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1. Introduction

The fact that solutions of dynamic equations on time scales depend continuously on time scales is a problem that has
been investigated by several researchers. See [1,5,10], for instance. In these papers, the authors prove that the sequence
of solutions of the problem

{XA(f) =fx,1), teTy, 1)
X(to) = Xo, to € Ty .
converges uniformly to the solution of the problem
A — T
(€O =len, teT. 12)
X(to) = Xp, to S T,

whenever d(T,, T) — 0 as n — oo, where d(T,, T) denotes the Hausdorff metric or the induced metric from the Fell topology.
To obtain such results, the following conditions on the function f are usually assumed:
e There exists a constant M > 0 such that ||f(x,t)|| <M for every x in a certain subset of the phase space and every
t € [to, to + Ny
e There exists a constant L > 0 such that ||f(x,t) — f(y,t)|| < L||x — y|| for every x and y in a certain subset of the phase space
and every t € [to, to + H]-

Here, our goal is to investigate the behavior of solutions of the same initial value problems over different time scales for
impulsive functional dynamic equations; that is, we prove that, under certain conditions, the sequence of solutions of the
system
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X(t) = X(to) + [y F(Xs,$)As + Y L(X(te)), t€ [to,to+H]y,,
ke{l....m}, (-1 3)
rk<r .
x(t) = ¢(t), telto—r,to),
converges uniformly to the solution of the problem
x(t) = x(to) + ffof(xs,s)As + > L(X(t)), t € to,to + 1y,
kef{1...,m}, (‘1 4)
tp<t .
X(t) = ¢(t), te [tg T, toh,
whenever d(T,, T) — 0 as n — co. Here, d(T,, T) denotes the Hausdorff metric. Our results apply to the Fell topology as well.
We also consider the following conditions on the function f:
e There exists a constant M > 0 such that
If(xe. O)| <M

for all t € [to, to + 1]y and all x in a certain subset of the phase space.
e There exists a constant L > 0 such that

/u "% t) — Fly )dg(0)]| < L / e — il dg(t

for all uy, uy € [to, to + 1]y and all x,y in a certain subset of the phase space.

Here, we consider the integral in the sense of Henstock-Kurzweil which is known to integrate highly oscillating functions
(see [9], for instance). Thus, the second condition on the indefinite integral of f allows the function f to behave “badly”, e.g., f
may have many discontinuities or be of unbounded variation, and yet good results can be obtained, as long as its indefinite
behaves well enough. Alternatively, one could consider the Riemann or Lebesgue integral.

In order to obtain the continuous dependence result for impulsive functional dynamic equations on time scales involving
variable time scales with these conditions, we use a known correspondence between the solutions of impulsive functional
dynamic equations on time scales and the solutions of impulsive measure functional differential equations. We also use a
correspondence between these solutions and the solutions of measure functional differential equations. For details about
these correspondences, see [7].

Further, in order to ensure the convergence of solutions, we suppose some convergence over a operator sequence defined
in Section 3. This hypothesis cannot be suppressed as shown by Examples 5.1 and 5.2 in Section 5.

2. Impulsive measure functional differential equations
Let r, > 0 be given numbers and t, € R. The theory of functional differential equations (see e.g., [8]) deals with problems as
X =f(x,t), te]to,to+1], (2.1

where f: Q x [to,to + 1] — R", Q C C([-1,0],R") and x; is given by x,(0) = x(t + 0),0 € [-r,0], for every t € [to,to + 1]. The
integral form of (2.1) is given by

x(t) = x(to) + /tf(xs,s) ds, te[to,to+1],

where the integral is in the sense of Henstock-Kurzweil.
The theory of measure functional differential equations deals with problems as

Dx :f(xh t)ng

where Dx and Dg denote the distributional derivatives in the sense of L. Schwartz of the functions x and g, respectively. The
integral form is given by

x(t) = x(to) + ttf(xs,S)dg(S), t € [to, to + 1], (2.2)

where we consider the integral on the right-hand side to be Henstock-Kurzweil-Stieltjes (we write H-K-S, for short) inte-
grable with respect to a nondecreasing function g. See [6,7].

