions. For some
related works, refer to [7-21] and the references therein.

In this paper, we obtain the existence of minimum
best approximation point and maximum best approximation
point in order interval. As an applications of our best
approximation theorems, the fixed point theorems for non-
self-maps are established under some conditions which do
not need to require any continuous and compact conditions
on f.

The content of the present work can be summarized
as follows. In Section 2, we review the definition of the
generalized projection operator in Banach spaces and its basic
properties. We also show some definitions in the partially
ordered Banach space and some fundamental results for
our theorems. In Section 3, we obtain the properties of
the generalized projection operator in the partially ordered
Banach space under some assumption. And we combine
these results with an order-theoretic fixed point theorem to
provide some of the best approximation theorems. Section 4
provides an application of these best approximation theorems
to fixed point theory.

2. Preliminaries

2.1. The Partial Order. Suppose that X is a real Banach space
and P is a nonempty closed convex cone of X. By 6 we denote
the zero element of X. We define a partial order < with respect
to Pby x < yifand onlyif y — x € P. We will write x < y if
x<Xyandx # y.

The cone P is called normal if there is a number K > 0,
suchthatforallx, y € X, 0 < x < yimplies ||x|| < K | y|. The
cone P is called regular if every increasing sequence which
is bounded from above is convergent. That is, if {x,} is a
sequence such that x; < x, < --- < y for some y € X, then
there is x € X such that lim,, , ., [Ix,, — x|l = 0. Equivalently,
the cone P is regular if and only if every decreasing sequence
which is bounded from below is convergent. It has been
proved in Theorem 1.2.1 in [22] that every regular cone is
normal.

A cone P is called minihedral, if each two-element set
{x, y} has a least upper bound sup{x, y}. Equivalently, the
cone P is minihedral if and only if each two-element set {x, y}
has a greatest lower bound inf{x, y}. As is convenient, we
denote sup{x, y} as x V y and inf{x, y} as x A y. And if sup M
exists for every nonempty and bounded from above M ¢ X,
we say the cone P is a strongly minihedral cone. If M is a
nonempty subset of X which contains x V y and x A y for
every x, y € M, then M is said to be subminihedral.

Let (X, <) be a real partially ordered Banach space. Given
Uy, vy € X such that u, < v, the set [ugy, vy] = {z € X : uy <
z < v,} is called ordered interval. If the cone P is minihedral,
it is easy to see that [u, v,] is a subminihedral set of X.

Definition 2 (see [5]). For any partially ordered spaces
(X, <x) and (Y, <y), we say that amap F : X — Y is order-

preserving if

x=yy implies F (x) <y F(y). 3)
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Definition 3 (see [23]). Let (X, <) be a partially ordered space
and D ¢ X is convex; we say thatamap F : D — X is convex
if

F(tx+(1-t)y) <tF(x)+(1-t)F(y),

(4)
Vx,yeD, x=<y, 0<t<l
2.2. Order-Dual. Let (X, <) be areal partially ordered Banach
space whose (topological) dual we denote by X* and P a cone
in X. Recall that P* = {¢ € X" : ¢(x) = 0, Vx € P} is called
the dual cone of P. The dual of < is the partial order <* on X"
defined as follows:

p<"g iff p—¢ € P". (5)

If P is a minihedral cone, it is well known that P* is a
minihedral cone in X*. We now show that x € P if and only
if (¢, x) > 0 for every ¢ € P (see [24, Proposition 1.4.2]).

We denote by (H, || - ||;) a Hilbert space H whose norm
| - Il; satisfies

Ix| < |y| implies x|, <|y|,» Vxye€H, (6)

where |x| is defined by |x| = x V (—x) for each x € H.

2.3. The Generalized Projection Operator. Let X be a real
Banach space with the dual X*. We denote by J the normal-

ized duality mapping from X to 2% defined by
Jx={x" e X" (x" ) = [Tl dxl = 7]} @)

for all x € X, where (-,-) denotes the generalized duality
pairing between X* and X. See [1] for basic characterizations
of the normalized duality mapping.

Recall that a Banach space X has the Kadec-Klee property,
if for any sequence {x,} ¢ X and x € X with x, — x (weak
convergence) and [|x,,|| — [x[, then ||x, — x| — 0,asn —
00. It is well known that if X is a uniformly convex Banach
space, then X has the Kadec-Klee property.

