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I. Introduction

We present an explanation of a long-standing problem, what is the relationship
between the Lax formulation of an integrable system and the existence of a bihamil-
tonian structure?

When considering differential equations in Lax form! on a finite- or infinite-
dimensional phase-space manifold, according to the problem at hand, one introduces
either a matrix of a given size, or a differential operator of a given degree, or, more
generally, a pseudo-differential operator whose coefficients are functions of the phase-
space coordinates. In other words, the “Lax operator” is an A-valued map on phase
space, where A is an associative algebra that has to be determined in each problem.

We study the case where the phase-space manifold admits a pair of compatible
Poisson structures, i.e., has a bihamiltonian structure?=*. (See also Refs. 5-7, and
Ref. 8 for a complete exposition and further references.) The term “Poisson struc-
ture” is most frequently used for finite-dimensional manifolds such as the phase space
of dynamical systems defined by evolution ordinary differential equations, while the
term “Hamiltonian structure” is commonly used in the case of infinite-dimensional
manifolds, e.g., manifolds of functions, such as the phase spaces of systems described
by evolution partial differential equations. When two Poisson structures satisfying a
compatibility condition are present, the term “bihamiltonian structure” will be ap-
plied. We shall mainly consider the finite-dimensional case, but the extension to the
infinite-dimensional situation is straightforward, in the setting of the formal calculus
of variations in the sense of Gelfand, Dickey and Dorfman. (See Refs. 9, 10 and 8.)

As the defining property of a matrix-valued Lax operator, L, in the presence of
a bihamiltonian structure (P, Q) we take the so-called Lenard recursion relations,

k Lk+1

L
(1.1) Qd tr?):P(d trk+1) .

When L has distinct eigenvalues, \;, these relations imply that
Q(dN;) = N P(dN\;)

and in all cases they imply the pairwise involutivity of the eigenvalues of L with
respect to both Poisson brackets. Moreover, the traces of powers of L, and hence
the eigenvalues of L, are conserved along the flow of each evolution equation in Lax
form, L = [L, B.

The recursion relations for differential equations in Lax form first appeared in
the context of evolution partial differential equations, and they are actually due to
Lax!. (It is surprising that it has become customary to call them the Lenard recursion
relations, probably because, in his paper of 1976, Lax'! refers to Lenard’s contribution
to the derivation of the infinite family of higher-order Korteweg-de Vries equations
as reported in the 1974 article by Gardner, Greene, Kruskal and Miura'2. Actually,
Gardner et al. derive this “infinite family of equations that leave the eigenvalues of the
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Schrédinger equation invariant in time” and they also give “an alternate derivation
of this family due to Lenard”, and both derivations reveal the recursion operator
explicitly but do not relate it to any Hamiltonian property. In that same paper, Lax
ascribes the involutivity property of the conserved quantities to Gardner (Ref. 13),
where it is not explicit at alll Actually the factorization of the recursion operator as
the composition of a Poisson and a symplectic operator is in Lax'!, Magri?, Gelfand
and Dorfman®, and Fokas and Fuchssteiner!.)

In this paper, we show that, under suitable conditions on its spectrum, a Lax
operator on a bihamiltonian manifold satisfies a universal equation which we call the
Lax-Nijenhuis equation because the vanishing of the Nijenhuis torsion of the recursion
operator of a bihamiltonian structure appears as a particular case of this property.
Conversely, if L satisfies the Lax-Nijenhuis equation, then L is a Lax operator. We
then study the converse problem of determining compatible Hamiltonian structures
from Lax-Nijenhuis equations. We treat the Toda system (see Refs. 15-20) and the
KdV hierarchy (see Refs. 21, 22, 16), and, more generally, Lax equations that are
Hamiltonian with respect to a Poisson bracket defined by an R-matrix (see Ref. 23).