We assume that g is a left-continuous and nondecreasing function and consider the possibility of adding impulses at pre-
assigned times ty,...,t,, wWhere to <t; <--- < tm < to +#. For every k € {1,...,m}, the impulse at ¢, is described by the
operator I : R" — R". In other words, the solution x should satisfy A™x(ty) = I (x(tr)), where A*x(t;) = x(ty+) — x(tx) and
X(tg+) = lim,_, x(t). This leads us to the problem
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x(v) —x(u) = [ f(x,5)dg(s), whenever u, v € J, for some k € {0,...,m},
ATX(te) = Ik(x(t)), ke {1,...,m}, (23)
Xto = ¢7
where J, = [to, t1],Ji = (tk, tiya] for ke {1,...,m — 1}, and J,, = (tm, to + 7).
The value of the integral [ f(x;,s)dg(s), where u, v € J,, does not change if we replace g by a function g such thatg — gisa
constant function on J,. This follows easily from the definition of the H-K-S integral (see [12], for instance). Thus, without loss

of generality, we can assume that g is such that A*g(t;) = 0 for every k € {1,...,m}. Since g is a left-continuous function, it
follows that g is continuous at ty,..., t,. Under this assumption, our problem (2.3) can be rewritten as

X(t) = X(to) + [;, F(%,5)dg(s) + Y I(x(te)), t € [to,to+ 1),
kef1....m}, (2 4)
tk<f .
Xty = .
Alternatively, the sum on the right-hand side of (2.4) can be written in the form

m

Te(x(t) = D _Ie(X(tx))He, (1),
ke{l,...m}, (=
ty <t

where H, denotes the Heaviside function of (v, ) given by

0 for t < v,
H(0) = { 1fort> v. (23)
Thus, (2.4) becomes
X(0) = x(t0) + [1 fx:,5)dg(s) + S Le(x(t0))Hy (€), € € [to, o + 1), 26
k=1 .

Xty = .
Now, we will define regulated functions, since they are a good framework for dealing with equations having discontin-
uous right-hand sides. A function f : [a,b] — X, where X is a Banach space, is called regulated, if the lateral limits

}irtr}f(s) =f(t-)eX, te(ab], and sliIBf(s) =f(t+)eX, telab)

exist. The space of all regulated functions f : [a, b] — X will be denoted by G([a, b], X) and it is a Banach space under the usual
supremum norm ||f||. = sup,..,|lf(t)||. The subspace of all continuous functions f : [a, b] — X will be denoted by C([a, b], X).

The following theorem represents an analogue of Gronwall’s inequality for the H-K-S integral. A proof of it can be found in
[[15], Corollary 1.43]. This result and the next one will be essentials to prove our auxiliary results.

Theorem 2.1. Let h: [a,b] — [0,0) be a nondecreasing left-continuous function, k > 0,1 > 0. Assume that : [a,b] — [0, 00) is
bounded and satisfies

W <k+1 [ ymdn@, ceiab,

Then (&) < ke'™ " for every ¢ € [a, bl.
For a proof of the next result, see [15, Corollary 1.34]. The inequality below follows directly from the definition of the H-K-
S integral.

Theorem 2.2. Iff : [a,b] — R" is a regulated function and g : [a,b] — R s a nondecreasing function, then the integral ff f dg exists
and

b
/ﬂ £(5)dg(s)| < IIf]l.(g(b) — g(a)).

3. Dynamic equations on time scales

In this section, we present some basic concepts about the theory of dynamic equations on time scales. For more details
about it, the reader may consult [2,3,14].

A time scale is a closed and nonempty subset of R. Throughout this paper, we will denote it by T. For every t € T, we
define the forward and backward jump operators @, p : T — T, respectively, by
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o(t)=inf{seT:s>t} and p(t)=sup{seT:s<t}.

In this definition, we use the conventions inf() = sup T and sup® = inf T. If o(t) > t, then we say that t is right-scattered.
Otherwise, ¢ is called right-dense. Analogously, if p(t) < t, then ¢ is called left-scattered whereas if p(t) =t, then t is called
left-dense. We also define the graininess function p: T — R* by

u(t)=o(t) —t.

Given a pair of numbers a,be T, the symbol [a,b]; will be used to denote a closed interval in T, that is,
la,bl; ={teT:a<t<b}. On the other hand, [a,b] is the usual closed interval on the real line, that is,
la,b] = {t € R:a < t < b}. We define the set T* which is derived from T as follows: If T has a left-scattered maximum m,
then T = T — {m}. Otherwise, T" = T.

