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Abstract: In the paper the stability of non-wandering operator on recurrent set is studied. By
using the method of functional analysis, a sufficient condition for being non-wandering opera-
tor on recurrent set is given. Meanwhile, it is proved that invertible non-wandering operator on
recurrent set is structural stable.
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1 Introduction

It is well known that linear operators in finite-dimensional linear spaces can’t be chaotic but the nonlinear op-
erator may be. Only in infinite-dimensional linear spaces can linear operators have chaotic properties. This
has attracted wide attention (see [1-6]). Non-wandering operators are new linear chaotic operators. They are
relative to hypercyclic operators, but different from the later(see [5]). Some hypercyclic operators are not
non-wandering operators (see [5] Remark 3.5 (2)). There also exists a non-wandering operator, which does
not belong to hypercyclic operators(see [5], Remark 3.5 (3)). Hence they are different operators. Suppose
that bounded linear operator T is invertible. If T is a hypercyclic operator, then σ(T )

⋂
∂D 6= ∅ (see [8],

Remark 4.3 (2)); if T is a non-wandering operator, then σ(T )
⋂

∂D = ∅ where ∂D is unit circle (see [5],
Theorem 4.2). When linear operator is not invertible, there exist operators being not only non-wandering
operator but also hypercyclic operator. In recent years, the study of non-wandering operators has got a
rapid progress. Jiangbo Zhou, etc discussed the hereditayily hypercyclic decomposition of non-wandering
operators in infinite dimensional Frechet space (see [7]); Xun Liu, etc discussed non-wandering semigroup
(see [8]); Shaoguang Shi, etc obtained the invariance of non-wandering operator under small perturbation
(see[9]) and Lihong Ren, etc studied n-multiple non-wandering operator (see [10]).

The paper is organized as follows. In Section 2, the basic notations and definitions are listed. Then in
Section 3, some properties about recurrent set is shown. And a sufficient condition for being non-wandering
operator on recurrent set is given. Meanwhile, it is proved that invertible non-wandering operator on recur-
rent set is structural stable.

2 Basic notation and definitions

Let (X, ‖·‖) be an infinite dimensional separable Banach space on real number field or complex number
field K. Let L(X) be the set of all bounded linear operators over X . N, Z,Q, R and C will be referred to
as the sets of positive integers, rational numbers, and the real and complex scalar fields, respectively.

We introduce the following notations. For y ∈ X , Let (X, ‖ · ‖) be an infinite dimensional separable
Banach space on real number field or complex number field K.

We introduce the following notations. For y ∈ X , let
W u

η (y) = {x ∈ X|‖T k(y − x)‖ > η, (k = 0, 1, 2, · · · ) lim
k→+∞

‖T−k(y − x)‖ = 0}
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W s
η (y) = {x ∈ X|‖T k(y − x)‖ < η, (k = 0, 1, 2, · · · ) lim

k→+∞
‖T k(y − x)‖ = 0}

W u(y) = {x ∈ X| lim
k→+∞

‖T−k(y − x)‖ = 0},W s(y) = {x ∈ X| lim
k→+∞

‖T k(y − x)‖ = 0}
W u(E) = {x ∈ X| lim inf

k→+∞
‖T−k(y − x)‖ = 0, x ∈ E}

W s(E) = {x ∈ X| lim inf
k→+∞

‖T k(y − x)‖ = 0, x ∈ E}.

Definition 1 Suppose T ∈ L(X). T is a linear chaotic operator or a linear chaotic map if it satisfies the
following two conditions:
(1) T is topologically transitive, i.e., T has a dense orbit in X .
(2) The set of periodic points Per(T ) for T is dense in X .

Definition 2 (see [5]).Let (X, ‖·‖) be an infinite dimensional separable Banach space.Suppose T ∈ L(X).
Then T is called to be a non-wandering operator relative to E if it satisfies:
(1) There exists a closed subspace E ⊂ X , which has hyperbolic structure: E = Eu

⊕
Es,TEu =

Eu,TEs = Es, where Eu, Es are closed subspaces. In addition, there exist constants τ(0 < τ < 1) and
C > 1, such that ‖T kξ‖ ≥ Cτ−k‖ξ‖, for any ξ ∈ Eu, k ∈ N ; ‖T kη‖ ≤ Cτk‖η‖, for any ξ ∈ Es, k ∈ N ;
(2) Per(T ) is dense in E.

Remark 1 (1) T may be invertible or not. When T is invertible, the spectral property of non-wandering
operators is different from that of hypercyclic operators(see [5] Theorem 4.2). But when T is not invertible,
the case is much complicated.
(2) If T is a non-wandering operator, then Per(T ) ∩ E = ∅.(see [8] Remark 2.6).

