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Upper Bound Analysis of the ECAE
Process by Considering Strain
Hardening Materials and
Three-Dimensional Rectangular
Dies
Equal channel angular extrusion (ECAE) or pressing is a process used to introduce
severe plastic deformations to processed materials with the aim of improving their me-
chanical properties by reducing the grain size. At present, there are no analytical studies
that have considered strain hardening materials in order to determine the required force
to carry out the process. All the existing papers have only considered nonstrain harden-
ing materials. Furthermore, all those studies have been done by considering plane strain
conditions. In this work, an upper bound analysis of the required force for performing the
ECAE process is made by considering a full three-dimensional geometry with a rectan-
gular cross section. From this analysis, the influence of the geometric and the material
parameters is studied by considering both friction and strain hardening materials. By
using the upper bound method, an analytical formulation was obtained and the influence
of all the parameters was determined. With this work, it is possible to have a wider
knowledge of the influence of the main affecting parameters in the ECAE process and to
optimize them. �DOI: 10.1115/1.2844590�

Keywords: ECAE, upper bound, strain hardening, SPD
Introduction
Equal channel angular extrusion �ECAE� is a severe plastic

eformation process �1� that allows us to obtain mechanical im-
rovements due to the accumulation of plastic strain, which leads
o grain size reduction �2�.

The parts are extruded through two channels that intersect at
ngles usually between 90° and 115°, as can be observed in Figs.
�a� and 1�b�. As the material crosses the intersection between
oth channels, it accumulates plastic strain. In each extrusion,
eformation can reach values higher than ��1 �3�.

The main advantage of the ECAE process in comparison with
ther deformation processes is that the deformation can be im-
arted to the material without significant changes in the original
imensions of the workpiece. This is possible because the cross
ections of both the entrance and the exit channels are manufac-
ured with almost the same dimensions. As the dimensions of the
rocessed billet are unchanged, it can be extruded again. This
llows us to process the billet several times; hence, more accumu-
ated strain can be achieved.

Iwahashi et al. �4� proposed the die geometry that can be seen
n Fig. 2. In this configuration, the internal radius is very sharp
nd the external radius is not tangent to the walls of the channel.

A die design with tangent fillet radii, which improve attained
eformation values, was first proposed by C. J. Luis �5�, and the
nalytical strain expression was determined. Another ECAE die
onfiguration was proposed by Luri et al. �6�, and it was demon-
trated that the fillet radius has to be tangent to allow the correct
ow of the material. If a sharp internal radius is used, the material
ets needlessly damaged, introducing cracks in the processed part,
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which is the case in the Iwahashi configuration. Moreover, it was
demonstrated that by increasing the internal radius, the strain im-
parted to the material is higher than that obtained by using the
geometry shown in Fig. 2. Therefore, as was demonstrated in
Refs. �5� and �6�, the processed materials reach higher deforma-
tion values with less damage by using the new ECAE geometries
shown by Figs. 1�a� and 1�b� than by using the geometry from
Fig. 3.

Moreover, as the fillet radii are tangent and the radii are not
sharp, the stresses that the die has to support are much smaller,
which leads to longer die life and less wear. On the other hand, the
machining process to manufacture these dies is not very compli-
cated; hence, it makes no sense to use a die design that has the
above mentioned drawbacks. Therefore, in this work, upper bound
analysis is made for the optimized ECAE dies, which are shown
in Figs. 1�a� and 1�b�.

When the ECAE process is carried out at high temperature, the
strain hardening of the material is almost negligible. In these

(a) (b)

Fig. 1 „a… ECAE die when Rint<Rext. „b… ECAE die when Rint

<Rext.
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ases, the process can be studied by using a material model having
onstant flow stress �7�. Nevertheless, when the process is carried
ut at room temperature, the strain hardening can have a great
nfluence on the required force to perform the process; hence, in
rder to model the process, a strain hardening material has to be
onsidered.

Up to now, all the previously published studies to obtain an
xpression to determine the extrusion pressure have been per-
ormed by considering plane strain assumptions. Analytical stud-
es such as those of Refs. �1,8� do not consider strain hardening,
hich may lead to differences between the analytical formulas

nd the actual results when the material is processed at room
emperature.