Definition 3.1. For f : T — R and t € T*, we define the delta-derivative of f to be the number (if it exists) with the following
property: given ¢ > 0, there exists a neighborhood U of t such that

[f(a(t)) = f(t) = fA(t)[o(t) —s]| < ela(t) —s| forall seU.
We say 6 = (;,0g) is a A-gauge for [a,b]; provided 6.(t) >0 on (a,b];,dk(t) >0 on ([a,b);,d.(a) = 0,6r(b) = 0, and
Or(t) = wu(t) for all (t € [a,b);. A partition P for [a, b]; is a division of [a, b],; denoted by
P={a=to <& <t < .St <& <t=Db},
with t; > t;_; for 1 <i< nandt;,¢& € T. We call the points ¢; tag points and the points t; end points. If ¢ is a A-gauge for [a, b,
then we say a partition P is 5-fine if
&G—oug) <t <t <&G+0(E) for 1<i<n

In what follows, we give a definition of Henstock-Kurzweil delta integrable functions.

Definition 3.2. A function f : [a,b]; — R is called Henstock-Kurzweil delta integrable on [a,b]; with value [ = HK .]f f(OAt
provided given any ¢ > 0, there exists a A-gauge ¢ for [a, b]; such that

n

1= f(&)(ti—tiq)

i=1

<é

for all o-fine partitions P of [a, b];.
Now, we present some definitions which will be essential to our purposes. They were introduced in [16] and here, we use
the same notation as in [11]: Let

ot)=inf{seT:s>t} for teR.
It is clear that 6 (t) can be different from o(t) depending on T. Since T is a closed set, we have G(t) € T. Further, let
T = {(—oo,supT] if supT < oo,
" (—o0,0) otherwise.

Given a function f : T — R", we consider its extension f° : T* — R" given by

fry=f), teT.

4. Impulsive measure functional differential equations and impulsive functional dynamic equations on time scales

It is a known fact that there exists a correspondence between impulsive measure functional differential equations and
impulsive functional dynamic equation on time scales (see [7]).
An impulsive functional dynamic equation on time scales can be described by the system

XA(t) :f(X{T,t), te [f07[’0+1’[h\{t1,...,tm},

A+X(tk) = L (x(ty)), ke {1,...,m}, (4.1)
X(t) = ¢(t), te [to T, toh,
where tq,...,tn, € T are points of impulses, to < t; <t, < - <tm <to+#,and Iy,...,I, : R" — R". The solution is assumed

to be left-continuous. The symbol x? should be understood as (x?),; as explained in [6], that is, (x?), = X°(t + 0) = x(6(t + 0)),
for 0 € [-r,0]. Also, the advantage of using x? rather than x, stems from the fact that x is always defined on the whole inter-
val [-r,0], while x; is defined only on a subset of [—r, 0]. Alternatively, the above problem can be written more compactly in
the form
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X(t) = X(to) + [ f(XT.9)As + > L(x(te)), t€ [to.to+ 1y,
ks‘t’k‘<{"" (4.2)

x(t) = ¢(t), telto—r,to]y

The next result describes the correspondence between measure functional differential equations with impulses and
impulsive functional dynamic equations on time scales. It can be found in [7].

Theorem 4.1. Let [to —r,to + 1]y be a time scale interval, to € T,BC R", f: G([-r,0],B) x [to,to + 3]y — R", ¢ € G([to — T,
toly,B). If x : [to — 1, to + 1]y — B is a solution of the impulsive functional dynamic equation

X(t) = X(to) + [y FXT,5)As+ Y L(x(te)), t € [to,to + 1,
ke{1,...m}, (43)

f<t

x(t) = ¢(t), telto—Tr,toly,

then x° : [to — 1,to + 0] — B is a solution of the impulsive measure functional differential equation

() = y(to) + L F¥5,5(5)da(s) + S Ly(t), te [to,to+7),
ke(1,...m},
<t (4.4)
Yo = ¢
Conversely, ify : [to — 1, to + 1] — B satisfies (4.4), then it must have the formy = x°, where x : [to — I, to + 4]y — B is a solution of
(4.3).

5. Continuous dependence for impulsive functional dynamic equations on time scales

In this section, we present a continuous dependence result involving variable time scales for impulsive functional dy-
namic equations on time scales.

Our idea to prove a continuous dependence result for impulsive functional dynamic equations on time scales is to use
the correspondence between the solutions of these equations and the solutions of impulsive measure functional differ-
ential equations (see Theorem 4.1) and and the correspondence between the solutions of impulsive measure functional
differential equations and the solutions of measure functional differential equations, which is given below in
Theorem 5.2.

