Nonlinear Impulsive Force on an

Allen T. Chwang

Accelerating Container

The nonlinear theory developed by Chwang [1] is applied to calculate the
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hydrodynamic pressure force on an accelerating rectangular or circular container.
The fluid inside the container is initially at rest and the motion of the container is

impulsive. During the initial stage of this impulsive motion, no travelling free-
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surface waves are present, and the fluid simply piles up on one side of the container
and subsides on the opposite side. When the horizontal displacement of the con-
tainer is small in comparison with the horizontal dimension of the container as well

as the undisturbed fluid depth, the small-time expansion method is applied to obtain
the pelocity potential of the fluid which is accurate up to and including the third-
order solution. The second-order free surface elevation is found to be singular along
the contact line between the fluid and the container wall.

1  Introduction

The problem of determining the hydrodynamic force on an
accelerated spacecraft tank filled with liquid propellant or on
a fluid container in nuclear reactor installations due to earth-
quakes drew considerable attention of investigators in the
past. Classical linear theory on this subject was successfully
developed by Jacobsen [2] and Housner [3, 4]. The results
obtained from the linearized theory were widely used by
design engineers in aerospace engineering and in earthquake
engineering. Recently Chwang [1] developed a two-
dimensional nonlinear theory, based on the method of small-
time expansions, to determine accurately the impulsive force
on a suddenly moving vertical plate with the horizontal ac-
celeration of the plate being expressed in a power series in
time. The objective of the present paper is to apply Chwang’s
nonlinear theory to calculate the impulsive hydrodynamic
pressure force on an accelerating rectangular or circular
container.

The general problem of an accelerating container is for-
mulated in section 2. Governing equations and boundary
conditions for fluid inside a rigid, rectangular or circular
container are presented. When the time ¢ is much smaller than
(2h/a,)"V?, where A is the undisturbed fluid depth and a, the
characteristic acceleration magnitude, the velocity potential
and the deviation of free surface are expanded in power series
of t. The small time assumption is equivalent to the condition
that the displacement of the fluid container, represented by
a,t*/2, is much smaller than the undisturbed fluid depth A.
Analytical solution for a rectangular container is presented in
section 3. Numerical results are given for the free surface
profile, hydrodynamic pressure distribution and the total
force on the container wall. Corresponding results for a
circular container are presented in section 4.
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2 Governing Equations

We shall consider a container with a vertical side wall. The
side boundary S, of the container is given by

D(x,H)=0, 1)

where x = (x,y) is a horizontal position vector and ¢ denotes
the time. The bottom of the container is at z = 0 and the
undisturbed free surface of the fluid inside the container is at
z = h, where z is the vertical axis pointing upwards. Initially
the fluid and the container are at rest. At time ¢ = 0, the
container moves impulsively along the x direction with an
acceleration

a.(t)y= Y, na, " (a,=0), Q)

n=1
where a,’s are constant coefficients. The corresponding
velocity and displacement of the container in the x-direction
are

u ()= Y, a,t" ©)
n=1

and

" +1 (4)

se)= ) 2

aoyn+l1
respectively. Due to this impulsive motion of the container,
the fluid is set in motion and the disturbed free surface is at
z=h+9(x,0). (5)

We assume that the fluid is incompressible and inviscid,
and its motion is irrotational. Hence, the governing equation
for the velocity potential ¢ (x, z, #) is the Laplace equation

vV2¢=0. (6)
At the bottom of the container,
¢, (x,0,0)=0, (7

where ¢, denotes d¢/0z. On the side boundary S, the normal
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velocity of the fluid must be the same as the normal velocity
of the container. Thus

D, +usvD=0o0nS,, (8)
where u = V¢ is the velocity vector of the fluid. The
kinematic boundary condition on the free surface requires

7+ (V) (V) =¢, at z=h+7n(x,0).
If we let the pressure on the free surface be zero, then the
dynamic free surface condition is

1
¢/+—2—(V¢)'(V¢)+g‘0=03t1=h+ﬂa (10)

where g is the gravitational constant.