In this work, a three-dimensional study is carried out for the
rst time, taking into consideration strain hardening in order to
etermine the influence of the process parameters when the ECAE

Fig. 2 Iwahashi’s ECAE die geometry
s performed at room temperature.

If the velocity of the punch during the extrusion is maintained

51006-2 / Vol. 130, OCTOBER 2008
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2 Determination of an Admissible Velocity Field
First of all, a kinematical admissible field has to be obtained to

apply the upper bound theorem. In order to do that, a study of the
velocity of the particles in the die channels has been made.

In Figs. 3�a� and 3�b�, the streamline for a particle �p� is shown.
The stream can be constructed by drawing two lines at both the
entrance and the exit channel, which are parallel to the channel
wall lines, and both of them are placed at the same distance �x� in
a perpendicular direction to the channel walls. The circular part of
the streamline can be obtained by drawing an arc of circumfer-
ence, which is tangent to both lines.

By this streamline construction, the center of the arc �O��
changes from one streamline to another, and the radius curvature
�r� changes as the distance �x� changes from the internal radius
when x=0 to the external radius when x=D, where D is the width
of the channel at both the entrance and the exit channel.

This means that the material completely fills the channel, and as
velocity changes gradually between the entrance and the exit, the
discontinuities in the velocity field are avoided, as shown later.

The position of this particle can be expressed by using a Car-
tesian base �x ,y ,z� with the origin in �O�, as the addition of two
vectors in Eq. �1� shows. As the material is extruded, the particle
�p� describes the streamline that can be seen in these figures, and
as this happens, the ��� angle increases. This means that the ���
angle depends on time while the other parameters do not,

�OP�xyz = �OO��xyz + �O�P�xyz �1�

where the vector �O�P�xyz can be expressed by Eq. �2�, and the
�r�, �x�, and ��� parameters were as previously defined in Figs.
3�a� and 3�b�,

�O�P�xyz = �− r cos �;− r sin �;0�xyz �2�

The vector �OO��xyz can be written as

�O�O�xyz��− O�Ox;− O�Oy ;0�xyz if Rint � Rext

�O�Ox;O�Oy ;0�xyz if Rint � Rext
� �3�

By substituting Eqs. �2� and �3� in Eq. �1� and by making the
derivation in the Cartesian base �x ,y ,z� and in an inertial refer-

ence, the velocity of point �p� can be obtained from
�d�O�P�
dt

�
xyz

=		
d

dt
�− OOx� − r cos ��

d

dt
�− OOy� − r sin ��

0



xyz

if Rint � Rext

	
d

dt
�OOx� − r cos ��

d

dt
�OOy� − r sin ��

0



xyz

if Rint � Rext
 =	 r
d�

dt
sin �

− r
d�

dt
cos �

0



xyz

= r
d�

dt
�sin �;− cos �;0� �4�
Equation �5� can then be obtained by expressing the velocity of
article �p�, shown by Eq. �4�, in cylindrical coordinates,

�V�p��r�z = �0;r
d�

dt
;0� �5�
constant with a value of �V0�, the velocity at the entrance is
V�p�=V0 and, hence, the angular velocity can be determined from

V0 = r
d�

dt
⇒

d�

dt
=

V0

r
�6�
Transactions of the ASME

s of Use: http://www.asme.org/about-asme/terms-of-use



c
t
e
c
d
c
b
d
i
p
d
�

w
c
t

a
a
p

e

J

Downloaded From:
�̇rr =
�Vr

�r
= 0, �̇�� =

Vr

r
+

1

r

�V�

��
= 0, �̇zz =

�Vz

�z
= 0

�̇r� =
1

2

1

r

�Vr

��
+

�V�

dr
−

V�

r
� = −

1

2

V0

r
, �7�

�̇�x =
1

2

1

r

�Vz

��
+

�V�

�z
� = 0

(a)

Fig. 3 „a… ECAE die when Rint<
ressed as
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As can be observed, the velocity of particle �p� is the same
when Rext is greater than Rint as when Rext is less than Rint. By
using the expressions that appear in Eq. �7�, the strain rate tensor
can then be calculated. This tensor can be expressed in principal
axes as