Definition 3 (see[5]). Let E ⊂ X be a closed linear subspace of T . If there exist countable closed invariant
subsets E1, E2, · · · , En, · · · (any two of them are never intersected) such that E = ∪∞i=1Ei. And for
arbitrary nonempty open subsets U, V ⊂ Ei, there exists n ∈ N , such that TnU

⋂
V 6= ∅. Then it is called

the spectra decomposition of T for E, and E1, E2, · · · , En, · · · are called basic sets.

Definition 4 Let T be a non-wandering operator relative to closed subspace E ⊂ X . Suppose that {xi}b
i=a

is a sequence in E and α > 0. If for each i = a, · · · , b − 1 (a = −∞ or b = +∞ is also allowed), we
have ‖Txi− xi+1‖ < α, then {xi}b

i=a is supposed to be a α−pseudo orbit of T . For a given β > 0, if there
is y ∈ E such that ‖T iy − Xi‖ < β for each i = a, · · · , b, then we say that the α−pseudo orbit is β−
traced by the orbit sending from y. T is called the pseudo orbit tracing property, if for each β > 0, there is
α = α(β) > 0 such that each α−pseudo orbit of can be β−traced by some point in E.

Definition 5 Let Ei(T )(i = 1, 2, · · · ) be the basic sets of T for E(T ), we define the relationship ” Â ” as
follows:Ei Â Ej ⇐⇒ (W u(Ei \ Ej)) ∩ (W s(Ej \ Ej). Moreover, Ei(T ) is called no-cycle if there aren’t
distinct indices such that Ei1 Â Ei2 Â · · · Â Eir ÂÂ · · · Â Ei1 .

Remark 2 If i 6= j, then W u(Ei)
⋂

Ej = ∅, Ei
⋂

W s(Ej) = ∅. If we define the relation ”B” : EiBEj ⇔
W u(Ei

⋂
W s(Ej)) 6= ∅, then the no-cycle condition in Def. 2.5 turns to:

(a) There aren’t distinct indices i1, i2, · · · , ir, · · · such that Ei1 B Ei2 B · · ·B Eir B · · ·Ei1

(b) W u(Ei)
⋂

W s(Ei) = Ei(i = 1, 2, · · · ).

Definition 6 Let (X, ‖ · ‖) be an infinite dimensional separable Banach space. Suppose T ∈ L(X). Point
x is called recurrent point, if for ∀ε > 0, there exists periodic α−pseudo orbit by point x. The set of all
recurrent points of T is called recurrent set of T , denoted by R(T ).

Definition 7 Let (X, ‖ · ‖) be an infinite dimensional separable Banach space. Suppose T1, T2 ∈ L(X). If
there exists a homeomorphism ϕ : R(T1) → R(T2), such that ϕ ◦ T1|R(T1 = T2 ◦ ϕ), then T1 is called
R−conjugate to T2.

Definition 8 Let (X, ‖ · ‖) be an infinite dimensional separable Banach space. Suppose T ∈ L(X). T is
called R−stable, if for ∀ε > 0, there exists a neighborhood Bε(T ) of T , such that for any S ∈ Bε(T ), T
and S is R−conjugate.
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Definition 9 Let Λ is the set of all non-empty closed subset on X . We define Hausdorff distance as follows:
D(A,B) = sup

x∈X
|d(x,A)− d(x,B)|, here d(x,A) = inf

y∈A
‖x− y‖.

3 Non-wandering operator on recurrent set and stability

3.1 properties about recurrent set

Proposition 3 The sufficient and necessary condition of x ∈ R(T ) is that for ∀δ > 0, there exists periodic
δ−pseudo orbit of T in the δ−ball field of x.

Proof. The necessary is obvious. Then we will proof the sufficiency.
For ∀ε > 0, set 0 < δ < ε

3 such that p, q ∈ X, ‖p − q‖ < δ ⇒ ‖Tp − Tq‖ < ε
3 . Let {xi}∞−∞ is the

periodic δ−pseudo orbit which satisfies ‖x0 − x‖ < δ and its period is n. Set x
′
i = x, i = kn, orx

′
i = xi.

Next we will proof {x′i}∞−∞ is the periodic ε−pseudo orbit by point x, and its period is n.
There are two cases as follows:
(a)n = 1. Then xk = x0,∀k ∈ Z. Thus

‖x0 − x‖ < δ < ε
3 ,‖Tx0 − x0‖ < δ < ε

3 ,‖Tx− Tx0‖ < δ < ε
3 ,

So
‖Tx

′
0 − x

′
0‖ = ‖Tx− x‖ ≤ ‖Tx0 − Tx‖+ ‖Tx0 − x0‖+ ‖x0 − x‖ < ε.

