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ABSTRACT

In this paper we have applied the Differentia Transform Method
(DTM) for solving eighth-order boundary value problems. The analytical
and numerical results of the equations have been obtained in terms of
convergent series with the easily computable components. Three examples
are consdered for the numerical illustrate and implementation of this
method. Numerical Comparisons with respect to the analytical solutions
have been consdered . It is observed that the method is an alternative and
efficient for finding the approximate solutions of the boundary values
problems.

1. Introduction

In this paper, we considered the genera eighth-order boundary value
problems of the type

y@ )+ f(y() =909,  xI [ab] (D)
with boundary conditions

y@=a;, y@=b;, y?(@=x;, y?(@=s,

yb)=a,, y?®) =b,, y?(®)=x,, y? () =s,
Wherea,; ,b; ,x; ands;, i=12 are the finite real constants while the
functions f (x) and g(x) are continuous on [a, b].

(2
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A class of characteristic-value problems of higher order (as higher as
twenty four) is known to arise in hydrodynamic and hydro magnetic
stability problems. When an infinite horizontal layer of fluid is heated from
below and is subject to the action of rotation, instability sets in. When this
instability is as ordinary convection the ordinary differentia equation is
sixth order, when the instability sets in as over sability, it is modeled by an
eighth order ordinary differential equation with appropriate boundary value
conditions (see Chandrasekhar [6]). The boundary value problems of higher
order have been investigated because of both of their mathematical
importance and the potential for applications in hydrodynamic and hydro
magnetic stability. Agarwal [1] presented the theorems which listed the
conditions for the existence and uniqueness of solutions of eighth-order
BVPs problems. Scott and Watts [21] developed a numerical method for the
solution of linear BVPs usng a combination of superposition and
orthonormalization. Scott and Watts [20] described several computer codes
that were developed using the superpostion and orthonomalization
technique and invariant imbedding. Twizell et al. [5] developed numerical
methods for eighth, tenth and twelfth order Eigen value problems arising in
thermal instability Problems. Boutayeb and Twizell [4] developed finite
difference methods for the solution of eighth-order BVPs. Siddigi and
Twizell [19] presented the solution of eighth-order BV Ps using octic spline.
Siddigi and Akram [17,18] presented the solutions of eighth-order linear
special case BVPs using nonic spline and nonpolynomial nonic spline
respectively. Inc and Evans [9] presented the solutions of eighth-order BVPs
using Adomian decomposition method.

Liu and Wu [13] presented differential quadrature solutions of eighth-order
differential equations. Siddigi, Akram and Zaheer [16] presented the
solutions of eighth-order BVPs using Variationd Iteration Technique.

In this paper, we employed differential transform method to solve
Eqg.(1) with boundary conditions (2).The concept of differential transform
was first introduced by Zhou [22], in a study about electric circuit analysis.
It is a semi numerical-analytic-technique that formulizes Taylor series in a
totally different manner. With this method, the given differential equation
and related boundary conditions are transformed into a recurrence equation
that finally leads to the solution of a system of algebraic equations as
coefficients of a power series solution. This method is useful to obtain exact
and approximate solutions of linear and nonlinear differential equations .no
need to linearization or discretization, large computationa work and round-
off errors are avoided. It has been used to solve effectively, easily and
accurately a large class of linear and nonlinear problems with
approximations. The method iswell addressed in [2, 3, 7, 10, 11, 14, 22].
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2. Differential Transformation Method (DTM).

In order to solve the boundary value problems (1) - (2) by (DTM), its
basic definitions are stated briefly in this section as follows:
Definition 2.1 [8, 15] If f(x) isanadyticindomainD, Let x = X, represent
any point within domainD, thus the differentia transformation of f(x)is
given by
1éd*f(x)u
F k =-_ A ‘) 3
078 o o

Where f (x) isthe original function and F (k) isthe transformed function.

uX:xO

Definition 2.2 [8, 15] If f (x) can be represented by Taylor’s series, then it
can be represented as
$ la“f(x)0

f(x):kazoﬁg o (x- X)X :éoF(k)(x— %)< ...(4)