(b)

xt. „b… ECAE die when Rint<Rext.
�̇ij = � 0 −
1

2

V0

r
0

−
1

2

V0

r
0 0

0 0 0
� ⇒ �pricipal axes� ⇒ �̇ij = �

1

2

V0

r
0 0

0 0 0

0 0 −
1

2

V0

r
� �8�
As can be observed from Eq. �8�, the volume incompressibility
ondition is satisfied. From this velocity field, it can be stated that
he velocity changes gradually, from the entrance channel to the
xit channel; hence, there are no velocity discontinuities, as is the
ase with actual velocity fields. This gradual change of velocity is
ue to the tangent radii of the die. If radii are not tangent to the
hannel, then an abrupt change of velocity will appear. This can
e mathematically described as a variation of velocity in a surface
iscontinuity. As is widely known, when an abrupt change appears
n the material flow, more damage is caused. In addition, the pro-
osed velocity field provides a complete filling of the channel die
uring the extrusion. If the extrusion velocity is constant, then Eq.
9� can be used,

� =�
0

t
d�

dt
dt =

d�

dt
t + C1 =

d�

dt
t �9�

here C1 is a constant. In order to determine its value, an initial
ondition must be used. When t=0, the ��� angle must be zero,
hat means that the constant �C1� is equal to zero.

If tf is the time spent by the particle to cover the intersection
ngle ��-�� and �t� is the time that particle �p� needs to cover the
ngle ���, it can be demonstrated that the time �t� can be ex-
	�� − �� =
d�

dt
tf

� =
d�

dt
t 
 ⇒ t = tf

�

�� − ��
�10�

The equivalent plastic strain can be expressed as

�̄ =�
0

t

�̇̄dt = �̇̄t + C2 = �̇̄t �11�

where C2 is a constant. In order to determine its value, an initial
condition must be used. When t=0, ��̄� must be zero, which
means that the constant �C2� is equal to zero.

Equation �12� can be obtained by substituting Eq. �10� in Eq.
�11�,

�̄ = �̇̄tf
�

�� − ��
= C3

�

�� − ��
�12�

where C3 is a constant. In order to determine its value, an initial
condition must be used. When the particle �p� covers from �=0 to
�= ��-��, the total equivalent plastic strain ��̄� is equal to ��̄ f�,
which can be calculated by using Eqs. �13� and �14�. These equa-
R

tions were calculated in Ref. �6�,
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�̄ f =	
1
�3

· �2 cot
�

2
+

�

2
� + �� − ���1 − cot
�

2
+

�

2
� · tan
�

2
��� if Rint � Rext

1
�3

· �2 cot
�

2
−

�

2
� + �� − ���1 − cot
�

2
−

�

2
� · tan
�

2
��� if Rint � Rext


 �13�
� =	2 tan−1� �Rext − Rint�tan
�

2
�

D + Rint − Rext + D tan2
�

2
�� if Rint � Rext

2 tan−1� �Rint − Rext�tan
�

2
�

D + Rint − Rext + D tan2
�

2
�� if Rint � Rext



�14�

Therefore, the total equivalent plastic strain of the material
hen it is placed in the position of the particle �p� can be ex-
ressed as

�̄ = �̄ f
�

�� − ��
�15�

Upper Bound Method for the ECAE Process Con-
idering Strain Hardening Materials

When a material is deformed at room temperature, its resistance
o further deformation increases, this behavior is called strain
ardening. One hypothesis is to consider that the degree of hard-
ning is a function of the plastic work. For mathematical formu-
ation, it is assumed that the final yield locus is the same, inde-
endent of the strain path a given stress state has reached
isotropic hardening�. By those assumptions taking into account,
he upper bound limit can be expressed as Eq. �16�, as demon-
trated in Ref. �11�,

J* =�
V

�̄�̇̄dV +�
Sr

	�
v�ds −�
St

Tivids �16�

here J* is the power that must be supplied to perform the pro-
ess, �̄ is the flow stress of the material, �̇ij is the strain rate
ensor, V is the volume of the deformation zone, 	 is the shear
tress in the friction surfaces and in the discontinuity surfaces if
hey exist, �
v� is the relative velocity in the surfaces previously

entioned, S� is the area of these surfaces, Ti is the external
ension on the material, vi is the velocity of the surfaces where the
xternal tension appears, and St is the area where the external
ension is applied. In ECAE, there is no external tension, so the
ast term is equal to zero.