Let X be a reflexive, strictly convex, and smooth Banach
space and C a nonempty closed convex subset of X. Consider
the Lyapunov functional defined by

W(xy) =lxl? -2 Jxy) + |y°, vYxyeX. (8)

Following Alber [1], the generalized projectionII-: X — C
is a map that assigns to an arbitrary point x € X the minimum
point of the functional W (x, y); that is, II5(x) = X, where
X € Cis the solution to the minimization problem:

,X) = infW (x, y);

W (x, %) = infW (xy) 9)
existence and uniqueness of the operator I follow from the
properties of the functional W(x, y) and strict monotonicity

of the mapping J. It is obvious from the definition of
functional W that

(el = yl)* < W (x. ») < (Il + 5])°
Vx,y € X.

(10)

If X isa Hilbert space, then W(x, y) = (IIx—yII)2 and Il = P..
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If X is a reflexive, strictly convex, and smooth Banach
space, then for x, y € X, W(x, y) = Oifand only if x = y.Itis
sufficient to show that if W(x, y) = 0 then x = y. From (10),
we have ||x|| = || y|l. This implies that (Jx, y) = [y[* = [l/x]>.
From the definition of J, one has Jx = Jy. Therefore, we have
x = y. See [25, 26] for more details.

In [1], the generalized projection operators on arbitrary
convex closed sets C satisfy the following property.

The point II-(x) = X is a generalized projection of x on
C c X if and only if the following inequality is satisfied:

(Jx-Jx,x-y) >0, VyeC. (11)

We denote dyy,(x,C) = inf{iW(x, y) : y € C}, where x ¢
X and W is Lyapunov functional in X.

3. Best Approximation Theorems

First we give the following properties of the generalized
projection operators.

Lemma 4 (see [27]). Let (X, <) be a real partially ordered
reflexive, strictly convex, and smooth Banach space with respect
to a minihedral cone P. Suppose P* is the dual cone of P. The
following statements are equivalent:

(H,) the normalized duality mapping ] is order-preserving;

(Hy) Jx ATyI2 + 1T v P < Dl + 1yl Vx, y € X, x <
Y.

Lemma 5 (see [27]). Let (X, <) be a real partially ordered
reflexive, strictly convex, and smooth Banach space with respect
to a minihedral cone P and satisfy condition (H,). Suppose that
C is closed convex subminihedral set of X. Moreover, C satisfies
the condition:

(Hs) llx A ylIP + e v yl? < DIxI® + Iyl ¥, y € C.

Then, Il is increasing.

Remark 6. The minihedral cones of many Banach spaces
satisty (Hs). For example, if p > 2, every subminihedral set
M of (€7, <) (here partial order < is defined coordinatewise)
such that x > 0, Vx € M, then M satisfies (H;); if p > 2,
every subminihedral set M of (R™”, <) (here < stands again
for the coordinatewise ordering), such that x > 0, Vx € M,
then M satisfies (H;). See [5] for more details.

Lemma 7. If X is a uniformly convex and smooth Banach
space and C is a nonempty, closed, and convex subset of X,
then the generalized projection operator Il : X — Cis
continuous.

Proof. Since X is a uniformly convex and smooth Banach
space, Il is single valued. Suppose x,, — x,asn — 0o,

and suppose I1-(x,) = X, (n = 1,2,3,...), and IIo(x) = X.
From the inequalities

(beall = 1) < W (x,%,)

<W(x,,X) (12)

< (|l + 121)*

and the hypothesis that x, — x,asn — oo, it yields
{x,} is a bounded subset of X. Since X is reflexive, there
exists a subsequence of {X,}; without loss of the generality,
we may assume it is itself, such that {X,} converges weakly
to x'. From the properties of weakly convergence, we have
[x'll <liminf,_, ., [X,]. Moreover, W(x, X) < W(x, X,,) and
Wi(x,, x,) < W(x,, X), which implies W(x,X,,) — W(x,X),
asn — 00. Now we have

W (') = Il = 2 (e ') + [
= Jim (1t? =2 0 5,) + <)