In section 2 we recall the definition of Hamiltonian and bihamiltonian structures
and we prove that functions that satisfy recursion relations (1.1), where P and @
are compatible Poisson structures, are pairwise in involution with respect to either
Hamiltonian structure. Nijenhuis operators appear in the theory of bihamiltonian
structures (P, Q) when one considers the (1,1)-tensor N = QP~!, where the first
Poisson structure is assumed to be invertible, i.e., symplectic. (See Refs. 24-27.) We
analyze the properties of Nijenhuis operators and we observe that the vanishing of
the Nijenhuis torsion?® of a (1,1)-tensor implies the fundamental equation (2.5) that
is the prototype of the Lax-Nijenhuis equation that we introduce in (3.6).

Section 3 contains the main results concerning the relationship between Lax and
bihamiltonian formulations of dynamical systems. It is natural to require that the
traces of powers of the Lax operator satisfy the Lenard recursion relations (definition
3.1). It then follows that, under the assumption of the simplicity of its spectrum,
such a Lax operator satisfies the Lax-Nijenhuis equation (3.6). Conversely, we show in
proposition 3.5 that, if an operator satisfies the Lax-Nijenhuis equation, it satisfies the
Lenard recursion relations, and therefore the traces of its powers are in involution.
In addition, we prove that this property remains valid for negative and fractional
powers, when they are defined.

The hereditary properties of Nijenhuis operators and of Lax operators compatible
with a bihamiltonian structure are derived in section 4. We show that the Lax
formulation exists for all vector fields,

Xk = Qozk = POék_H 5

where o is a sequence of differential 1-forms satisfying the Lenard recursion relations,
provided that Xy admits a Lax formulation. When all a;’s are closed, the X}’s
constitute a bihamiltonian hierarchy, i.e., a sequence of commuting bihamiltonian
vector fields, and we state a further commutation property in proposition 4.3.

The fifth and last section is devoted to examples. For the non-periodic Toda
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system, we explicitly determine a sequence of skewsymmetric higher-order bivectors
satisfying Lax-Nijenhuis equations. The first three elements of this sequence coincide
with the known linear, quadratic and cubic Poisson structures. We treat the case of
the Euler equations for the n-dimensional rigid body rotating about a fixed point, and
some generalizations of it. We then study the Lax-Nijenhuis equation for the KdV
equation, and, more generally, for the first equation in the n-th KdV hierarchy, where
the Lax operator takes values in a manifold of n-th order differential operators in the
graded, associative algebra of formal pseudodifferential operators, and we obtain the
second Adler-Gelfand-Dickey Hamiltonian structure from the first one. Finally, this
construction is further generalized to determine the quadratic bracket associated with
the linear Poisson bracket defined by an R-matrix, i.e., a solution of the modified
classical Yang-Baxter equation.

For background and many results on integrable systems, we refer to Refs. 29
and 30. See Ref. 31 for a discussion closely connected with ours, but undertaken
from a different point of view.

II. Lenard recursion relations on a bihamiltonian manifold

In this section, we recall some well-known results on Lenard recursion relations
which we shall need for the study of Lax operators in section 3. First we introduce
the concept of a bihamiltonian manifold.

A Poisson manifold (also called a Hamiltonian manifold) is a manifold equipped
with a Poisson bracket. We recall that a Poisson bracket can be defined in terms of a
field of bivectors (a bivector for short) called the Poisson bivector. If P is a bivector
on a manifold M, we identify P with the linear bundle map,

P:.T*M — TM,

defined by (8, Pa) = P(a, ), for a, f € T*M. We set Xy = Pdf, for any function
f € C®(M), and we call Xy the Hamiltonian vector field with Hamiltonian f. We
also define the Poisson bracket,

{f?g}P:Xf'g7

for f and g € C°°(M). Recall that a bivector P on M is a Poisson bivector if and
only if one of the following equivalent conditions is satisfied:

(1) [P, P] =0, where [, ] is the Schouten bracket,
(2) the Poisson bracket { , }p satisfies the Jacobi identity,
(3) [Xf,Xg] = X{f,g}p? for f,g € COO(M>

These conditions are equivalent because, by the definition of the Schouten and Poisson
brackets,

1

—§[P, P|(df,dg,dh) = {f.{g.h}p}pr +{g9.{h, f}r}p + {h. {f,9}P}P

= ([Pdf , Pdg] — Pd(P(df,dg))).-h = ([Xy, Xg] = X{s.93)-h,
for f,g,h € C*>°(M).