For small-time solutions valid when ¢ is much smaller than
(2h/a,)"?, we expand the velocity potential and the deviation
of free surface in power series of ¢ as

S50 = ) 179, (x,2), (1
n=1
N0 = Y5 "7, (%), (12)
n=1}
By equation (6) and equation (11), we have

V26, (x,2)=0(n=123, .. ). (13)

The bottom boundary condition (7) becomes
i (x,00=0(#=1,2,3,...). 14

0z
Substituting equation (11) and equation (12) into equation (9)
and equation (10), and making Taylor series expansions about
z = h, we obtain the free surface boundary conditions for
o, (X, h) (n=1,23,...)as

O

_ 1w
73(x) = 3 o (x,h), (16¢)

1 3%, 1 8¢
n4(X) = R (x,h) + 7 a2 (x,h), (164)

and so on.
The hydrodynamic pressure p is related to the velocity
\ potential ¢ through the Bernoulli equation
1
p==n[o+ 5 (V9179 ], an

where p is the constant density of the fluid. If p is also ex-
panded in a power series in ¢,

p(x’z’t) = E tnpn (X,Z),

(18)
n=0
then by equation (11) and equation (17), we have
Pox,2) = — pdy, (19q)
D1(X,2) = —2p¢,, (195)
D2(%,2) = —.D[3¢3 + % (Vd);)-(VqS;)]- (19¢)

3 Rectangular Container

For a rectangular container with length L (in the x direc-
tion) and width B, the boundary condition on the side wall,
given by equation (8), reduces to

¢, =u.(t) atx=s.(¢t) andx=L+s.(t), (20a)

¢,=0aty==B/2, (20b)

where u, (t) and s, (¢) are given by equation (3) and equation

(4) respectively. Substituting equations (3), (4), and (11) into
(20), we have

¢, (x,h) =0, (15a) 5
&, (x,H) =0, (15b) Pn =0aty=+B/2(n=1,2,3,...) Qla)
o 1 T3¢ 2 &
ssom=—E 2 am - 2 [Frem ], (59 and
6 0z 3 Loz de,
and so on. The free surface elevations 7, (x) (7 = 1,2,3,...) ¥ atx=0and L, (21b)
are
3¢,
m(x)=0, (16a) o =0 atx=0andL, 10
1 3¢, 9, a; 3¢,
72(X) 7 oz (x,h), (16b) =0T atx=0and L, 1d)
and so on.
Nomenclature
a. = acceleration of a container S, = side boundary of a container
a, = constant acceleration F = total force t = time
coefficients, see equation (2) g = gravitational constant u = velocity vector of the fluid
A, = constant coefficients, see h = undisturbed fluid depth u, = velocity of a container
equation (51) I, = modified Bessel function of X,y = horizontal coordinates
b; = constants, see equation (29¢) the first kind, of order n z = vertical coordinate
b,; = eigenvalues, see equation J, = Bessel function of the first o = intensity of acceleration
(5le) kind, of order n e = dimensionless time, see
B = width of a rectangular k, = constants, see equation (22b) equation (32)
container L = length of a rectangular n = deviation of free surface
B,,, = constant coefficients, see container n, = surface expansion coef-
equation (49) p = pressure ficients, see equation (12)
C, = dimensionless force coef- r,0 = horizontal polar coordinates p = constant fluid density
ficient per unit length r* = radial position of container ¢ = velocity potential of the fluid
Cr = dimensionless force coef- _ wall, see equation (38b) ¢, = potential expansion coef-
ficient R = constant radius of a circular ficients, see equation (11)
C, = dimensionless pressure container ¢35, = first part of the third-order
coefficient R, = pressure coefficients on the potential
D = boundary surface of a wall, see equation (33a) ¢5, = second part of the third-order
container s, = displacement of a container potential
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The leading-order solution ¢,, satisfying equation (13) and
the boundary conditions (14), (15a), (2la), and (214), is
obtained by the Fourier-series method as