<liminf (Il -2 (/x.%,) + |%,]7)

lim infW (x, x,)
= lim W (x,%,)
= ;relgw (x,9).
Thus we have x’ = %.
For any A € [0,1], one has AX + (1 - A)X,, € C. From the
inequality W(x, X) < W(x, AX + (1 — 1)X,,), we have

Ixl® = 2 Jx, %) + 1% < Ix]®

<k -2 Jx AZ+ (1= V) E,) + |Ax+ (1 -V %[
(14)

Therefore,
2(Jx,(1- 1) (%, - %)) < Ax+ (1 -V 5,|* - 1=1*. 15

Similar to the above argument, from inequality W(x,,, X,,) <
W(x,,, X), we obtain

2 (Jxp X - %) < I - %] - (16)
Adding the above two inequalities side by side, we obtain
2(Jx - Jx,, X, — X)
<Az+ -0z,
~[&° + 24 U, %, - %)
< A I

+ 20 (1= M) IR |%] + (1= A |z
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— %" + 24 (Jx. %, - %)
< P 1RIP+ A -1 (1% + |77
+ (1= V2% - |z + 20 U, %, - %)
= A(1%I° = %)) + 24 UJx. %, - %) .
%
So

2(Jx = JxpX =%, 2 A(|%," - 1%17) + 24 (Jx, X - %, .
(18)
If we use the inequalities W(x,X) < W(x,X,) and

Wi(x,,X,) < W(x,,AX + (1 — 1)X,)), similar to the above
argument, we obtain

2(Jx - Jxp T - %) = (1= 1) (121 - %)

+2(1-1) (Jx,, %, - X).

(19)

In (18) and (19), taking A = 1/2, we have
4(Jx-Jxp % -%,) > (|77 - 171P) +2 Jx. 5 - %,) .

4(Jx = Jx,p % = %) 2 (121 = |%,]7) +2 U, %, - X) -
(20)

From the conditions that x, — x,asn — ocoand X isa
smooth Banach space, we have Jx,, — Jx,asn — 0. Using
X, — X,asn — oo and combining (20), it yields [|X,[| —
[IXll,asn — co. Since X is a uniformly convex Banach space,
then X has the Kadec-Klee property. Therefore, we obtain
X, — X,asn — o00. Thus this lemma is proved. O

Lemma 8. Let (X,<) be a real partially ordered reflexive,
strictly convex, and smooth Banach space with respect to P and
satisfy condition (H,). Suppose that P is a minihedral cone and
satisfies the condition:

(H) Ix A yl?+ Dl v yl? < Dlxl? + lIyl?, Vx e X, y e P.

Then, I1p is increasing, and Ilp(x + y) < IIp(x) + IIp(y),
Vx,y € X.

Proof. Since (H,) implies (H;) and P is subminihedral, from
Lemma 5, IT; is increasing. Next, we prove x < IIp(x), Vx €
X. To derive a contradiction, assume that there exists x,

which does not satisfy x, < ITp(x,); thatis, xq ATIp(x,) # x,
and x, V IIp(x,) # I1p(x,). Then we have

W(xO’HP (xo)) < W(xo’xo VI, (xo)); (21
that is,
"’Co”2 =2 (Jxo, p (x0)) + "HP (’%)"2

< ||x0||2 =2 (Jxg, %o V p (x4)) + | %o VITp (x0)||2 .
(22)
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Hence,

2 (Jxg» %o V IIp (o) = TTp (%))

) ) (23)
< oo V IIp (x0)||” = TTp (o) || -
As x5 N1p(x,) # x4, we have
W (5, X9 ATlp (x0)) = ||x0||2 =2 (Jxg, X9 Ap (%)) (24)

+ ||x0 A Hp(xo)”2 >0,
and then,
2 (Jaxgs %o AIp (x0)) < lxoll” + 0 AT (25)

Since xy A T1p(xg) + x4 V Ip(xg) = xo + IIp(x,), from (23)
and (25), we have

2 (Jxg %) < [0 + |0 A TIp (50)|

+ o v ITp (x0)||2 - 11, (’%)”2 .