Definition 2.1.— A bihamiltonian manifold (M, P, Q) is a manifold M equipped
with Poisson structures, P and (), which are compatible, i.e., such that any linear
combination of P and @) is a Poisson structure. A (locally) bihamiltonian vector field
on (M, P, Q) is a vector field leaving P and @) invariant.

Thus, on a bihamiltonian manifold there exists a pencil of Poisson structures,
Py, = Q — AP, for A € RU{oo}. A sufficient condition for a vector field X to be
(locally) bihamiltonian is that there exist closed differential 1-forms « and [ such
that X = PG = Qa. In particular, if there exist functions f and g such that
X = P(dg) = Q(df), then X is bihamiltonian.

Lemma 2.2.— Let P and () be Poisson structures on M. Then P and () are
compatible if and only if one of the following equivalent conditions is satisfied:

(i) [P,Q] =0,

(i) O ({f.{g,h}rto+{f.{9:h}q}pr) = 0, where O denotes the sum over the circular
permutations of f, g, h,

(i) [Xg, Yol + [V, Xgl = Xs.910 + Yisorp:
for f,g € C*°(M), where X; = Pdf , Yy = Qdf .

Proof. In fact, each of these conditions is the polarization of the corresponding
condition for a single Poisson structure, and each is obtained by bilinearity from the
corresponding conditions for P,QQ and P+ (). =

For a Hamiltonian system on a symplectic manifold - the phase space - to be
completely integrable in the sense of Liouville and Arnold3?, there must exist a num-
ber of independent conserved quantities, equal to half the dimension of the symplectic
manifold, which are pairwise in involution. Here we consider the case where the phase
space is a bihamiltonian manifold, and we show that when a sequence of functions
defined on it satisfies the Lenard recursion relations, these functions are pairwise in
involution. We shall denote the positive integers by N*.

Proposition 2.3.— Let P and () be Poisson structures on a manifold, M, and let
(fx), k € N*, be a sequence of complex-valued functions on M that satisfy the Lenard
recursion relation,

(2.1) Q(dfx) = P(dfx+1) »

for k € N*. Then the functions, fj, are pairwise in involution with respect to both
Poisson brackets.

Proof. Let m be a nonegative integer, and let (C,,) be the property that, for all
k > 1, P(dfx, dfkx+m) = 0 and Q(dfy, dfx+m) = 0. Clearly (Cp) holds. Now for any
k>1,m >0,

P(dfi, dfkym+1) = —(dfi, P(dferma1)) = —(dfx, Q(dfktm))

5



and

Qdfr, dfermy1) = (dfkrma1, QUdfx)) = (dfkrmr1, P(dfry1)) -

Thus it is clear that (Cy,+1) holds if (C,,) holds. Therefore (C,,) is proved for all
nonnegative integers, m. Thus P(dfy, dfe) = Q(dfx,dfe) = 0 for any k,{ € N*. =

We remark that this proof uses only (2.1) and the skew-symmetry of P and Q.
However, the assumption that P and @) are compatible Poisson structures is essential
in order to guarantee the existence of functions, fi, fulfilling the Lenard recursion
relations (2.1). The question of the existence of such functions in the case of an
arbitrary bihamiltonian structure is a difficult problem which is beyond the scope of
the present paper. Here, we shall demonstrate their existence in a special case, that
of a bihamiltonian manifold, (M, P, Q), where P is an invertible Poisson structure,
i.e., a symplectic structure. The field of (1,1)-tensors,

(2.2) N=QP !,

is called the recursion operator or the Nijenhuis operator of the bihamiltonian struc-
ture. The first name is justified by the fact that N maps symmetries of a bihamil-
tonian system into symmetries of the same system (see section 4), while the second
name is justified by the well-known result proved in lemma 2.5 below. Nijenhuis
operators provide the basic examples of the Lax-Nijenhuis operators to be defined in
subsection 3.2.