Eqg. (4) isknown as inverse transformation of F(K) .
In rea application the function f (X) is expressed by finite series and Eq. (4)
can be written as
n
(=8 FR)(X- )" ()

k=0

¥
Eqg. (5) implies that é F(k)(x- xo)k is negligibly small.
k=n+1
From Eq. (3) and (4), it is easily proven that the transformation function
have basic mathematics operations shown in Table 1 [15].
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Table 1.The fundamental operations of differential transformations method

Original function Transformed function
y(X) =u(x) £ v(X) Y (k) =U (k) £V (k)
y(x) =a u(x) Y(k) =aU(k)
(0 = 40 Y09 = 1+ my
dx™ k!
k
y(X) = u(x)v(x) Y(R) = U(NV(K-1)

1=0
k- k3 k
g 88

k
YOO = w0 () Y(K)= 4 a -a aV.k)U,k,- k)

Kn.1=0kn. 2=0  ky=0k;=0

..U n-l(kn-l - kn-Z)Un(k - kn-l)

Y09 =x" Vi =dtk-m=ro AT
V) = expl1 ) vi="

y(xX) = sin(wx +a) Y(k):WTrsin(%+a)

y(X) = cos(wx +a) Y(K) = Wrrcos(% +a)

3. Applicationsand Numerical Results.

Example 1 Consider the following linear boundary value problem
yO(x) = y(x) - 48e* - 16xe* , xI [0]] ...(6)
with boundary conditions
y0=0, y9 (=1, y?@©=0, y?0=-3

..(7)
yO =0, yP@=-e y?@)=-4e, y(1)=-%
The exact solution of the problem [16] is:
y(x) =x(1- x)e* ...(8)
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Solution:
Taking the differential transform of both sides of Eq. (6), we obtain

Y(k+8) = 1 !
(K+D(k+2)(k+3)(k+4)(k+5)(k+6)(k+7)(k+8)

48 _ &d(-1)0

e
g0 1 g

Using Egs. (4) and (7), the following transformed boundary conditions at
X, = 0 can be obtained:

..(9)

Y(0)=0, YO =1 Y(2)=0, Y(3)=- =, & Y(K) =0, 8 ky(k)=-¢
2 2o k=0
Q k(k-1)Y(k)=-4e, Q k(k-1)(k- 2)Y(k)=-9e

...(10)

k=0 k=0

Utilizing the recurrence relation in EQ.(9) and the transformed boundary
conditions in Eq.(10),the following series solution up toO(x*") is obtained:

XS X8 X9 XlO
Y(X)=X- —+Ax* +Bx* +Cx® +Dx’ - —- ——-
2 840 5760 45360
11 ..
R S ge A 1 B, ge—B
403200 19958400 4276800g 51891840
1 %u,® C 1 du
486486004 3121080960 6054048004
.. 16
+& b = Qs X Lo(x7)
259459200 8172964800¢ 9340531000
(12
and, according to Eq.(3),
(4) (5) (6)
A=Y O _viay, 8=Y"O_yi5) c=X (O _y
4 8 6!
(7)
p=Y (0 _y(7). (12)

7!
By taking n =16 ,the following system of equations can be obtained from
Eq. (10):
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19958401 A+ 51891841 B+ 121080961 C+ 259459201 D=
19958400 51891840 121080960 259459200
108670165831

© 217945728000
6652801 . 19958401 51891841 121080961
A+ B+ + D=

1663200 ' 3991680 8648640 ~ 17297280
@ 83582810233 ¢
< 163459296000 4

1814401 At 6652801B + 19958401 C+ 51891841  _
151200 332640 665280 1235520

| 11992689455
€™ 73891888000 g
362881 , , 1814401 6652801 19958401  _

15120 ' 30240 55440 95040

... 4366606507200
€ 124540416000 &
.(13)

From Eq.(13), A,B,Cand D are evaluated numerically as
A=-0.33333333316155, B =-0.12500000055789

C =-0.03333333272519, D =-0.00694444466725
Then Eq.(11) becomes
y(x) = x- 0.5x% - 0.3333333331 6155x* - 0.1250000005 5789 x>

- 0.0333333327 2519x° - 0.0069444446 6725x" - 0.0011904761 9048 x®
- 0.0001736111 1111x° - 0.0000220458 5538x™ - 2.48015873 "~ 10" ° x™
- 25052108 * 10" " x** - 2.296443 " 10°®x™ - 1.92709 " 10" °x™
-1.4912° 107" - 1.071" 10" x*® + O(x*"). ...(15)

..(14)

Tables 2 below exhibits the numerica results and the errors obtained by

using the differential transform method (DTM) with comparison to the exact
solution.