And hence [|x, A TIp(x)[1* + llxg V Hp(x) 1> = ITIp(o)|1* -
||xO||2 > 0. This contradicts (H,). Thus, x < IIp(x), Vx € X.
And hence,

(26)

x+y=<p(x)+p(y), Vx,yeX. (27)

As Il is increasing, we have
Ip (x + y) < Tp (x) + 1T (y),

The assertion is proved. O

Vx,y € X. (28)

Lemma 9. Let (X,<) be a real partially ordered reflexive,
strictly convex, and smooth Banach space with respect to a
minihedral cone P and satisfy condition (H,). Suppose u, v, €
X with u, < v, and the following condition is satisfied:
(Hs) lx Ayl + vyl < Dl + Iyl Vx € X, y €
[ug, vol.

Then, Iy, . is increasing, and

H[”O’VO] (tx + (]. — t) y) < tH[uO)VO] (x) + (]. - t) H[”O)Vo] (y)

vVt e [0,1], Vx,y =,

(29)

Proof. Following a similar argument as in the proof of
Lemma 8, we obtain that ITj, ,, is increasing and x =<
py,0,1(X), Vx < v,. And hence,

tx + (1 - t) y= tH[uO,vo] (x) + (1 - t) 1_I[uo,vo] (y) ’

Vvt € [0,1],

(30)
Xy 2.

As Iy, ., is increasing and tI1j, , 1(x) + (1 - DI, ,,(y) €
[ug, Vo], we have

H[“O’VO] (tx + (l - t) y) < tH[uo)VO] (x) + (1 - t) H[”O’VO] (y) .
(31

The proof is completed. O
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Remark 10. If (H, | - |l;) is a partially ordered Hilbert space
with respect to P and P a minihedral cone, (H,) and (H;) are
satisfied.

From the above properties of the generalized projection
operators and order-theoretic fixed point theorems, we can
obtain the following best approximation theorems.

Theorem 11. Let (X, <) be a real partially ordered uniformly
convex and smooth Banach space with respect to a minihedral
cone P and satisfy condition (H,). Suppose that f : [uy, vy] —
X is an increasing map. Moreover, [u,, v, satisfies the condi-
tion (Hs) and f([uy, vy]) is relatively compact. Then, f has a
minimum best approximation point x, and a maximum best
approximation point x* with respect to W(x, y) in [ug, v,],
such that

(32)
<Y, e 2y LY,

whereu, =11, 1(f(u,_1)), v, =, . (f(v,2)) (n=1,2,
3,...).

Proof. Define F [ug, vl —  [ug vyl by F(x) =
Iy, v, (f (x)). From Lemma 5, we get F is increasing. It is easy
to see u, < F(u,) and F(v,) < v,. By Lemma 7, we know
Iy, v, is continuous and F([u, v,]) is relatively compact.
Thus F satisfies all conditions of Theorem 2.1.4 in [22]. Then,
F has a minimum fixed point x, and a maximum fixed point
x* and satisfies (32). Now we consider F(x,) = x,, F(x") =
x*; that is, M, 0 (f(x,)) = x, and H[uo%](f(x*)) = x". By
the definition of IT;,, ,, ;, we get

W ()ox) = dnf W(f(x.).)

yelug,vo

=dy (f (X*) > [”O’VO]) >

W) =k W G).)
= dy (f (x7), [uo o)) -
The assertion is proved. O

Theorem 12. Let (X, <) be a real partially ordered reflexive,
strictly convex, and smooth Banach space with respect to a nor-
mal and minihedral cone P and satisfy condition (H,). Suppose
that f: [uy, vyl — X is an increasing map. Moreover, [ug, v,]
satisfies the condition (Hj). Then, f has a minimum best
approximation point x,, and a maximum best approximation
point x™ with respect to W (x, y) in [uy, v,]. Moreover, if u,, =
H[?gvﬂl(f(un_l)), V= v (f () (n=1,2,3,..), (32)
olds.

Proof. Define F [ug, vl —  [ug vyl by F(x) =
Ip,, 4,1 (f(x)). From Lemma 5, we get F is increasing. It is
easy to see 1, < F(u,) and F(v;) < v,. Since X is reflexive
and P is normal, P is regular. Thus F satisfies all conditions
of Theorem 3.1.4 in [23]. Then, F has a minimum fixed point
x, and a maximum fixed point x* and satisfies (32). By the
definition of ITy,, , ;, the assertion is proved. O

Remark 13. In the above Theorem 11, f is discontinuous map.
And in Theorem 12, f is discontinuous map and has no
compact conditions.