We recall that the Nijenhuis torsion of a field of (1,1)-tensors /N on a manifold
M is the vector-valued 2-form T'(N) on M defined by

(2.3) T(N)(X,Y)=[NX,NY] - N(INX,Y]+ [X,NY]) + N*[X,Y],

for all vector fields X,Y on M.

Definition 2.4.— A field of (1,1)-tensors with vanishing Nijenhuis torsion is called
a Nijenhuis tensor or Nijenhuis operator.

Lemma 2.5.— If (P, Q) is a bihamiltonian structure on M, and (Q = N P, where
N is a (1,1)-tensor on M, then the Nijenhuis torsion, T(N), of N vanishes on the
image of P. In particular, if (P,() is a bihamiltonian structure, with P invertible,
then the recursion operator, N = QP~!, is a Nijenhuis operator.

Proof. Assume that @ = NP. It is enough to show that 7T'(/N) vanishes on any pair
of vectors (Pdf, Pdg) where f,g € C*°(M). In fact, using the notations of lemma
2.2,

T(N)(Pdf, Pdg) = [NPdf, NPdg] — N(I[NPdf, Pdg] + [Pdf, N Pdg)) + N2[Pdf, Pdg]

= [YﬁYg] - N([vaXg] + [Xf7Y9]) +N2[Xf7Xg] .

Using the results of lemma 2.2, we obtain
T(N)(Pdf, Pdg) = {1430 = N(X(1030 + Yirare) + N X(rg}r »
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which vanishes since NX;, =Y}, for h € C*°(M). =

The condition that T'(IN) = 0 is equivalent to the condition that
(2.4) LnxN —NLxN =0,

for all vector fields X on M, where Lx denotes the Lie derivative with respect to X.
In fact,

T(N)(X,Y) = Lyx(NY) - NLnxY — N(Lx(NY) = N(LxY))

=(LnyxN)Y = N(LxN)Y .
Whence

Proposition 2.6.— Let N be a Nijenhuis tensor on a manifold M. Then

N? 1

for all vector fields, X, on M.

Proof. Relation (2.5) follows from the preceding expression of T'(NN) and the as-
sumption that T'(N) =0. =

For the Nijenhuis operator, N = QP~!, of a bihamiltonian structure, (P, Q),
where P is invertible, equation (2.5) becomes

(2.6) LoaN — Epa(NT) = [N, N(a)]

for all differential forms o on M, where N () = %EpaN . This property is the
prototype of that of Lax operators on bihamiltonian manifolds.



ITII. Lax operators

We first describe the development of the notion of Lax operator from the simplest
case to that of Lax operators on Hamiltonian and bihamiltonian phase spaces. We
then motivate our definition of Lax-Nijenhuis operators.

3.1 Lax operators on Hamiltonian and bihamiltonian phase spaces

A dynamical system, ‘Cll—f = X(x), on a manifold M is said to admit a Lax
formulation if there exist square matrices L and B, by no means unique, whose
coefficients depend on x, such that the given dynamical system is equivalent to

dL
3.1 — =|L, B,
(3.1) =B
where [L, B] = LB — BL is the usual commutator. Usually, L is called the Lax
operator or the Lax matrix. In fact, both L and B are maps from the manifold M
(the space of dependent variables) to the associative algebra of square matrices of
a given size. The existence of a Lax formulation for a given dynamical system is
important because it implies the existence of a sequence of conserved quantities,
Lo ok
(3.2) Jk = —trL 5
k
for k € N*, where tr denotes the trace of a matrix. (These conserved quantities need
not be functionnally independent.) In fact,
dfy 1, 4, qdL 1 4 4 1 k k—1
— = —trL" ' — = —trL L,Bl=—tr(L"B—L"""BL)=0.