Let T, be time scales for each n € N with corresponding forward jumps ¢, and G,. Assume that the distance d(T,,T) — 0
as n — oo. Here, we are considering the Hausdorff topology and Hausdorff metric in which the distance between two sets is
defined by

d(A,B) = max{sup{inf{la— b|: b € B} : a € A}, sup{inf{la— b| : a € A} : b € B}}.
Now, our goal is to prove, under certain conditions, a result that guarantees that the sequence of solutions of the problem
X3 (8) = X3 (to) + [y, F((X5"),5)dGa(s), te Ty,

(X,&l" )ro = ¢(7" (5'])
converges uniformly to the solution of the problem
{x"'(t) :yxﬁ(to) + Ji f(x7,5)dG(s), teT, 52)
X7 = ¢°.

Thus, after proving this result, using the correspondence between impulsive measure functional differential equations and
measure functional differential equations, we obtain an analogous result for measure functional differential equations with
impulses and therefore, using the other correspondence (Theorem 4.1), our main theorem concerning continuous depen-
dence for impulsive functional dynamic equations on time scales follows as well.

Now, assume O C G([to — T, to + 1], R") isopen, P = {y;; y € O, t € [to,to + N]}.f : P x [to,to + ] — R",and g : [to, to + 1] — R
is nondecreasing and left-continuous function. We assume the following three conditions on the function f : P x [to, to + #] — R":

(A) The H-K-S integral ff;*”f(y“ t)dg(t) exists for every y € O.
(B) There exists a constant M > 0 such that

If e, O < M,

whenever tp < t<tp+#nandy € 0.
(C) There exists a constant L > 0 such that
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f(z, 1) g(t)H < L/ [y: =zl dg(t)

whenever tp <u; <uy; <tp+nand y,ze€O.

Theorem 5.1. Suppose f satisfies conditions (A), (B) and (C), and x% is a solution of the system

X (6) = X7 (t0) + fi f(X7),,5) dGu(s), L€ Ty, 53
(Xf',")[o = (b&"
and x° is a solution of the measure functional differential equation given by
_ _ . . §
x‘f(t) :.xﬂ(to) + Jp f(x7,5)da(s), teT, (5.4)
X7 =¢°.

Moreover, suppose d(T,,T) — 0 as n — oo and the sequence of functions {G,},_, converges uniformly to 6 as n — occ. Also, sup-
pose the sequence of initial conditions {$° }n 1 converges uniformly to ¢° as n — oc. Then, for every & > 0, there exists N > 0 suf-
ficiently large such that, for n > N, we have

Ixon(t) —x7(t)| <& for teT,NT". (5.5)

Proof. Given ¢ > 0 and since the sequence of functions {G,} converges uniformly to &, there exists N; > 0 sufficiently large
such that for every n > N;, we obtain

lon(t) —o(t)|| <& forevery teT,NT". (5.6)

Moreover, since the sequence of functions ¢°" converges uniformly to ¢°, there exists N, > 0 sufficiently large such that for
every n > N,, we have

¢ — ¢°|| <& forevery teT:nT". (5.7)

Also, for t € T; N T* and n > max{N;, N>}, we have

x5 (6) = x7(0)| =

X (1) =¥ (t0) + / [, 5)dea(s) — | F((x),,5)d6(s)

< [IXf (£o) — X7 (to) | + (x7");5,5)dGn(s) - f((X6)s75)d5(S)

< g% - ¢H+H/f X00),,5)d(s) /f )o:5)d5(5)

< g% - ¢H+H/f 70),,5)d(5) /f 7),5)do(s)

f x5n).,s)dé (s /f ((x%),,5)da(s)