l E (—I)MCOS k,,,Z

¢1(X,Z) m=1 k:ZnSinh‘kmL
{coshfk,, (L —x)]—cosh k,,x}, (22a)
where
@m—1)r
k= 5 (m=1,23,...). (22b)
From equations (165) and (22), we have
a; s~ cosh[k,, (L—x)]—cosh k,,x
=2 Y, ol Ly 23)

h k,sinh k,, L

m=1

We note from equation (22) and equation (23) that these
solutions do not depend on y, and in the limit as L goes to
infinity they reduce to

2(11 i (_ l)'"
Lim ¢y = —— cos k,,z e fm*,
Lo I h m=1 ka ”

le Ny = — E k l mx

m=1

which agree exactly with the solutions obtained by Chwang [1]
for a semi-infinitely long channel.

The second-order solution can be obtained by the same
method used for the first-order solution. Therefore

_2a; v (—1)"cos k2
S0 = Z}I K2sinh kL
{cosh[k,, (L —x)] —cosh k,x}, (24)
2 h{k,, (L —x)]—cosh k,
m(x)_ a2 E cosh[k,, (L—x)]—cos ,,x’ 25)

k,sinh &, L

m=1

where &,,’s are defined by equation (225).
With the known solutions (22) and (24), equation (15¢)
becomes

ga, w coshlk,, (L—x)]—cosh k,,x

Ssh) =50 L k. sinh &, L
B 4a,? { i cosh(k,, (L.—x)] —cosh k,,,x} 2 ’ 26)
3n% L~ k,,sinh k,,L
and equation (21d) reduces to
iR a? y
22 (0p,2) =ay +—— Y (~ D"
2 (O =ay+ = ,,,;( )
1-cosh k,,L
-, 27
€08 Kt — kL (@7a)
(Lyz) a2 E (-1
h m=1
1 —cosh k,, L
—_—— 27b
C0s kK L @70)

To obtain the third-order solution ¢, we first decompose it
into two parts,

¢3(X,Z) = ¢31 (X,Z) + ¢32(X,Z), (28)
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Fig.1 Free surface profile at different values of ¢

and require both parts to satisfy the Laplace equation (13).
The boundary conditions for ¢,, are the nonhomogeneous
conditions (27a) and (27b), and the homogeneous conditions
(14), (21a), and

&3, (x,h)=0.

On the other hand, ¢,, satisfies the nonhomogeneous con-
dition (26) and the homogeneous conditions (14), (21a), and

ag’”( 00,2 )-ﬂ(L,yz) 0.
X

The solutions ¢5, and ¢4, are then obtained by the Fourier-
series method as

(—D™cos k,,2
k., h sinh k, L

¢31 (X,Z) = E

m=1

2a, ,
{T (cosh [k, (L —x)]}—cosh k,,x)

m

+a}(sinh [k, (L—x)]+sinh k,,,x)} s (29a)

o

4a,? E 1—cosh k,,L
3h? k,’L sinh’k, L

o3(x,2) =~

m=1

(kmL —sinh kmL)

Y Y w-

m=1 n=m+1

16a1
3n

< 1 —cosh k,L

1 —cosh &k, L )
k,L sinh k,L

kL sinh k, L

2a, cosh b;z
MY 2 cosh b;h

> 1—(=1)
{’ eh L k,2+bE

m=1

cos b;x

i [1+ (- 1)1 —cosh k,L)
(4km + biz)k,,,sinh kmL

m=1

—4 a; i i

m=1 n=m+1

[L+(-D1
k, k,sinh k, L sinh k,L

k,+k,
[m(smh (km-i-k YL

—sinh k,,L —sinh k,L)
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Fig. 2 The hydrodynamic pressure distribution on the wall at « = 0.2,
L/h =10

kll
B o=y O L
_sinh k,,L +sinh k,,L)B, (29b)
where
b, = 'T” (=123, ... 29¢)