By using Eq. �15� and taking a Hollomon hardening rule into
onsideration, Eq. �17� can then be obtained,

�̄ = k�̄n = k�̄ f
n �n

�� − ��n �17�

y using the tensor shown by Eq. �8�, the equivalent strain rate
an be calculated from

�̇̄ =�2

3
��̇1

2 + �̇2
2 + �̇3

2�1/2 =
2
�3

�̇1 =
1
�3

V0

r
�18�

Taking into account Eqs. �17� and �18�, Eq. �16� can be written

s

51006-4 / Vol. 130, OCTOBER 2008
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FV0 =�
V

1
�3

k�̄ f
nV0

r

�n

�� − ��ndV +�
Sr

	�
v�ds �19�

The second term of Eq. �19� is the power lost by the flow of
material when it has to go through the discontinuity surfaces and
the power lost by the friction force that exists between the inter-
face of the workpiece and the die.

As previously mentioned in the kinematical study, the velocity
changes progressively from the entrance channel to the exit chan-
nel, so there are no discontinuity surfaces in this modeling, which
means that the integral of the second term is extended to the
interface between the part and the billet. Considering a Tresca
friction model, which is given by Eq. �20�, Eq. �19� can then be
rewritten as Eq. �21� shows,

	 = m
�̄

�3
�20�

FV0 =�
V

1
�3

k�̄ f
nV0

r

�n

�� − ��ndV +�
Sr

m
�̄

�3
�
v�ds �21�

The material is deformed at the intersection between both chan-
nels, so the integral of the first term is extended to that region. The
differential of volume can be deduced from Figs. 4�a� and 4�b�
and is expressed mathematically in

dV =	
w

r

sin
�

2
+

�

2
�d�dx

if Rint � Rext

w
r

sin
�

2
−

�

2
�d�dx

if Rint � Rext
 �22�

where r, x, �, and � have been previously defined in Figs. 1�a�,
1�b�, 3�a�, 3�b�, 4�a�, and 4�b�, and w is the dimension in the
perpendicular direction to the symmetry plane.

The r radius is related to x. By observing Figs. 5�a� and 5�b�,
the relationship between both r and x can be obtained from

r = Rint + x�1 − cot
�

2
+

�

2
�tan
�

2
�� if Rint � Rext

�23�

r = Rint + x�1 − cot
�

2
−

�

2
�tan
�

2
�� if Rint � Rext
The first term in Eq. �21� can be calculated from
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�
V

1
�3

k�̄ f
nV0

r

�n

�� − ��ndV =	�0

D�
0

�−�
1
�3

k�̄ f
nV0

r

�n

�� − ��nw
r

sin
�

2
+

�

2
�d�dx

if Rint � Rext

�
0

D�
0

�−�
1
�3

k�̄ f
nV0

r

�n

�� − ��nw
r

sin
�

2
−

�

2
�d�dx

if Rint � Rext

�24�

=	
1

n + 1

k�̄ f
n

�3
V0�� − ��

wD

sin
�

2
+

�

2
� if Rint � Rext

1

n + 1

k�̄ f
n

�3
V0�� − ��

wD

sin
�

2
−

�

2
� if Rint � Rext


(a) (b)

Fig. 4 „a… ECAE die when Rint<Rext. „b… ECAE die when Rint<Rext.
In order to calculate the second term in Eq. �21�, the integral
as to be separated into three integrals: one for the entrance chan-
el, one for the intersection between both channels, and another
ne for the exit channel. The material in the entrance channel has
n equivalent stress constant and is equal to the yield stress ��y�
f the processed material. In the intersection between both chan-
els, the material is progressively deformed, and hence the
quivalent stress increases, following a Hollomon stress hardening
ule, which has been considered as the flow stress of the processed
aterials. It should be pointed out that this procedure is also ap-

licable in the case of considering different flow stress rules for
he processed materials. In the exit channel, the material has to
ave approximately the stress of the hardening material, that is,

f =k�̄ f
n, and hence the second term of Eq. �21� can be expressed

s

Sr

m
�̄

�3
�
v�ds = m�

Sentrance

�V

�3
V0dsentrance

+ m�
Sentrance

k� f
n

�3

�n

�� − ��nV0dsintersection

+ m�
Sexit

k� f
n

�3
V0dsexit �25�

In order to calculate the integrals contained in Eq. �25�, some
arameters have to be considered. In Figs. 6�a� and 6�b�, the pa-

ameters Lext, LRint

, LRext
, Lentrance, and Lexit are defined for both

ournal of Manufacturing Science and Engineering
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ECAE dies with Rext higher than Rint and ECAE dies with Rint
higher than Rext. In both cases, w is the width in the perpendicular
direction to the symmetry plane.