Example 14. Let (X,<) = (¢%,<). Here < stands for the
coordinatewise ordering. It is easy to prove that all conditions
in Theorem 12 hold. Given u,, v, € €* such that u, < v,.
Then, every increasing f : [t, Vo] — £€*hasaminimum best
approximation point and a maximum best approximation
point with respect to W(x, y) in [ug, v,].

Theorem 15. Let (X, <) be a real partially ordered reflexive,
strictly convex, and smooth Banach space with respect to P. If
u, < v, and the following conditions are satisfied,

(i) P is a normal, minihedral cone with satisfying (H,) and
(Hs);
(ii) f: [ug, vyl — X is an increasing and convex map;
(iii) thereexistsa0 < e < Lsuchthat f(v,) < euy+(1—¢)vy,

then, f has a unique approximation point X with
respect to W(x,y) in [uy,v,]. Moreover, if we take

Xy = My 0 (f(x,21)) (n=1,2,3,..) for Vxy € [ug, v,
||xn - 9?" — 0 (n— 00), (34)
|x, - %] <M@1-8" (n=123,..), (35)

where M > 0 has nothing to do with x,,.

Proof. Define F [ug,vol —  [ug vyl by F(x) =
Iy, v, (f(x)). Since f is convex and IT},, , ; is increasing, for
vt € [0, 1], we have

Ftx+(1-1t)y) =T, ., (f (tx+ (1 =1) y))

< 1_I[uo,vo] (tf (X) + (1 - t) f (}’)) .

Using Lemma 9 and f(x) < f(v,) < v,, we obtain
F (tx +(1-1) y) = tH[uo,vg] (f (x)) +(1-1) H[uo,vo] (f (y))
=tF(x)+(1-t)F(y).

(36)

(37)

Thus F is convex. And F(v,) < eu, + (1 —¢€)v,. Thus F satisfies
all conditions of Theorem 3.1.6 in [23]. Then, F has a unique
fixed point X and satisfies (35). By the definition of IT}, 1,
the assertion is proved. O

4, Fixed Point Theorems

In this section, we will prove some new fixed point theorems
for non-self-maps by using results of Section 3.

Theorem 16. Let (X, <X) be a real partially ordered uniformly
convex and smooth Banach space with respect to a minihedral
cone P and satisfy condition (H,). Suppose that f : [uy, vo] —
X is an increasing map and f([uy, v,]) is relative compact.
Moreover, [uy, v, satisfies the condition (Hs) and

|co{x, £ ()} N [ug, vol| =2, Vx € [ug, vp] - (38)
Then, f has at least one fixed point in [uy, v,].



Proof. By Theorem 11, f has at least one best approximation
point X in [uy, v,]; that is, IT}, , 1(f(X)) = X. From (11), we
have

J(fx)-Jxx-y)=0, Vye€ [uyv. (39)

We may use (38) tofinda A € (0, 1] such that (1-A)X+Af (X) €
[ug, v, and hence

Jf®)-J%2-[1-DE+Af ®])20;  (40)
that is,
J(f@®)-Jxx- f(®) =0 (41)
Moreover,
J(f ®)-J% f () - %)
=lf @I - U (f @), %) - U= f @) + 1=’
> |f @I -2 f @)1=+ 121
= (If ®|-1=0)* > 0.

So we conclude that (J(f(X)) — JX, f(X) — X) = 0. It follows
that || f(X)l = [IX]. Moreover, as (J(f(x)),x) < [ f(X)llIx],
and the inequality above must hold as an equality. We have
J(f (), X) = [l f(X)NIx]l. Therefore, J(f (X)) = Jx. And thus

f(X) = X. The assertion is proved. O

(42)

Following a similar argument as in the proof of
Theorem 16, we can obtain the following fixed point theo-
rems.