170



Solution of Eighth Order Boundary Value Problems Using...

Table2: Theseriessolution and error estimation of DTM compared
with exact solution.

X Exact solution Seriessolution *Errors
a , v AAETOYAYIYIAY O 09946538262682 -1.00E-14
Y | eV qeeveeeyeoly | 0.19542444130576 -1,Y0E-13
Y | o, YAYEV.YEd04.447 0.28347034959139 -¢,YE-13
E | 4, VOANYYVAYVEYYA. 0.35803792743472 -8.20E-13
0 | L EYYYALYIVAVe .Y | 0.41218031767610 -, VYE-12
AN ARARVIEARREARA) 0.43730851209474 -V, YE-12
SY | L EYYAAMACTACTAA. 0.42288806856948 -LACE-13
A | Yol AToEA00AYY 0.35608654855906 -2.70E-13

*Error=Exact solution-Series solution

From the above table, we can conclude that the errors can be reduced further
and higher accuracy can be obtained by evaluating more components of

y(X).

Example 2 For xI [0]], the following nonlinear eighth-order boundary
value problem are considered

y(x)=e"y*(x) --(16)
with boundary conditions

y(0) =1, yP(©) =1, y?(0) =1 y?(0) =1

..(17)
yo=e y@=e y?@Q)=e, yO@D=e
The analytical solution for this problem [16] is:
y(x)=¢e" ..(18)

Solution:

Taking the differential transform of both sides of Eq. (16), we obtain the

following recurrence relation:
Y(k+8)= 1

(k+ 1)(k+2)(k+3)(k+4)(k+5)(k+6)(k+7)(k+8)

T8 A ¥k - k)2 (19
A3 (g el
The boundary conditions in Eq. (17) can be transformed at x, =0 as

follows:
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Y(0)=1, Y(1)=1, Y(2)=%, Y(3)=%, 2 Y(K)=e, & KY(K)=e

k=0 k=0
k(k-1)Y(k)=e, § k(k-1)(k- 2)Y(k)=e. ...(20)
0 k=0
Utilizing the recurrence relation in EQ.(19) and the transformed boundary
conditions in Eq.(20), the following series solution up toO(x'*) i's obtained

Qo5

=
JIi

2 3 8 9
Y(X):1+X+X—+X—+AX4+BX5+CX6+DX7+ +- X
2 6 40320 362880

10 11
X X A 1 B
+ ®e Qxlz + x

+ + - : ——
3628800 39916800 39979200 479001600 £25945920
b Ok, (1)
6227020800g
Taking n =13 and using Egs. (19) and (20), we can obtain the following

system of equations:

9979201 , = 25945921 16605562253
A+ B+C+D=e- ———————.

9979200 25945920 6227020800
3326401 A+ 9979201B +6C+7D =e- 1197612359_

831600 1995840 479001600 (22)
907201 A+ 3326401B +30C 442D = e- 79898048_

75600 166320 39916800
181441 A+ 907201B +120C + 210D = e- 3664879_

7560 15120 3628800
We get from the above system:

A=0.04166666560318, B =0.00833333687487

C =0.00138888490941, D =0.00019841421213 -(23)

Then the series solution becomes
y(x) =1+ x+ 0.5x? + 0.1666666666667x° + 0.0416666656318x*

+0.00833333687487x° + 0.001388884D941x°

+0.00019841421213x" + 2.480158730° 10" °x® + 2.75573192" 10 °x°
+2.7557319" 10" x"° +2.505211 10 ®x™ +2.08768" 10 ° x*
+1.6059" 10 x™ + O(x*). ..(24)
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Table 3 bellow exhibits the numerical results and the errors obtained by
using the differential transform method (DTM) with comparison to the exact
solution.