(b)n > 1.Then
‖x0 − x‖ < δ < ε

3 ,‖Tx− Tx0‖ < ε
3 ,

‖Tx
′
0 − x

′
1‖ ≤ ‖Tx− Tx0‖+ ‖Tx0 − x1‖ < ε

3+δ < ε,
‖Tx

′
n−1 − x

′
n‖ = ‖Txn−1 − x‖ ≤ ‖Txn−1 − x0‖+ ‖x0 − x‖ < δ + δ < ε.

For two cases, we all proof: {x′i}∞−∞ is the periodic ε−pseudo orbit by point x.

Proposition 4 R(T ) is closed set.

Proof. Let x ∈ R(T ). Then there exists periodic ε−pseudo orbit of T in the ε−ball field of x. From
Proposition 3.1, we know x ∈ R(T ).

Proposition 5 Let T is invertible, then R(T ) is invariant set of T .

Proof. For ∀ε > 0, set δ > 0, such that p, q ∈ X, ‖p−q‖ < δ ⇒ ‖Tp−Tq‖ < ε. Let x ∈ R(T ). Then there
exists periodic δ−pseudo orbit {xi}∞−∞ by point x. Since ‖Txi − xi+1‖ < δ ⇒ ‖T (Txi) − Txi+1‖ < ε,
we have {Tx

′
i}∞−∞ is periodic ε−pseudo orbit by point Tx. So T (R(T )) ⊂ R(T ). On the other hand, we

have T−1(R(T )) = T−1(R(T−1)) ⊂ R(T−1) = R(T ). Therefore T (R(T )) = R(T ).

3.2 Non-wandering operator on recurrent set

Lemma 6 (see[11] Theorem 3.4) Let T be an invertible non-wandering operator relative to closed subspace
E ⊂ X , then T has pseudo orbit tracing property.

Remark 7 The proof of this lemmas is not relative to the second condition of non-wandering operator–”
Per(T ) is dense in E”, so we can use this lemmas here.

Lemma 8 Let T is invertible, then for any x ∈ R(T ), there exists periodic pseudo orbit {xi} by this point,
and xi ∈ R(T ).

Proof. Let x0 ∈ R(T ). Since R(T ) is invariant set, T (x0) ∈ T (R(T )) = R(T ). From Proposition 3.1,we
know: for ∀ε > 0, there exists x1 ∈ U(T (x0, ε)) such that ‖T (x0) − x1‖ < ε. For x1, we also have
x1 ∈ R(T ), thus there exists x2 ∈ U(T (x1, ε)) such that ‖T (x1) − x2‖ < ε. Using the same method, we
can get {xi}∞0 . Now we will proof {xi}∞0 is convergent.

In fact, since T is bounded, we only consider ‖T‖ < 1. From above, we know ‖Txi−1 − xi‖ < ε, (i =
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1, 2, · · · ). Thus
‖Tnx0 − xn‖ < (1 + ‖T‖+ · · ·+ ‖T‖n−1)ε, (n = 1, 2, · · · ).

So for N large enough , when n > m > N , we have
‖xn − xm‖ < (1 + ‖T‖+ · · ·+ ‖T‖n + 1 + ‖T‖+ · · ·+ ‖T‖m)ε + ‖T‖m‖Tn−mx0 − x0‖.

For the first part, when N is large enough,
1 + ‖T‖+ · · ·+ ‖T‖n + 1 + ‖T‖+ · · ·+ ‖T‖m ≤ M1.

For the second part, when N is large enough,
‖T‖m < ε, ‖Tn−mx0 − x0‖ ≤ M2.

Hence
‖xn − xm‖ < (M1 + M2)ε.

Set η = (M1 + M2)ε. Then there exists N , when n > m > N , ‖xn − xm‖ < η holds. Therefore
{xi}∞0 is convergent. Since R(T ) is closed, there exists x∗ ∈ R(T ) such that xn → x∗. For ε above, there
exists N , when n ≥ N , ‖xn − x∗‖ < ε

‖T‖ holds. Particularly, set n = N , we have
‖TxN − Tx∗‖ ≤ ‖T‖‖xN − x∗‖ < ε.

For point x0, Tx∗, from the closed invariant property of R(T ), there exists an orbit which approaches
this two point. Thus there exists y ∈ R(T ), s, t ∈ N, (s < t), such that

‖T sy − x0‖ < ε , ‖T ty − Tx∗‖ < ε
‖T‖ .

So the periodic ε−pseudo orbit from x0, x1, · · · , xN , Tx∗, T t+1y, · · · , T s+1y passes by point x0.

Theorem 9 Let T has hyperbolic structure on R(T ), then Per(T ) = Ω(T ) = R(T ), therefore T is a
non-wandering operator on R(T ).