The parameter Lext can be expressed as a function of the width
of the channel �D� and the fillet radii �Rext� and �Rint� as Eq. �21�
shows,

Lext = D cot
�

2
+

�

2
� if Rint � Rext

�26�

Lext = D cot
�

2
−

�

2
� if Rint � Rext

By solving Eq. �25� for ECAE dies having Rint�Rext, Eq. �27�
is obtained, as shown in the Appendix,

=m
�y

�3
V0�2wLentrance + wD cot
�

2
+

�

2
� + 2DLentrance

+ D2 cot
�

2
+

�

2
�� + m

k� f
n

�3
V0�2wLexit + wD cot
�

2
+

�

2
�

+ 2DLexit + D2 cot
�

2
+

�

2
�� + m

1
�3

k� f
n

n + 1
V0w�Rint + Rext���

− �� + m
2
�3

k� f
n

n + 1
�� − ��V0
Rint + Rext

2
� D

sin
�
+

�� �27�
2 2
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By following the same procedure as before, the second term of
q. �21�, considering ECAE dies having Rint�Rext, can be calcu-

ated from

=m
�v

�3
V0�2wLentrance + wD cot
�

2
−

�

2
� + 2DLentrance

+ D2 cot
�

2
−

�

2
�� + m

k� f
n

�3
V0�2wLexit + wD cot
�

2
−

�

2
�

+ 2DLexit + D2 cot
�

2
−

�

2
��

(a)

Fig. 5 „a… Geometric parameters for determ
ECAE dies with Rint<Rext. „b… Geometric param
r and x in the ECAE dies with Rint>Rext.
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+ m
1
�3

k� f
n

n + 1
V0w�Rint + Rext��� − ��

+ m
2
�3

k� f
n

n + 1
�� − ��V0
Rint + Rext

2
� D

sin
�

2
−

�

2
� �28�

By using Eqs. �24�, �27�, and �28� in Eq. �21�, the required
force can be calculated for the ECAE process when strain hard-
ening materials are processed. This required force is shown by

(b)

ng the relationship between r and x in the
ers for determining the relationship between
F =
1
�3

�mean
�� − ��Dw

sin
�

2
+

�

2
� +

m
�3��y
2wLentrance + wD cot
�

2
+

�

2
� + 2DLentrance + D2 cot
�

2
+

�

2
��

+ � f
2wLexit + wD cot
�

2
+

�

2
� + 2DLexit + D2 cot
�

2
+

�

2
�� + �mean�Rint + Rext��� − ���w +

D

sin
�

2
+

�

2
��� if Rint � Rext

�29�

F =
1
�3

�mean
�� − ��Dw

sin
�

2
−

�

2
� +

m
�3��y
2wLentrance + wD cot
�

2
−

�

2
� + 2DLentrance + D2 cot
�

2
−

�

2
��

+ � f
2wLexit + wD cot
�

2
−

�

2
� + 2DLexit + D2 cot
�

2
−

�

2
�� + �mean�Rint + Rext��� − ���w +

D

sin
�

2
−

�

2
��� if Rint � Rext

here �y is the yield stress of the material, �mean is the mean stress for a Hollomon material that has been deformed and which has
eached an � f value of deformation, as shown by

�mean =
1

� f
�

0

�f

k�nd� =
1

n + 1
k� f

n �30�

nd � f is the yield stress of a Hollomon material that has accumulated a total deformation value of � f as can be observed in