To illustrate our analytical result, let us consider the case of
a constant acceleration,

(30

where « is the intensity of acceleration. By equations (5), (12),
(16a), and (23), the disturbed free surface is at

a.(t)y=a,=ag,

z  cosh[k,, (L—x)]—cosh k,x
o Tl 2;, ‘ h sinh] koL 0,
(3D
where e is defined by
e=t(2h/a;)) "2, .32

Figure 1 shows the free surface profile as computed from
equation (31) for a rectangular container with length L = h.
At ¢ = 0, which corresponds to @, = 0 or £ = 0, the free
surface remains flat. As e increases, the fluid inside the
container piles up on the wall at x = 0 and subsides on the
opposite side of the container. For non-vanishing values of e,
equation (31) has singularities at x = 0 and x = L since the
acceleration of the container is discontinuous at time ¢ = 0.
From equation (22), we also note that the vertical velocity of
the fluid at the wall (z = # and x = 0 or x = L) is singular.
This singularity in vertical velocity and vertical acceleration at
the free surface immediately adjacent to the wall exists even in
the linear theory (Westergaard [6] and Housner [5]).

The hydrodynamic pressure distribution on the container
wall at x = s, (¢) can be expanded in a power series in ¢,

(s (). 3,2,t) = Y, "R, (1,2), (33a)

n=0

where the R,’s are related to the p,’s by equation (4) and
equation (18) as

RO(yyz) =170(0;y,2), (33b)
R\(»,2) =p(0,5,2), (339
a; 9,
Ry0,2) =p2(0.3,2) + 2 22 (0,,2), (33d)
2 dx
and so on. The nondimensional pressure defined by
c, _ P(se(0),p2.0) 34)

pa,h
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Fig. 3 The hydrodynamic pressure distribution on the wall at « = 0.2,
L/h =20

is obtained by equations (19), (22), (24), (29), and (33).
Therefore

c,=2 E (-=D"(1—cosh k, L)

k
K Rsinh kL O tmE

m=1
— 1)m+1

+4GEE( 7

m=1

cosh k,,z

Zm: 2(1 —cosh k,,L)

- sinh k,,L)
k3, h?L sinh?k,, L

(kmL_

m=1

had 1—cosh k,,L
+
E E k2, k2 YH? [ kL sinh kL

m=1 n=m+1

1—cosh k,L ]
k,L sinh k, L
= cosh bz [ & I—(=1)
+ —_ i
2 cosh bk [ ,,Ez, ahL (k,?+b?)
-8 E

m=1

+ XY

m=1 n=m+1

(1+(=1)) (1 —cosh k,,L)
k, h2L (4k,2 +b)sinh kL

41+ (-1)H
k, k,H:L sinh k,, L sinh k,L

sinh k,L)

( (k,,+k,) (sinh (k,, +k,)L—sinh k,, L —
(km +kn)2+bi2

+ (k,,—k,) (sinh (k,,—k,)L —sinh k,, L +sinh k,L) )]
(km __k")2 +bi2

m 2
(£ G et
m

m=1

1)"(1 —cosh k,,L)
k, b sinh kL

© 2

- [ E ( sin k,,z} } +0(e*).
m=1

(35)

The dimensionless pressure coefficient C, is plotted in Fig.

2 versus the vertical depth for several different values of € at «

= 0.2 and L/h = 1.0. We note from Fig. 2 that at fixed

height, C, increases with an increase in €. From equation (32),

we can interpret ¢ as the ratio of the horizontal displacement

of the container, @,#2/2, to the undisturbed fluid depth A.