TR e R A LR Al )
If, moreover, the Lax mapping L is defined on a phase space with a Hamiltonian
structure, i.e., on a Poisson manifold, then it is natural to require that the traces of
powers of L, which are conserved quantities, be pairwise in involution. In this case,
this requirement becomes part of the definition of a Lax operator.

Let us now consider the case where the phase space is a bihamiltonian manifold
(M, P,Q). We have seen in section 2 that, on a bihamiltonian manifold, recursion
relations (2.1) for functions f; imply the pairwise involutivity of these functions. It
is natural to require that a Lax operator L defined on a bihamiltonian phase space
(M, P,Q) be such that quantities Jj, defined by (3.2), proportional to the traces of
powers of L, satisfy the so-called Lenard recursion relations

(3.3) Q(dJx) = P(dJk+1)

for k € N*. So, we are led to introduce the following definition of Lax operators on
a bihamiltonian phase space (M, P, Q).

Recall that a trace on an associative algebra A over the field of real or complex
numbers is a linear form, ¢r, on A, such that

(34) tTLlLQ = tTLQLl y
for all L1, Lo in A.



Definition 3.1.— Let (M, P,Q) be a bihamiltonian manifold. A Lax mapping
compatible with (P, Q) is an A-valued function L on M, where A is an associative
algebra with unit and trace, such that the functions, J, = %trLk, k € N*, satisfy the
Lenard recursion relations (3.3).

Under this definition, by proposition 2.3, the traces of the powers of a Lax
mapping compatible with (P, Q) are pairwise in involution with respect to both P
and Q.

3.2 Lax-Nijenhuis operators

To understand what relates L to P and (), we shall consider the simplest case
where L is a matrix, but we shall first review some facts about the geometry of
associative algebras.

Let A be an associative algebra with a trace. We assume that the symmetric
bilinear form on A, (L1, Ls) = trLjLs, defines an isomorphism of A with its dual
A* and, by means of this isomorphism, we identify A* with A. We equip A with the
Lie-algebra structure defined by the associative product,

[Ly, L) = L1 Lo — LoLy .
Since trLyLoLs = trLsLy Ly, the symmetric bilinear form ( , ) is invariant, i.e.,
(L1, Lo, L3]) = ([L1, L], L3) .

Thus the coadjoint action of the Lie algebra A on A* is identified with the adjoint
action of A on itself, and the tangent space at L in A to the coadjoint orbit of L is
{[L,B] | B € A}. (See also VIII.4 of Ref. 33 for the role of coadjoint orbits in the
theory of Lax operators.)

Proposition 3.2.— Let A be the algebra of square n X n matrices, where n is a
positive integer. Let L be an A-valued Lax operator compatible with the bihamilto-
nian structure (P, Q). We assume that L is semi-simple. Then, at each point where
the eigenvalues of L are distinct, and for each differential 1-form a on M, there exists
a matrix L(«) such that

(3.5) LoaL — LLpoL = [L, L(c)] .

Proof. Let a be any differential 1-form on M. Then, by the definition of a Lax
operator, L, compatible with (P, @), and the skew-symmetry of P and @, for all
1-forms « and for all kK € N*,

1
—tT'LQaLk = tTEPaLIH—l )

k

kE+1

whence

trLF Y (Loal — LLpo L) =0 .
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This condition expresses the fact that for all £k, the vector field with value Lo L —
LLpoL at L leaves trL* invariant, which implies that it leaves all eigenvalues of L
invariant. This condition is clearly satisfied if Lo, L — LLp L is tangent to the coad-
joint orbit of L, and the converse holds if L is semi-simple with distinct eigenvalues.
Thus, under the assumptions of the proposition on the spectrum of L, for each «
there exists a matrix, L(a), such that equation (3.5) is satisfied. =