� f = k� f� �31�
In extrusion processes, it is more usual to use the extrusion pressure instead of the extrusion force. So, from Eq. �29�, Eq. �32� can

e obtained,

� =
1
�3

�mean
�� − ��

sin
�

2
+

�

2
� +

m
�3��y
2

Lentrance

D
+ cot
�

2
+

�

2
� + 2

Lentrance

D

D

w
+

D

w
cot
�

2
+

�

2
��

+ � f
2
Lexit

D
+ cot
�

2
+

�

2
� + 2

Lexit

D

D

w
+

D

w
cot
�

2
+

�

2
�� + �mean
Rint

D
+

Rext

D
��� − ���1 +
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Fig. 6 „a… Geometric parameters for determining the contact area in ECAE dies with Rint<Rext. „b… Geometric parameters for
determining the contact area in ECAE dies with Rint>Rext.
It is clear that Lentrance and Lexit are related because as the ma-
erial disappears from the entrance channel, it appears at the exit
hannel. By considering the volume incompressibility of the ma-
erial, Eqs. �33� and �34� can be obtained. These equations give a
elationship for Lentrance and Lexit in both ECAE dies with Rint

Rext and Rint�Rext,
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here Linit is the length of the billet before the extrusion process.

428.18, n=0.1161, and m=0.125
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By using Eqs. �33� and �34� in Eq. �32�, the extrusion pressure can
be calculated as a function of the initial length of the part �Linit�,
the fillet radii �Rint ,Rext�, the cross section dimensions �D ,w�, and
the instant of the extrusion process, which is defined by the length
of the material at the entrance channel �Lentrance�, as Eq. �35�

shows,
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Discussion of Results
By using Eqs. �14� and �35�, the extrusion pressure can be

alculated. In Fig. 7, the force stroke of the ECAE process for an
CAE die geometry, which has Rint=0.5 mm, Rext=1.5 mm, D
10 mm, �=90 deg, w=10 mm, and a length of the part �Linit� of
0 mm, can be observed.

As can be observed, as the extrusion process is carried out, the
xtrusion pressure increases because of the increase of the friction
orce. As was previously mentioned, the contact pressure at the
xit channel is higher than that at the entrance channel as a con-
equence of the strain hardening behavior.

ig. 7 Stroke curve for an CEAE die having Rint=0.5 mm, Rext
1.5 mm, D=10 mm, �=90 deg, w=10 mm, Linit=80 mm, k
As the material passes from the entrance channel to the exit
channel, the contact pressure in the contact area between both the
die and the workpiece increases, and the higher the contact pres-
sure is, the higher the friction force, and the higher the friction
force, the higher the force required to perform the process.

As can be observed in Eq. �35�, the extrusion pressure depends
on the material properties ��y ,�mean,� f�, the die geometric prop-
erties �Rint /D�, �Rext /D�, �D /w�, and ���, the part dimensions
�Linit /D�, and the shear friction coefficient �m�.

From Eq. �35�, it can be shown that the higher the yield stress
of the processed materials and the higher the k and n values of the
Hollomon material model, the higher the extrusion pressure. In
this work, a 5083 aluminium alloy has been considered to obtain
the different response surfaces. The material flow stress for this
5083 aluminium alloy was determined in Ref. �12� and is shown
by.

�̄ = 428.18�̄0.1161 �36�

The friction coefficient �m� is a parameter that is difficult to
control. This means that it is impossible to fix it at a desired value.
From Eq. �35�, it can be stated that the higher the friction coeffi-
cient, the higher the required extrusion pressure. From Eq. �13�, it
is possible to see that an increase in the friction coefficient does
not increase the attained deformation. Therefore, the friction co-
efficient must be reduced as much as possible by using appropri-
ated lubricants at the interface between the die and the part, with
the aim of reducing the process force, which may cause the punch
to undergo buckling.
In Ref. �12�, a shear friction coefficient of approximately 0.125
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as obtained for an ECAE process by using MoS2 in spray as
ubricant and a 5083 aluminium alloy as the processed material.

In most of the ECAE die designs, when a rectangular cross
ection is considered, the relationship between D and w is the
nity, which means a square cross section. Hence, for all the re-
ponse surfaces shown in this work, the variable D /w is taken to
e equal to 1. Furthermore, it should be pointed out that Eq. �35�
llows us to estimate the required force when rectangular cross
ections are used, if needed.

In order to know the influence of the geometric parameters, the
ntervals of variation shown by Table 1 have been considered.
ypical values for ECAE dies are D=10 mm, �=90 deg and the
art length Linit=80 mm. These intervals have been chosen so that
he most commonly used values are located in the middle of the
nterval.