Hence the larger the ratio e is, the larger the pressure would

be. For ¢ = 0, C, has a maximum value at the container
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8- L/h=1.0

Fig.4 The force coefficient C; for various values of catL/h = 1.0

bottom, it decreases monotonically as z increases. At the free
surface z = h, C, reduces to zero. For nonvanishing values of
e, C, increases as z increases for large values of ¢ whereas it
decreases at first, then increases as z approaches to the un-
disturbed free surface for small values of e. At 2 = h, C,
becomes infinitely large since the free surfaceisatz = 2 + 3
which is singular at the wall (see Fig. 1).

A similar diagram is shown in Fig. 3 for a longer container,
L/h = 2.0. Comparing Fig. 2 with Fig. 3, we note that for
same values of ¢ and z/h, C, increases as the length L/h
increases. As L/h approaches to infinity, C, tends to the
limiting distribution given by.Chwang [1] as can be shown
from equation (35).

The total horizontal hydrodynamic force on the container
wall at x = s.(¢) is obtained by integrating the pressure
distribution. Hence, the dimensionless force coefficient per
unit width defined by

1 htn
WSO p(sc(1),y.2,t)dz,
1

follows from equations (19), (22), (23), (24), (29), and (33),

m=1

Cr= (36)

{—cosh k,,L
k,,>h*sinh k,, L

Ly 1 (1 —cosh k,,L)?
4 2{ 5 [1 - m ]
‘ 2 "12:21 kahZ SinhzkmL
2(1 —cosh k,,L) .
5] iy (KmL—sinb kL
’ mz:l k' R*L SinhzkmL( ml—sinh k,, L)
+
mz=:1 —E k2, kz)hz
[ 1-cosh kL _ 1-cosh k,L ]
k,,,L sinh kmL knL sinh k,;L

1-(—1)
ahL (k2 +b?2)

— tanh biA [ o
2yl P

m=1

> (1+(=DH( =cosh &, L)
ko B2 L(ak,2 + b2)sinh &, L

m=1

- 4(1+(-1))
ko k,h?L sinh k,,L sinh k,L

+ 3

m=1 n=m+1

sinh k,L)

( (k,, +k,)(sinh(k,, +k,)L—sinh k,L—
(km +kn)2 +bi2

Journal of Fluids Engineering

Fig.5 The force coefficient C; for various values of e atL/h = 2.0

+ (kp —k,)(sinh(k,, —k,)L —sinh k,,L +sinh &, L >B
(km _kn)z +bi2
(37
with the terms of the order of 0(e*) being neglected.

Figure 4 shows the force coefficient C, versus e for various
values of o at L/h = 1.0. We note that for fixed values of o,
C; increases with e. On the other hand, C, decreases as o
increases for fixed values of e. At e = 0, C, equals to 0.364
regardless of the values of a. A similar diagram is shown in
Fig. 5 for L/h = 2.0. We note from Fig. 5 thatat e = 0, C,is
equal to 0.499. In the limit as L/A approaches to infinity, C,
tends to 0.543 at ¢ = 0. We also.note from equation (37), Fig.
4 and Fig. 5 that although the hydrodynamic pressure on the
wall is singular at 7 = h, this singularity is integrable.
Therefore, the hydrodynamic force is regular on the wall.

4 Circular Container

For a circular container with radius R, equation (1)
becomes

D=r—r*,) =0, (38a)

r*(0,¢) =s.(t)cos O+ [R? —s.2 (t)sin%6]'2, (38d)
where rand 0 are related to x and y by

x=rcos 8,y=r sin 6. (39)

By means of equations (3), (4), (11), and (38), boundary
condition (8) reduces to

% (R,0,z) =a,cos 0, (40a)
ar
&ﬂ (R,0,z) =a,cos 6, (40b)
6_(1‘2 (R 7] z) =
2
~ A gnzg— g e—¢l (R,0,2), (40¢)

and so on. By the Fourier-Bessel series method, the first-order
solution of equation (13) satisfying the boundary conditions
(14), (15a), and (40a) is

i (_ 1)m+l11(kmr)
k1 (kuR)

2a,cos 0

h cos k,,,Z,

¢l(r)01z) =

m=1

(41a)

where the k,,’s are given by equation (22b), I, (k,r) is the
modified Bessel function of the first kind, of order one, and
I{ denotes
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dly (x)
dx

=1, (x) — e iX) .