Proof. For any x ∈ R(T ), from Lemma 3.2 : there exists periodic α−pseudo orbit {xi} ⊂ R(T ) by point
x, and let its period is m. Besides, from Lemma 3.1, there exists orbit {f iy}∞i=0 by point y β−traced {xi}.
Then

‖T iTmy − T iy‖ ≤ ‖T i+my − xi+m‖+ ‖xi − T iy‖ ≤ 2β, ∀i ∈ Z.
And we let β is small enough, then Tmy = y, that is to say y ∈ Per(T ). Hence for any x ∈ R(T ) and

β small enough , there exists y ∈ Per(T ) such that ‖x− y‖ < β. Therefore we proof Per(T ) = R(T ), so
T is a non-wandering operator on R(T ).

Lemma 10 Let (X, ‖ · ‖) be an infinite dimensional separable Banach space. Suppose T ∈ L(X) satisfies
Axiom A[12], Ωi is a basic set of T , y, z ∈ Ωi, ζ > 0 is a given real number. Then there exists periodic
point p ∈ Ωi of T and k ∈ N such that ‖p− y‖ < ζ, ‖T kp− z‖ < ζ.

Proof. Let orbit sending from the point x ∈ Ωi is dense in Ωi. Then there exists m,n ∈ Z such that
‖Tmx− y‖ < ζ

2 ,‖Tnx− z‖ < ζ
2 .

Besides since periodic point is also dense in Ωi, there exists periodic point p ∈ Ωi of T such that
p ∈ B(Tmx, ζ2)

⋂
T−(n−m)B(Tnx, ζ2).

Let period of p is h and k ∈ N . Set k = n −m. Then ‖p − Tmx‖ < ζ
2 ,‖T kp − Tnx‖ < ζ

2 . Therefore
‖p− y‖ < ζ, ‖T kp− z‖ < ζ.

Theorem 11 Let T has hyperbolic structure on R(T ), then Ω(T ) = R(T ) satisfies no-cycle condition.

Proof. Let there exists cycle of basic sets Ω(T ) = R(T ) = ∪∞i=1Ωi: Ω1 Â Ω2 Â · · · Â Ωr Â Ωr+1 Â
· · · Â Ω∞ = Ω1. Then we have

qi ∈ W u(Ωi) ∩W s(Ωi+1), (i = 1, 2, 3, · · · ).
Thus for any ε > 0, there exists large enough m ∈ N such that

d(T−mqi,Ωi) < ε
2 ,d(Tmqi,Ωi+1) < ε

2 ,(i = 1, 2, 3, · · · ).
From Lemma 3.3 : there exists pi ∈ Ωi and ki ∈ N such that

‖pi − Tmqi−1‖ < ε
2 ,(i = 2, 3, 4, · · · ) (∗), ‖T kipi − T−mqi‖ < ε

2 ,(i = 1, 2, 3, · · · ).
On the other hand, let Ω∗n = ∪∞i=nΩi, then lim

n→∞∪
∞
i=nΩi = Ω∞ = Ω1. Thus for ε > 0 above, exists

N , when n > N , D(Ω∗n,Ω1) < ε
2 holds. Particularly, set n = N + 1, we have D(Ω∗N+1,Ω1) < ε

2 . And set
i = N + 1 in (∗), we get ‖pN+1 − TmqN‖ < ε

2 .
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For pN+1 ∈ Ω∗N+1, since D(Ω∗N+1,Ω1) < ε
2 , we can find x∗ in Ω1 such that ‖pN+1 − x∗‖ < ε

2 . Hence
‖TmqN − x∗‖ ≤ ‖TmqN − pN+1‖+ ‖pN+1 − x∗‖ < ε.

And since Ω1 is invariant set, for q1 ∈ Ω1, then T jq1 ∈ Ω1, (j ∈ Z). Let orbit sending from the point
y ∈ Ωi is dense in Ωi, then there exists s, t ∈ N, (s < t) such that

‖T sy − x∗‖ < ε
‖T‖ , ‖T ty − T−mq1‖ < ε.

Therefore we get a periodic pseudo orbit from following points:
x∗, T s+1y, T s+2y, · · · , T t−1y, T−mq1, · · · , q1, · · · , Tmq1; p2, · · · , T k2p2;T−mq2, · · · , q2, · · · , Tmq2;
· · · · · · ; pN , · · · , T kN pN ;T−mqN , · · · , qN , · · · , Tm−1qN .
Since N can be large enough, so for any ε > 0 and all N , there exists periodic pseudo orbit by point qi,

that is to say, qi ∈ R(T ) = Ω(T ), (i = 1, 2, 3, · · · ), but this is contradictive to the choosing method of qi,
so we can get the conclusion.
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