<ot / Md[Ga(s) /LH X, — (x0),d(s),

where we used (B) and (C) for the last inequality. Thus, by Theorem 2.2, we obtain

t
X7 (£) = X7 (t)|| < &+ 2eM +/ Li[(xgm)s — (x7),]|da(s).
to
Using (x), = ¢”" and (x?), = ¢ and the uniform convergence ¢’ — ¢, we have, for n > N,
1(X7m)s = %71l = SUp [[X5"(s + 0) = X° (s + 0)|| < &+ sup[|x;"(0) —x7 ()|
Oe[-r,0] nel0.s]

and, therefore,

X7 (6) =% ()| < & +2eM +/[ L<8 + sup|x" (1) —X‘}(n)|>d5“(5)-

nel0.s]
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Then,

X7 (£) = X7 (6)]] < &+ 2eM + Le(G(t) — G(to)) + [ Lsup [[x7" (1) — x° (1)[|d&(s)-

to 1el0s]
By the Gronwall inequality (Theorem 2.1), we get
%7 (6) = X7 ()] < (1 +2M + (G(£) - G(£o)) et 55

and, since ¢ > 0 is arbitrary, we have the desired result. [

Note that the hypothesis in Theorem 5.1 which guarantees that the sequence of functions {6, },-; converges uniformly to
0 as n — oo is necessary, since one cannot expect this to happen only using the fact that d(T,, T) — 0 as n — oco. Below, we
present an example that illustrates this.

Example 5.1. Let T = [0,a]U[a+ 1,b] and T, = [0,a+ 1/n]U[a+ 1,b], for every n € N. Then d(T,T,) =1/n — 0 as n — cc.
However 6,(a + 1/n) = a+ 1/n, for every n € N, while 6(a + 1/n) = a + 1. In other words, for every n > 2, there exists t such
that 6(t) — Ga(t) > 1/2, which means that the sequence {G,},.; does not converge uniformly to &.

Even if we consider the Fell topology instead of the Hausdorff topology, the hypothesis of Theorem 5.1 guaranteeing the
uniform convergence of the sequence of functions {G,},-, is necessary. The next example illustrates this. Here, the notation
CL(M) represents the set of all closed, nonempty subsets of M.

Example 5.2. Assume R with the usual metric and CL(R) is endowed with the Fell topology. Then it is known that
Thn={z+1/n:z€ 2} - 7.

For details, see [5, Lemma 4]. Also,
On(z+1/n)=z+1/n,

whereas 6(z + 1/n) = z+ 1, which implies that 6, does not converge uniformly to &.

Now, the next result describes a correspondence between measure functional differential equations and impulsive mea-
sure functional differential equations. A proof of it can be found in [7]. It will be necessary to prove an analogous result to
Theorem 5.1 for impulsive measure functional differential equations.

Theorem 5.2.let meNtg<t1 < <tm<to+#n,BCR L,....,In:B— R"P=G([-r,0],B),f:Px [to,to + 7] — R™

Assume that g : [to,to + 1] — R is a regulated left-continuous function which is continuous at the points tq,...,tm. For every
y € P, define
f-(y t):{f(yvt)7 te[t07t0+7’]\{t1tm}7
’ I,(y(0)), t=t, for some ke {1,...,m}.
Moreover, let c1,...,cm € R be constants such that the function g : [to,to + ] — R given by

g(t), t € [to, t1],
g(t) =< g(t)+ck, te (t,tyq) for some k € {1,...,m— 1},
g(t) +cm, te (tmto+7)

satisfies ATg(ty) = 1 for every k € {1,...,m}. Then x € G([to — 1, to + 7], B) is a solution of

X(t) = x(to) + [y F(%,5)dg(s) + D> I(x(t)), t € [to,to+1],

rell . (5.8)
Xto = ¢7
if and only if x satisfies
{xm = X(to) + [ F(x,5)dg(s), € [to,to + 1, 59)
Xiy = .

We also consider the following conditions on the impulse operators I : R" — R":
(A") There exists a constant K; > 0 such that

@)l < K

for every k € {1,...,m} and x € B.
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(B") There exists a constant K, > 0 such that
() = L)l < Kalx =yl
for every k € {1,...,m} and x,y € B.

The next lemma can be found in [7] and it describes how the Carathéodory and Lipschitz-type conditions concerning the
function f and the Lipschitz and boundedness conditions for the impulse operators can be transferred to f, when it is defined
the same way as described in Theorem 5.2.