Theorem 17. Let (X, <) be a real partially ordered uniformly
convex and smooth Banach space with respect to P and satisfy
condition (H,). Suppose that P is a normal, minihedral cone
and f : [uy, vyl — X is an increasing map. Moreover, [uy, v,]
satisfies the condition (H;) and (38). Then, f has at least one
fixed point in [ug, v,].

Example 18. Let (X, <) = (L*(Q), <), the space of measurable
functions which are the 2nd power summable on Q. Endow
L*(Q) with the following norm and the cone P:

I = (] oor du)lﬂ, -

P={xeLl’(Q):x()20,Yae t € Q}.

Given uy, v, € L*(Q) such that u, < v,. It is easy to see that
(L*(Q), <) satisfies (H,) and (H;) holds in [u, v,]. Thus, by
Theorem 17, every increasing f : [uy, v,] — L*(Q) satisfying
(38) has at least one fixed point in [u, v,].

Theorem 19. Let (X, <) be a real partially ordered reflexive,
strictly convex, and smooth Banach space with respect to P. If
u,y < vy and the following conditions are satisfied,

(i) P is a normal, minihedral cone with satisfying (H,),
(Hs) and (38);
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(ii) f: [ug, vyl — X is an increasing and convex map;

(iii) there exists 0 < € < 1 such that f(vy) < euy+ (1 —€)vy,

then, f has a unique fixed point X in [uy, vy]. Moreover, if we

take x,, = I, ,1(f(x,-1)) (n=1,2,3,...) for Vx, € [uy, v),
||xn—9?|| — 0 (n— 00),

(44)

|x, - X <M@1-8" (n=123,..),

where M > 0 has nothing to do with x,,.

Conflict of Interests

The authors declare that there is no conflict of interests
regarding the publication of this paper.

Acknowledgments

Dezhou Kong and Lishan Liu were supported financially by
the National Natural Science Foundation of China (11371221),
the Specialized Research Foundation for the Doctoral Pro-
gram of Higher Education of China (20123705110001), and the
Program for Scientific Research Innovation Team in Colleges
and Universities of Shandong Province. Yonghong Wu was
supported financially by the Australian Research Council
through an ARC Discovery Project Grant.

References

[1] Y. Alber, “Generalized projection operators in Banach spaces:
properties and applications,” in Proceedings of the Israel Seminar
Ariel, Israel, Function Differential Equation, vol. 1, pp. 1-21,1994.

[2] J. Li, “The generalized projection operator on reflexive Banach
spaces and its applications,” Journal of Mathematical Analysis
and Applications, vol. 306, no. 1, pp. 55-71, 2005.

[3] G. Isac, “On the order monotonicity of the metric projection
operator,” in Approximation Theory, Wavelets and Applications,
S. P. Singh, Ed., vol. 454 of NATO Science Series, pp. 365-
379, Kluwer Academic Publishers, Dordrecht, The Netherlands,
1995.

[4] H. Nishimura and E. A. Ok, “Solvability of variational inequali-
ties on Hilbert lattices,” Mathematics of Operations Research, vol.
37, no. 4, pp. 608-625, 2012.

[5] J.Liand E. A. Ok, “Optimal solutions to variational inequalities
on Banach lattices,” Journal of Mathematical Analysis and
Applications, vol. 388, no. 2, pp. 1157-1165, 2012.

[6] K. Fan, “Extensions of two fixed point theorems of F. E.
Browder,” Mathematische Zeitschrift, vol. 112, pp. 234-240, 1969.

[7] T. Lin and S. Park, “Approximation and fixed-point theorems
for condensing composites of multifunctions,” Journal of Math-
ematical Analysis and Applications, vol. 223, no. 1, pp. 1-8, 1998.

[8] D. O'Regan and N. Shahzad, “Approximation and fixed point
theorems for countable condensing composite maps,” Bulletin
of the Australian Mathematical Society, vol. 68, no. 1, pp. 161-
168, 2003.

[9] K. Tan and X. Yuan, “Random fixed-point theorems and

approximation in cones,” Journal of Mathematical Analysis and
Applications, vol. 185, no. 2, pp. 378-390, 1994.



Abstract and Applied Analysis

[10] L. Liu, “Approximation theorems and fixed point theorems for
various classes of 1-set-contractive mappings in Banach spaces,”
Acta Mathematica Sinica, vol. 17, no. 1, pp. 103-112, 2001.