I (x)= (41b)

From equation (16b) and equation (41), the leading-order

surface deviation is

a,cos i I, (k,,r)

n,(r,0) = — : . (42)
2( h m=1 kal(ka) .
Similarly, the second-order solution is
2a,c080 x (— )™ (K, r)
&,(r,0,2) = y cos k.2, 43
: h mz=:l kmzll (ka) " ( )
2a,cos0 I (k,,r)
=- . 44
med) 3 2 Kl (kR) “9

Substituting equation (41a4) and equation (43) into the free
surface condition (15¢), we have

4a,2cos?f (
¢3 (rroyh) = - : 2 { E
3h m=1

U, (k) 1?
k% Uik, R) 1

+2 i i Il({‘m")ll(klnr) ]
m=1 n=m+1 knzknll(ka)Il(knR)

gacosd s~ I (k,r)
3h m=1 kal,(ka) '

(45)

By means of equation (41a) and equation (43), the boundary
condition (40c) becomes

d¢; at

s (R,0,z) =ascos 0~ 3R sin?9

o (=DM (kW R)
2 20 —
+a1005 E h I"(ka)

m=1

o«
—a}sin’0 E

m=1

cos k,,z

(=D"1(knR)

S - m o 4
kn? R2HT{ (K R) (46a)

cos k,,2,

where
2 Iy (x
Ii(x) = (1 + —2)11(x) Ko
X X
We now separate the third-order solution into two parts,
¢3(r!e7z) =¢3l(r’0’z) +¢>32(",0,Z), (47)

each of which satisfies the Laplace equation (13). The
boundary conditions for ¢j are the non-homogeneous
condition (46) and the homogeneous conditions (14) and

(46b)

¢, (r,0,h) =0. 48)
Therefore, '
¢31(r’0»2) = E BOmIO(kmr)cos km‘z
m=1
+cos 0 E B, I,(k,r)cos k,,z
m=1
+¢c08 20 Y By Ly (Kr)cos k,,z, (49a)
m=1
where
(__ 1)m+\a12
B, = I, (kR
"= 2 RAT, Uy R ey R) R
-k, R*I{(k,y,R) — kR I (K, R)], (49b)
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Fig.6 Free surface profile at the central plane of a circular container

_ 2(_1)m+1a3 49
" KL R) (490
(_ l)maIZ
B, = I (k,,R
= 2, RO e R) e B) )
+kaR211”(ka) _ka Ill(ka)]s (49d)
4 2
Lx)= <l + F)Il (x)— = Iy(x). (49¢)

The boundary conditions to be satisfied by ¢;, are equation
(14), equation (45), and
04,

ar (50)

(R,6,2) =0.
Hence

$52(r,0.2) = Y AgiJo(bor) cosh byz
i=0
+cos 6 ), A J(br)cosh bz

i=1

+cos 20 ), A, Jo(byir)cosh byz, (5la)

o
i=1
where

- 4(112

3h2R2J (g R)cosh boh

Ay =

{ E PTG So rli(k,r) Jo(boir) dr
m 1\,

m=1

+ - - S rl(k,,r) 1 (k,r)
mzzl n=§+l kmknll(ka)Il(knR) 0 L ne

Jo(boir) dr} , (51b)

_ 2ga, b};
" 3h(bLRY— 1)J3(by;R)cosh bk

Ali

{ i S SRrIl(kmr)Jl(blir)dr}v

51c
m=1 kmlll (ka) 0 ( )