The response surfaces are plotted in order to show how the
xtrusion pressure changes when two variables change, while the
thers are fixed at the average value of the interval.

As the extrusion pressure increases during the process, the ex-
rusion pressure in the middle of the stroke will be used in order to
ompare the extrusion pressure when different ECAE die geom-
tries are used.

As Fig. 8 shows, the higher the external radius �Rext /D�, the
ower the extrusion pressure. As demonstrated in Ref. �6�, by us-
ng Eq. �13�, the higher the external radius, the lower the imparted
eformation ��̄ f�. As the first term of Eq. �35� is related to the
ower employed in deforming the material, this term decreases
ue to the decrease of the deformation.

Also, �mean and � f decrease due to the decrease of the imparted
eformation. This decrease reduces the second term of Eq. �35�.
herefore, when the imparted deformation is reduced, both terms
f Eq. �35� are decreased, and so is the extrusion force.

Table 1 Selected intervals for the variables in the ECAE dies

80 deg���100 deg

6 �
Linit

D
� 10

0 �
Rint

D
� 0.5

0 �
Rext

D
� 0.5

ig. 8 Response surface of the extrusion pressure „�… when
init /D and Rext /D vary and Rint /D=0.25, �=90 deg, and w /D

1
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In Fig. 8, it can be observed that as the length of the billet
�Linit /D� increases, the extrusion pressure increases. The second
term of Eq. �35� is related to the power wasted in overcoming the
friction force. The higher the part length �Linit /D�, the higher the
interface surface between both the workpiece and the die, and
hence the higher the friction force. Therefore, as the length of the
part increases, the second term of Eq. �35� increases because of
the increase in the friction force and hence the necessary pressure
to develop the process increases.

It can be stated that there is no interaction between �Rext /D�
and �Linit /D� because of the shape of the response surface; that is
to say, the variation of one of the variables does not depend on the
value of the other.

As can be observed in Fig. 9, the higher the length of the part
�Linit /D�, the higher the extrusion pressure. As was previously
mentioned, this is related to the increase of the interface surface
and the increase in the friction force. This increase on the friction
force increases the required force in the punch to carry out the
process.

When the internal radius �Rint /D� increases, the required pres-
sure on the punch increases. As can be deduced by using Eq. �13�,
the attained strain ��̄ f� increases when the internal radius �Rint /D�
increases. As was previously mentioned, when the attained strain
increases, both terms of Eq. �35� increase. The first term of Eq.
�35� increases because it is related to the deformation energy, and
as the material reaches higher strain values, the power required
increases. The second term of this equation increases because
�mean and � f increase when the imparted deformation to the ma-
terial increases. These increases entail higher extrusion pressure,
as can be observed in Fig. 9. It can be affirmed from Fig. 9 that no
interaction exists between variables Linit /D and Rint /D.

It can be observed in Fig. 10 that an increase in the length of

Fig. 9 Response surface of the extrusion pressure „�… when
Linit /D and Rint /D vary with Rext /D=0.25, �=90 deg, and w /D
=1

Fig. 10 Response surface of the extrusion pressure „�… when

Linit /D and � vary with Rext /D=0.25, Rint /D=0.25, and w /D=1
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he billet increases the required pressure to perform the process as
consequence of the increase in the friction force.
From Fig. 10 it can also be stated that the lower the intersection

ngle ���, the higher the required extrusion pressure. As can be
educed from Eq. �13�, the lower the intersection angle ���, the
igher the attained strain ��̄ f�. This increase in the attained strain
ncreases both terms of Eq. �35�. The first term of Eq. �35� in-
reases because it is directly linked to the deformation energy, and
he second term increases because �mean and � f increase since
hey depend on the material properties and on the reached strain.
he higher the reached strain the higher �mean and � f, and hence,
decrease on the intersection ��� angle makes the required force

ncrease.
It can also be stated by observing Fig. 10, that there is no

nteraction between Linit /D and �.
As can be observed in Fig. 11, as the intersection ��� angle

ecreases or the internal radius �Rint /D� increases, the extrusion
ressure increases. As was previously mentioned, as the internal
adius �Rint /D� increases or the intersection angle ��� decreases,
he achieved deformation ��̄ f� increases.