[11] L. Liu, “Random approximations and random fixed point the-
orems for random I-set-contractive non-self-maps in abstract
cones,” Stochastic Analysis and Applications, vol. 18, no. 1, pp.
125-144, 2000.

[12] L. Liu, “Some random approximations and random fixed point
theorems for 1-set-contractive random operators,” Proceedings
of the American Mathematical Society, vol. 125, no. 2, pp. 515-
521, 1997.

[13] L. Liu, “Random approximations and random fixed point theo-
rems in infinite-dimensional Banach spaces,” Indian Journal of
Pure and Applied Mathematics, vol. 28, no. 2, pp. 139-150, 1997.

[14] I. Beg and N. Shahzad, “Random fixed points of random
multivalued operators on Polish spaces,” Nonlinear Analysis:
Theory, Methods & Applications, vol. 20, no. 7, pp. 835-847,1993.

[15] N. Shahzad, “Fixed point and approximation results for mul-
timaps in S-KKM class,” Nonlinear Analysis: Theory, Methods &
Applications, vol. 56, no. 6, pp. 905-918, 2004.

[16] J. Markin and N. Shahzad, “Best approximation theorems
for nonexpansive and condensing mappings in hyperconvex
spaces,” Nonlinear Analysis. Theory, Methods & Applications, vol.
70, no. 6, pp. 2435-2441, 2009.

[17] A. Amini-Harandi, “Best and coupled best approximation
theorems in abstract convex metric spaces,” Nonlinear Analysis:
Theory, Methods & Applications, vol. 74, no. 3, pp. 922-926, 2011.

a

[18] D.Roux and S. P. Singh, “On some fixed point theorems,” Inter-
national Journal of Mathematics and Mathematical Sciences, vol.
12, no. 1, pp. 61-64, 1989.

[19] L. Liu, “On approximation theorems and fixed point theorems
for non-self-mappings in infinite-dimensional Banach spaces,”
Journal of Mathematical Analysis and Applications, vol. 188, no.
2, pp. 541-551, 1994,

[20] L. Liu and X. Li, “On approximation theorems and fixed point
theorems for non-self-mappings in uniformly convex Banach
spaces,” Banyan Mathematical Journal, vol. 4, pp. 11-20, 1997.

[21] D. O’Regan, “Existence and approximation of fixed points for
multivalued maps,” Applied Mathematics Letters, vol. 12, no. 6,
pp. 37-43,1999.

[22] D.Guo and V. Lakshmikantham, Nonlinear Problems in Abstract
Cones, Academic Press, New York, NY, USA, 1988.

(23] D. Guo, Y. Cho, and ]. Zhu, Partial Ordering Methods in
Nonlinear Problems, Nova Science Publishers, New York, NY,
USA, 2004.

[24] P. Meyer-Nieberg, Banach Lattices, Universitext, Springer, New
York, NY, USA, 1991.

[25] 1. Cioranescu, “Geometry of Banach spaces,” in Duality Map-
pings and Nonlinear Problems, Kluwer Academic Publishers,
Dordrecht, The Netherlands, 1990.

[26] W.Takahashi, Nonlinear Functional Analysis, Fixed Point Theory
and its Applications, Yokohama, Yokohama, Japan, 2000.

[27] D.Kong,L.Liu, and Y. Wu, “Best approximation and fixed-point
theorems for discontinuous increasing maps in Banach lattices,”
Fixed Point Theory and Applications, vol. 2014, article 18, 2014.



Advances in Advances in Journal of Journal of
Operations Research lied Mathematics ability and Statistics

il
PR
S Rt
£ 2 §

\ ‘

The Scientific
\{\(orld Journal

International Journal of
Differential Equations

Hindawi

Submit your manuscripts at
http://www.hindawi.com

International Journal of

Combinatorics

Advances in

Mathematical Physics

%

Journal of : Mathematical Problems Abstract and Discrete Dynamics in
Mathematics in Engineering Applied Analysis Nature and Society

Journal of

Complex Analysis

International
Journal of
Mathematics and
Mathematical
Sciences

Journal of
'

al of Journal of

Function Spaces Stochastic Analysis Optimization

Journal of International Jo