We shall now allow L to be a section of an associative algebra bundle with trace,
A, over M. By this, we mean a vector bundle over M such that each fiber A, of
A, for x in M, is an associative algebra with unit and trace, depending smoothly on
x. Obviously an A-valued function L on M corresponds to the case where A is the
trivial vector bundle, A = M x A. However, we formulate our definition in this more
general situation in order to include the case of the Nijenhuis operators that was
considered in section 2. At each point x in M, End(7, M) is an associative algebra
with trace, to which we can apply the preceding remarks. Equation (3.5) means
that for each differential form « on M, and for each z in M, the vertical vector,
(LoaLl — L(LpoL))(x), is tangent to the coadjoint orbit of L(z) in A,. It is easy to
show that this is equivalent to the fact that the vertical vector, (LgaL—L pa(%z))(x),
is tangent to this orbit. We assume that M has a bihamiltonian structure, (P, Q).
Motivated by the discussion in the previous subsections, we define:

Definition 3.3.— A section L of an associative algebra bundle A with trace over
a bihamiltonian manifold (M, P, Q) is a Lax-Nijenhuis operator if, for all differential
forms o on M, Lo L — Epa(L;) is tangent to the coadjoint orbit of L(x) in the fiber
A, of A, for each x in M.

Identifying a section of T*A over L with a section of T'A over L and using the
identification of the dual of the vertical space at z, (V(A,))* = A, with the vertical
space V(A,) = A, we obtain immediately

Proposition 3.4.— A section L : M — A is a Lax-Nijenhuis operator if there
exists a lifting of L into a section L : T*M — T* A such that
L? ~

(3.6) Loal = Lra(Z) =L, L],

for each section o of T* M.
Equation (3.6) is called the Laz-Nijenhuis equation.

Ezamples. By (2.6), the recursion operator of a bihamiltonian manifold (M, P, Q)
with P invertible is a Lax-Nijenhuis operator.

Proposition 3.2 shows that any matrix-valued Lax operator with a simple spec-
trum, compatible with (P, Q) is a Lax-Nijenhuis operator.

3.3 Properties of Lax-Nijenhuis operators

We shall now prove that the traces of powers of any matrix-valued Lax-Nijenhuis
operator on a bihamiltonian manifold, (M, P, @), satisfy the Lenard recursion rela-
tions (3.3), and that the operator is therefore, by definition 3.1, a Lax operator
compatible with (P, Q).
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Proposition 3.5.— Let L be a matrix-valued Lax-Nijenhuis operator on a bi-
hamiltonian manifold (M, P, (). Then the functions Jj, = %trLk, k € N*, satisfy the
Lenard recursion relations (3.3), and L is a Lax operator compatible with (P, Q).
Moreover, if L is invertible, relation (3.3) holds when k is a negative integer, and,
if L admits a fractional power, L+ , relation (3.3) also holds when k is an integral
multiple of %

Proof. Relation (3.6) implies that, for any k € N*,

L2 ~
LF1Loal — L’Hﬁpa(E) = [L,L*'L(a)] ,

for any «. Taking traces of both sides implies that

1
Loa(+trL*) = Lpa(

k tTLk_H) ,

k+1

whence, with the notation of (3.2),
(Qa,dJy) = (Pa,dJgy1) -

Since this relation holds for any differential form «, we obtain relation (3.3) by the
skew-symmetry of P and Q. It follows from definition 3.1 that L is a Lax operator
compatible with (P, Q).

We now show that relation (3.3) holds for negative and fractional powers of Lax-
Nijenhuis operators, when they are defined. When « is a fixed differential form, we
introduce the convenient notations

dL dL -~
il L=""T(a)=B.
dt,’ LQal =3 (a)

CaL: 9
P t2

Using the following elementary formulae, valid for L, B € A and k € N*|

k—1 E—1
(3.1) [L*,B] =) [L, L/BL* 1) =) LI[L, BJL" '
j=0 =0
and
ALk = dL |
. - = L]_Lk—l—]
(3.8) — ]Zo = ,

we obtain from (3.6), by induction on k,

dLF  dL*
(L——+——L)=[L*B],

(3.9) dty dt, | dt

IS
S+~
V)
DN | =
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for k a positive integer. Let us prove that, if L is invertible, (3.9) is also valid for k
a negative integer. In fact, for k = —1,