252
—4a,°by;

Ay=—
%7 3h2(b3,R? — 4)J5(by;R) cosh byh
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Fig. 7 The hydrodynamic pressure on a circular container at « = 0.2,

2R/h = 1.0, and 6 = 180 deg

(X K ik, R)T? So P (Kk,yr)Jy(byr) dr

m=1
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We now consider the case of a constant acceleration,
described by equation (30), to illustrate the analytical result.
The free surface elevation, with terms of the order of 0(¢*)
being neglected, is obtained by equations (5), (12), (16a), and
(42),

I (k,r)

—““1—26 COSOE m

7 (52)

The free surface elevation at the central plane (§ = 0 and 8
= 7) as computed from equation (52) is shown in Fig. 6 for
various values of eat 2R/h = 1.0. We note from Fig. 6 that at
e = 0, the fluid surface remains horizontal inside the circular
container. For nonvanishing values of ¢, the free surface
profile is similar to that inside a rectangular container.
Comparing Fig. 6 with Fig. 1, we observe that the piling-up
and subsiding phenomenon is more dominant in the case of a
circular container. Along the container wall (r = R), the
surface elevation is singular for nonvanishing values of e.

The hydrodynamic pressure distribution on the container
wall at r = r*(0, t) may be expressed in a power series in ¢,

p(r*,0,z,6)= Y, t"R, (6,2). (53a)

n=0

By equation (4), equation (18), and equation (38), we have

R(8,2) =po(R,0,2), (53b)
R(6,z) =p;(R,0,2), (53¢

. a ap,
R2(9’Z) _pZ(Rvevz) + 7(:05 0'5‘; (R,e,z)) (53d)

and so on. The dimensionless pressure coefficient is thus

obtained by equations (19), (41), (43), (49), (51), and (53) as
_p(r,6,3,0)
Cp - pa, h

(- l)mll(ka)
=2 cos 0,,,21 k2RI (ka)

—1m
+2¢2 {coszf) E (= 1)"cos knz
k. h

os kK,,2

m=1
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Fig. 8 The dimensionless force coefficient versus angular position at
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2R/h =10

0.0 o1 0.2 03 04 05 06 07

Fig. 9 The total force coefficient Cg versus ¢2 for various values of a
at2R/h = 1.0
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i=1
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The dimensionless pressure coefficient C, is shown in Fig. 7
for the case in which & = 0.2, 2R/h = 1.0, and § = 180 deg.
Comparing Fig. 7 with Fig. 2, we note that when the diameter
of a circular container is the same as the length of a rec-
tangular container, C, is larger for a circular container than
that for a rectangular one with other parameters being kept at
the same values. This means a circular container has more
influence on the fluid motion inside it than a rectangular
container has. The dimensionless force coefficient per unit arc
length along the container wall, Cy, is obtained by integrating
equation (54) with respect to z,
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The numerical result for C, obtained from equation (55) is
shown in Fig. 8 versus the angular position from 90 to 180 deg
at €2 = 0.2 and 2R/h = 1.0. We note from Fig. 8 that at a
fixed angular position C; decreases as o increases; whereas
for fixed values of «, C, decreases as the angle decreases from
180 to 90 deg. The total hydrodynamic pressure force on the
circular container wall from 6§ = 90 deg to § = 270 deg is

240/ Vol. 106, JUNE 1984

F=pa,Rh*Cp, (56a)
where Cr is related to C; by
3w/2

CF:S " Cr(6)db. (56b)

The total force coefficient Cr is plotted in Fig. 9 versus ¢
for several fixed values of « at 2R/h = 1.0. This figure is very
similar to Fig. 4 and Fig. 5 for a rectangular container. At ¢ =
0, Cr = 0.762 which is independent of the values of a. As
R/h approaches to infinity, this value tends to 1.09 as
computed from equation (55) and equation (56), which is
twice the corresponding value for a rectangular container.
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