Lemma 5.1.Let meNtg<t1j < ---<tm<to+1n BcCR.I,....,In:B— R"P=G([-r,0],B),0=G([to —1,to + 1], B).
Assume that g:[to,top+#] — R is a left-continuous nondecreasing function which is continuous at ty,...,tm. Let
f:Px[to,to + 1] — R" be a function such that the integral ]t°+’7f (v, t)dg(t) exists for every y € O. For every y € P, define

f( t): {f( ,f), te [fo,fo-‘rﬂ]\{t] ..... tm},
' I(y(0)), t=t, for some ke {1,...,m}.
Moreover, let cq,...,cm € R be constants such that the function g : [to, to + 1] — R given by

g(1), t € [to, t1],
g(t): g(t)+Ck, te (tkat’H»T] for Someke{]77m_1}7
g(t) +cm, te (tm to+H]

satisfies A*g(ty) = 1 for every k € {1,...,m}.
1. If conditions (B) and (A”) hold, then

If e, O] <M+Kq,

whenever to <t <tp+nandy € 0.
2. Ifconditions (C) and (B*) hold, then

(fyt, fat )dg(>H<<L+1<2>/2||yt—zf||xdg<t>,

whenever to < u; < uy <tp+nandy,zeO.

The next theorem shows that, under certain conditions, it is possible to obtain a correspondence between the solutions of
impulsive measure functional differential equations, depending on the conditions about the functions ¢, and ¢ and the cor-
responding time scales, that is, T, and T.

Theorem 5.3. Suppose f satisfies the conditions (A), (B) and (C), and for each k = 1,2,...,m, the impulse operators I : R" — R"
satisfy conditions (A*) and (B*). Moreover, suppose x3" is a solution of the system

Xgn(t) = X3 (to) + [y F((XG)e,5)dGa(s) + Y L(X3r(te), teT;,
el (5.10)
(), = 0"
and x° is a solution of the measure functional differential equation given by
X7(t) =x(to) + [ f(x2.5)dG(s) + Y L(x’(t), teT,
e (5.11)
X = ¢’
Moreover, suppose d(T,, T) — 0 as n — oo and the sequence of functions {G,},_, converges uniformly to ¢ as n — occ. Also, sup-

pose the sequence of initial conditions {q&&"};i] converges uniformly to ¢° as n — oo. Then, for every & > 0, there exists N > 0 suf-
ficiently large such that, for n > N, we have

[Xen(t) —x°(t)|| < & for teTinT".

Proof. Define the functions f, & and &, as described in the statement of Theorem 5.2. Since the sequence of functions {Gn}pq
converges uniformly to &, it follows immediately from the definition that the sequence of functions {4}, converges uni-
formly to 6. Also, by Lemma 5.1, we obtain that all hypotheses of Theorem 5.1 are satisfied and then, using the correspon-
dence (Theorem 4.1), the desired result follows. 0O

Now, consider the next result (see [7]) that will be essential to prove our final theorem on continuous dependence.
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Lemma 5.2. Let [to—r,to+#]; be a time scale interval, to €T, O=G([to—r,to+n],B), P=G(-r,0],B),
f: P x [to, to + 3]y — R™ be an arbitrary function. Define f(y,t) = f(y, &(t)) for everyy € P and t € [to, to + 1]].

1. If the integral f“’*"f (., t)At exists for every y € O, then ft?“’f"(y[, t)da(t) exists for every y € O.
2. Assume there exists a constant M > 0 such that

If e, DIl <M

foreveryy € O and t € [to, to + 1]y Then

IfPWet)| <M

whenever to <t<ty+nandy 0.
3. Assume there exists a constant L > 0 such that

forevery y,z € O and uq,u; € [to, to + ]y, U1 < Uy. Then

L) g(t)H <t ["Iye-z.dg

fa ))ArH L / e - 2]l At

whenever to < u; <uy; <tp+nandy,zeO.
Now, consider the following conditions concerning the function f : G([-r,0], B) x [to, to + 1]y, — R™:

(A,) The integral ft"*"f o, t)At exists for every y e O.
(B1) There exists a constant M > 0 such that

If (ve t)

for every y € O and t € [to, to + #]-
(Cy) There exists a constant L > 0 such that

[ vven e <1 [zl

for every y,z € O and uy,u; € [to, to + 7]y, Uy < Us.

The next theorem is our main result. It concerns continuous dependence for impulsive functional dynamic equations on
time scales involving variable time scales.