L (=L —
dts 2(dt1 dt1>
1 dL  dL 1 dL dL
=L NL—+ =L L '+ (=L '+ L "=y L YL BIL!
2 ( dt1+dt1 ) +2(dt1 + dtl) L, B]

=-BL '+ L 'B=[L"18],

and, more generally, formula (3.9) for & < —1 is proved by recursion.
We now assume that L admits a fractional power D, namely D" = L , for some
positive integer r. Then using (3.7) and (3.8), we obtain

dD" 1, ,.dD" dD"
dts 2 dty dtq

D") — [D", B]

d dD ., 1 dD . dD . : :
=> (D" %Dj_l ——(D'D" =D’ 4+ D" ——DpI~'D")— D" D, B|D’71),
2

; 2 dt, dt,
Jj=1
thus
- dD 1 _dD dD .
3.10 D i(— - (L—+ —=ZL)—[D.BYD’"' =0.
(3.10) g (G —sg + g ) — 1D, B) 0

Still more generally, if D" = L, and h is a positive integer, we can prove

(3.11) (= = (L——+——L)— [D",B))DI"!' =0.

i i dD" 1, _dD" dD"
dta 2" dt;  dh

In fact, we first write (3.10), left-multiply by D"~!1=% then right-multiply by D’ and
sum from ¢ = 0 to h — 1. In the resulting equality, we use (3.7) and (3.8), to obtain
(3.11). Taking traces in (3.11) and using

1 dDP 1 dDetb

“trD——— = t
b7 Tdt  a+b . dt
we obtain,
1 dDH—h—l 1 dDQH—h—l
(3.12) tr = tr .
T—l—h—l dtz 2T—|—h—1 dtl
Setting H'Th_l = k, we obtain relation (3.3) for any k that is an integral multiple of

%. Combining the previous results, we see that this formula also holds for negative
rational numbers, when such powers of L are defined. =
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IV. Bihamiltonian hierarchies and Lax formulation

We have emphasized the striking analogies between the properties of a Lax
operator compatible with a bihamiltonian structure and those of a Nijenhuis operator.
In this section, we shall continue by considering the “hereditary properties” of both
types of operators.

The simplest hereditary property of a Nijenhuis operator, N, is that it maps
symmetries of N into symmetries of N. In fact, if a vector field X is a symmetry of
N, i.e., is such that

LxN =0,

then, by relation (2.4), and as a consequence of the vanishing of the torsion of N,
L N XN =0.

Thus, if X is a symmetry of N, so are NX and, more generally, N*X, for k € N.
The property has been “inherited” by the iterated vector fields NX, N2X,...

We now consider a sequence of differential 1-forms, oy, k € N, on a bihamiltonian
manifold, (M, P, Q), that satisfy the recursion relations,

(4.1) Qak = PO&k_H .

Let us consider the sequence of vector fields,
(4.2) Xk == Qozk = PO&k_H .

If P is invertible, then, by lemma 2.5, N = QP~! is a Nijenhuis operator and it
satisfies

(4.3) Xpp1 = NX,, .

If we now assume that the vector field X is a symmetry of the Nijenhuis operator
N, then so is X, for each k € N, by the hereditary property of N, recalled above.

Let us now examine the corresponding property for Lax-Nijenhuis operators. Let
L be a matrix-valued Lax-Nijenhuis operator on a bihamiltonian manifold (M, P, @),
in the sense of definition 3.3, and let o and X be forms and vectors as above. We
assume that the vector field X is such that there exists a matrix-valued mapping Ag
on M satisfying

dL dL
4.4 — =LA h — = L.
( ) dto [ ) 0]7 where dto ‘CXO

We shall prove by recursion that, for any vector field X}, in the associated sequence,
there exists a matrix-valued mapping Ax on M satisfying

dL dL
(45) d—tk == [L,Ak], where d—tk = ;CXkL .