Table 3: The seriessolution and error estimation of DTM compar ed
with exact solution

X Exact solution Series solution *Errors
o Yo ererraveeeans Y,evee i renrans e

o) 1,Y 01V a)YA Vo0 1,10 Y4 YA Yooy 8.00E-14
oY LYYV E0YVOAYT WYY 1,YYY £ YVOAYOAYY A, v vE-13
oY 1,¥E4A0AA YOV T 1,Y€AA0AA YOV EY Y,0AE-12
8 1,69 AY €T1AVTEVYY 1,69 AY £14VIYT£d ¢,V8E-12
.,0 1L,TEAYYIYY Ve oY 1L,LTEAYYIYY L TAYAA 6.15E-12
o1 LAYYYYAA Y0 VLAYYYYAA C PASYY 5.74E-12
oY Y, \FYOYY VEV L EA Y, YVoevv.vetava 3.72E-12
oA Y,YY00¢.AYA£AYEY Y,YY00£ AYAEAY WA VL, YAE-12
.4 Y,£097.YYY VY0140 Y,£09T ¥V VY Y0 A \,50E-1Y
) Y,YVAYAYAYAf0q . 0 Y,YYAYAYAYAE0q 0

* Error=Exact solution-Series solution

For this table it is obvious that the errors can be reduced further and higher
accuracy can be obtained by evaluating more components of y(x).

Example 3 Forxi [-11], let us consider the following boundary value

problem

Yy (x)- y(x)=-82xcos( x)+7sin( x)) ...(25)
with the boundary conditions

y(-1)=y@®=0.

D1 = v =2a

yo (-D=y" (@) =2sn(). | .26)

y@ (1) =-y@@) =-4cos() - 2sin(2).

y® (-1 =y® @) =6c05) - 6sin(d).
The analytical solution of the above problem [12] is:

y(x) =(x* - 1)sin(x). ..(27)

Solution:

By applying the fundamental mathematica operations performed by differ-
ential transform, the differential transform of Eq.(25) can be obtained as
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1 ,
(k+1)(k+2)(k+3)(k+4)(k+5)(k+6)(k+7)(k+8)

Y(k+8)=

& 1651k d(k, - 1)C(k- k,)- 56S(k)+Y(k)% ..(28)
k =0 7]

Where S(k) and C(k) correspond to the differential transformation of sin(x)

and cos(x) at X, =0, respectively, which can be easily obtained from the
definition of differential transform in Eqg. (3) asfollows:

(k-3

‘|

S(k):'%'(']) L ifk=odd  C(K)=
I
T

ki
0 , if k=even

The boundary conditionsin Eq. (26) can be transformed at x, =0 as

é’n1 Y(K)(- D =0, é’n1 Y(k) =0, é’n1 KY (K)(- D* ! = 2sin(2), é’n1 kY (k) = 2sin(2),

k=0 k=0 k=0 k=0
é’n1 k(k- DY(K)(- D 2 =- 4cos(l) - 2sin(d), é’n1 k(k- 1)Y(K) = 4cos(l) + 2sin(l),
k=0 k=0

n
[o]

8 k(k- D(k- 2)Y(K)(- D* 2 =6cos(1) - 6sin(l),

k=0
én_ k(k-1)(k - 2)Y(k)(-1)*® =6cos(1)- 6sin(1),
én_ k(k-1)(k- 2)Y(k)=6cos(1)- 6sin(1). ...(30)

=
JIi

0

where, n isasufficiently large integer. By using the inverse transformation
rulein Eq. (4), for n=9we get

Y(X)= A +AX+AX +AX+AX + AX+ AXC+ AX +LX8
40320
fE e 2B o(x®), e
&5040 3628804
where,
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A =y(0)=Y(0), A=yP0)=YQ®), A =y?(0)/2=Y(2),
A, =y®(0)/3=Y(3), A, =y (0)/4=Y(4), A, =y®(0)/5=Y(5),
A =y®(0)/8=Y(6), A =y (0)/T=Y(7).

Also, bytakingn =9, the following system of equations can be obtained
from Eq.(30):

40321 362881 1
- + + —
40320 & 362880 Adhom At By Aot B Iy = " 5040°
40321 362881 1
+ + A +A A+ —
40320 & 362880 Athor gty Aot ot 5040
-1 40321

. 1
+ - 2A, +3A; - 4A, +5A; - 6A; + 7A; =28in() + —.
5040AO 40320Al Ao +3Rg - A+ A - BA + Thy @ 560
1 40321 . 1
+ +2A, +3A; +4A, +5A; + 6A; + 7A, =2sin(l) + —.
5040AO 40320Al Ao 3R + AR+ SR+ OA T, @ 560