Theorem 5.4. Suppose x, : T, — R" is a solution of the impulsive functional dynamic equation on time scales

Xa(t) = Xa(to) + fi fu((Xi)g, ) As 4+ D~ Ik(xa(t)), t € [o,to+ 1],
ke{l.} ..m‘,[k<t (512)

Xa(t) = ¢(8), t € [to— 1 toly,,

where the functions f, : G([-r, 0], B) x [to, to + ]y, — R" satisfy the conditions (A;), (By) and (C;). Also, suppose x : T — R" is a
solution of the impulsive functional dynamic equation on time scales

X(t) = X(to) + [ FXT,$)As+ Y I(X(t)), t € [to,to+ 1],
wdfm (5.13)

X(t) = (1), te[to—r to]y,

where f : G([-r,0],B) x [to, to + 1]y — R" satisfies the conditions (A;), (B1) and (Cy) and foreach k = 1,2, ..., m, the impulse oper-
ators I, : R" — R" satisfy conditions (A") and (B"). Suppose d(T,, T) — Oas n — oo and the sequence of functions {G,},_, con-
verges uniformly to ¢ as n — oo. Also, suppose the sequence {q&""}” 1 converges uniformly to ¢° as n — cc. Then, for every
&> 0, there exists N > 0 sufficiently large such that, for n > N, we have

Xa(t) —x(t)| <& for teT,NT.

Proof. Since the function f; : G([-r,0],B) x [to, to + 1]y — R" satisfies the conditions (A;), (B;) and (C,), it follows from
Lemma 5.2 that the respective ones (conditions (A), (B) and (C)) are satisfied for the extension of f, and therefore, all hypoth-
eses from Theorem 5.3 are satisfied, and the desired result follows immediately applying the correspondence between
impulsive measure functional differential equations and impulsive functional dynamic equations on time scales. O
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6. Applications

In this section, our goal is to discuss some applications of our main results.

The results about continuous dependence of solutions of dynamic equations on variable time scales have several appli-
cations for numerical approximations. It is a known fact that many differential equations cannot be solved analytically, how-
ever, a numerical approximation to the solution is usually good enough to solve a problem described by models in
engineering and sciences. In order to do this, it is possible to construct algorithms to compute such an approximation. There-
fore, results as the ones presented in this paper are very useful to study the solutions of ordinary differential equations as
well as other dynamic equations depending on the chosen time scale without the necessity to solve them analytically.

In what follows, we present some examples to illustrate this fact. For more details about them, the reader may want to

consult [4,10,13].

Example 6.1 [4]. Consider a simple autonomous linear dynamic equation given by

{xA(t) = ax(t),
x(0) = xo.

Solving the Eq. (6.1) for the case T = R, we get
x(t) = xoe™.
On the other hand, solving the Eq. (6.1) for the case T =17, for n € N, we obtain
a nt
WO =x0(1+2)
It is not difficult to see that
Tn:%ZHR as n-—oo
and
0, =0 uniformly as n— oo.

Moreover, we have

limy, () = X(t)

Example 6.2 ([4,13]). Consider a particular (logistic) initial value problem
xAt) =4x(2 - x),
x(0) = Xo.

If we take T, =17Z., for n € N, in Eq. (6.2), we obtain

M) =10 e (3 x00).

1
n

which implies that

x<t + %) = %x(t) G - x(t)) +x(t)

Notice that the solution is found by iterating the following equation (see [13]):

Xq(b) = ﬂx(t) (34ﬁ - x(t)) .

n

(6.2)

Then, taking n — oo, the solutions tend to the solution of the logistic differential equation on R, and 17, — R, (see [13]).

Also, it is clear that ¢, — ¢ uniformly as n — cc.
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7. Conclusions

The examples presented in the previous section show the importance of the continuous dependence results involving var-
iable time scales proved in this paper, since one can find a good approximation for solutions of differential equations without
the necessity to calculate it analytically.

For instance, as described in the last section, taking a sequence of time scales given by T, =17, it is possible to find a good
approximation of a solution of a differential equation, just by using a sequence of solutions of the corresponding dynamic
equations on T, since by applying our results, one can obtain that this sequence converges to the solution of the differential
equation. Notice that to get this approximation, one just has to use iteration of solutions of the dynamic equations on T,,
which can be done by using a computational algorithm. Thus, due to this fact, the results presented here turn out to be very
useful in numerical approximations.

We point out that our results are general enough to be applied for equations involving retarded arguments and impulsive
behavior, which make them helpful for obtaining these approximations for more complicated equations without the neces-
sity to calculate their solutions analytically.

Also, the results presented here can be applied to investigate the stability and asymptotic behavior of the solutions of
impulsive functional dynamic equations on time scales. This fact happens since knowing the behavior of the solutions of
the dynamic equations on T, it is possible by applying our results to investigate the behavior of the solution of dynamic
equation on T, whenever T, — T, using the convergence properties.
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