The increase in the achieved strain is a consequence of the
ncrease of both terms of Eq. �35�. The first term increases be-
ause it is linked to the energy wasted in deforming the material,
nd more deformation requires more power. The second term in-
reases because of the increase of �mean and � f. So, as the material
ardens because of the increase of strain, the contact pressure also
ncreases, and so does the friction force; hence, the extrusion pres-
ure has to be higher. As can be observed, due to the shape of Fig.
1, no interaction between the intersection ��� angle and the in-
ernal radius �Rint /D� is observed. This means that a variation on
he intersection ��� angle does not change the tendency of the
nternal radius �Rint /D� and vice versa.

When both the intersection ��� angle or the external radius
Rext /D� decrease, the extrusion pressure increases, as can be ob-
erved in Fig. 12. This behavior of the extrusion pressure can be
xplained from the increase of the attained strain ��̄ f� that the
aterial accumulates when it is processed by using a die geometry
ith either a smaller intersection angle or a smaller external ra-
ius.

As can be deduced from Eq. �13�, a decrease in both the inter-
ection ��� angle or the external radius �Rext /D� increases the
eached strain ��̄ f�, and this increases both terms of Eq. �35�. As
an be observed from Fig. 12, a very slight interaction between
he intersection ��� angle and the external radius �Rext /D� does
xist.

When either the internal radius �Rint /D� increases or the exter-
al radius �Rext /D� decreases, the extrusion pressure increases.

ig. 11 Response surface of the extrusion pressure „�… when
and Rint /D vary with Rext /D=0.25, Linit /D=8, and w /D=1
his can also be explained from the increase of strain imparted to
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the material ��̄ f� when a die geometry with either higher internal
radius �Rint /D� or lower external radius �Rext /D� is used.

As can be deduced from Eq. �13�, the imparted strain ��̄ f� in-
creases when either the internal radius �Rint /D� increases or the
external radius �Rext /D� decreases. This increase in the attained
strain ��̄ f� entails an increment in both terms of Eq. �35�, and
hence leads to an increase in the required pressure to perform the
process.

As can be observed from Fig. 13, no interaction between the
internal radius �Rint /D� and the external radius �Rext /D� exists. In
order to see the results more clearly and in a compact way, a
summary from all of these results is presented in Table 2.

5 Conclusions
In this work, an analytical formula considering all the geomet-

ric parameters has been obtained in order to calculate the required
force for performing the ECAE process. This study has been made
for the first time by considering both a three-dimensional ECAE

Fig. 12 Response surface of the extrusion pressure „�… when
� and Rext /D vary with Rint /D=0.25, Linit /D=8, and w /D=1

Fig. 13 Response surface of the extrusion pressure „�… when
Rint /D and Rext /D vary with �=90 deg, Linit /D=8, and w /D=1

Table 2 Summary table

� ↑ � ↓ �̄ f ↓

Linit

D

↑ � ↑ �̄ f 


Rint

D

↑ � ↑ �̄ f ↑

Rext

D

↑ � ↓ �̄ f ↓

m ↑ � ↑ �̄ f 
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ie geometry and strain hardening materials. Therefore, with this
ork a precise formula for the ECAE process has been obtained.
Since the main aim of the ECAE process is to impart severe

lastic deformation to the processed materials, the variables
hould be chosen in order to obtain higher deformation values.
evertheless, it is also important to reduce the necessary force.
Taking these considerations into account, it can be stated that

he friction coefficient should be reduced as much as possible by
sing appropriate lubricants since it increases the required force
nd does not improve the obtained strain.

Normally, when the process is going to be carried out, a volume
f the material is required to be processed so D and Linit are fixed.
t is useful to calculate the required pressure for processing the
aterial in order to determine if the punch is going to undergo

uckling or not. There are two possible limitations on the length
Grained Materials,” Scr. Mater., 35, pp. 143–146.

ournal of Manufacturing Science and Engineering
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of the billet �Linit�: One is the pressure that the press can develop,
and the other is the length of the billet which, in combination with
the extrusion pressure, does not produce buckling on the punch.
Nevertheless, to optimize the die shape, the main influencing de-
sign variables are ���, �Rint /D�, and �Rext /D�. As shown in this
paper, changes in these variables, which increase the reached
strain, increases the required force, and hence a compromise so-
lution should be reached.
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ppendix: Development of Eq. (27)
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