A A _ . 1
o m+2A2- 6A, +12A, - 20A +30A, - 42A, =- 4cos(l) - 2sin(l) - -

A, A 1
+2A, +6A; +12A, + 20A; +30A; + 42A; = 4cos(l) + 2sin(l) +—.
20 5oag T 22 T 64 T12A, + 20As + 304, +42A; = 4cos(l) M+

AL A 1
o0 g BA, - 24A, + 60A, - 120A, +210A, =6cos(l) - 6sin(l) + o

A:) Aj :] 6 COS( 63] n + —_

We get from the equation system (32):

A, =0, A =-1.00001087423950, A, =0, A, =1.16670748209313,

(33
A, =0, A, =-0.17505449473596, A, =0, A, = 0.00855905534263. (33)

Then, series solution becomes

y(x) = - 1.00001087423950x + 1.16670748209313x° - 0.17505449473596x°

+0.00855905534263x” - 0.00020116846030x° + O( x*). .(34)

By continuing the same procedure forn =15, we get the following series
solution:

y( ) = - 0.99999999995027x + 1.16666666655206x" - 0.17499999987933x°
+0.00853174598571x" - 2.0116843033" 10 *x° +2.78078403" 10 ° x™*
- 2.521270° 10°8x™ +1.613610 °x** + O( x*"). ...(35)
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Table 4 and 5 bellow exhibit the numerica results and the errors obtained
by using the differential transform method (DTM) with comparison to the
exact solution for n=9and n=15.

Table 4: The Comparison of numerical resultsof DTM w.r.t. the exact

solution for n=9 and n=" ¢ respectively

X Exact solution DTM (n=\¢) DTM (n=9)

-1.0 | 0.00000000000000 | . . .. Cee) ooy 0.00000000000000
LYOAY AT VIO

-0.8 | +,YOAYEAYAYVYYYAY | 0.25824819271282 4
0.7 | S YIVYIYAYAYYAY | 0.36137118295964 "VMWTWEHM
GYYVIITIOAL Y

-0.4 | +,YYVYW E.Vovavy | 0.32711140752555 y
GYAVYEEYYAYTO

-0.2 | +,Y3.YYYooveayyl | 0.19072255755419 1
-0.0 | 0.00000000000000 | 0.00000000000000 | 0.00000000000000
0.2 4. YYYooyeT YR -0.19072255755419 ~,\ﬂ~VYiiYY‘\VW°
0.4 CFYVYYY £ VoraYy -0.32711140752555 ~,\‘WH\;‘&°/\22W
GYTIFYYYAYAVYAY GYTITYYYYESToY

0.6 i -0.36137118295964 .

GYOAYEAYAYVYYFAY -
0.8 ) -0.25824819271282 | +,YoAYEAY VIO

q
1.0 | 0.00000000000000 | 0.00000000001052 | 0.00000000000000

Table5: Theerror estimatesof DTM when compared with the exact
solution for n=9 and n=" ¢ respectively

X Exact solution *Errors *Errors
DTM (n=15) DTM (n=9)
-1.0 | 0.00000000000000 1.052E-11 0.0000000
-0.8 | ,YOAVEAYAYVYYAY YV, 0 E-11 -1.6904186E-7
S0 | L TTITYYYAYAVYAY V,YYAE-11 SV, 4 Y YAE-T
-0.4 | VYV Eevevayy V,YYYE-11 -2.2509075E-6
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-0.2
-0.0
0.2
04
0.6

0.8
1.0

V13V YYoove Yy
0.00000000000000
—+,)4.VYYooveTY YR
STV Y EaveraYy
S YTIYY ) AYAVYAY
—  YOAYEAYAYVYYAY
0.00000000000000

4,V E-12
0.000
-9.070E-12
-1.372E-11
-1.318E-11

-1.100E-11
-V, 0VE-11

-1.8654133E-6
0.0000000
1.8654133E-6
2.2509075E-6
1,191 £AYFAE-T

1.6904186E-7
0.0000000

From the tables ¢ and © above, one can observe that as the number of terms
involved increase, the series solution obtained by differential transform

method converges to the series expansion of the exact solution (27).

4. Conclusion

It is shown that the differential transform method can be used success-
fully for finding the solution of linear and nonlinear boundary value
problems of eighth-order. It may be concluded that this technique is very
powerful and efficient in finding semi numerical and analytical solutions for

these types of boundary value problems.
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