13



In fact, let us assume (4.5) for 0,1,...,k — 1. Then, from (3.6), we obtain
L? ~
»CXkL = EQakL = »CPak7 + [L, L(Oék)]

— %(LLX“L +(Lx, L)L) + [L, L(ay)]

1
= [L,

5(LA;H + Ap_1L) + L(ay)] -

Setting Ay = 2(LAg—1 + Ap_1L) + L(ay), we obtain (4.5) for k.

Remark. Setting E(ak) = Ck, k € N, an explicit expression for Ay, k € N*, is

1 k L k-1 h 1 h
_ § : h k—h § :2 : h—
Ak—Q—kh O(h)L AOL +h . 02—h(p)Lka_hL p‘
= =Up=

In fact, this formula is valid for £k = 1 and is proved by recursion.
The following proposition summarizes this discussion.

Proposition 4.1.— Let a) , k € N, be a sequence of differential 1-forms on the
bihamiltonian manifold (M, P, Q), with oy, satisfying recursion relations (4.1) and let
X, = Qo = Pagy1 = % be the corresponding sequence of vector fields. If the

vector field Xg = % admits a Lax formulation,

dL
— =1L, A
dto [ ) 0]7

where L is a matrix-valued Lax-Nijenhuis operator, then for each k € N, there exists
a matrix-valued mapping Ay on M satisfying (4.5).

In particular, we shall consider the case when there exists a sequence of closed
differential 1-forms «ay, satisfying recursion relations (4.1). When P is invertible, we
set N = QP! and we denote the transpose of N by !N. Then (4.1) is written

Qg1 = (tN)(ozk) or o = (tN)kozo ,

and (4.3) is written
X, = N*(X,) .

Proposition 4.2.— Let (M, P, Q) be a bihamiltonian manifold with P invertible.
Assume that the differential 1-forms og and «q are closed. Then all ay,’s are closed
and the vector fields Xy, k € N, are (locally) bihamiltonian vector fields which com-
mute in pairs.

14



Proof. Using the fact that N has vanishing Nijenhuis torsion (lemma 2.5), we find
that

dog(X,Y) = dog_1 (NX,Y) + daj_1 (X, NY) — daj_o(NX, NY) |

for k > 2 and for all vector fields X, Y on M. Thus all the «;’s are closed.

Therefore each vector field X}, is (locally) bihamiltonian,
Lx,P=0,Lx,Q=0,
and hence each X} is a symmetry of N,
Lx,N=0.

(This fact also follows from L£x,/N = 0 and the hereditary property of N.)

Thus
[(Xi, Xo] = Lx, (N Xo) = (Lx, N9 X0 + N°Lx, Xo

= —NLx,(N*Xy)
= —NYLx,N*)(Xo) = N*Lx,Xo=0. u

Remark. 1f X is any (locally) bihamiltonian vector field, then Lx N = 0. It follows
that if Y is a symmetry of X, so is NY. This justifies the term “recursion operator”
for the Nijenhuis operator N of a bihamiltonian structure (P, @), with P invertible.

Remark. Let k and ¢ be nonnegative integers. For any Nijenhuis operator N and
vector field X, it follows from (2.4) by recursion that

Lyx(NY) = NLx(NY
and that

For k = /¢, we recover the well known fact that any positive power of a Nijenhuis op-
erator is a Nijenhuis operator, and that negative and fractional powers of a Nijenhuis
operator, when they are defined, are also Nijenhuis operators.

A sequence of commuting bihamiltonian vector fields is called a bihamiltonian
hierarchy. When Xy, k € N, is a bihamiltonian hierarchy, we obtain further properties
for the sequence of Lax equations (4.5). In fact, writing that Exj Lx, L—Lx, CXjL =
0 for all j, k£ € N, we obtain

0=Lx,[L, Ax] — Lx,[L, Aj]

oL 6Ak oL 04,
=[5 A+ L] -5 Al - [0, 57

[atj A+ 3753‘] [3151@’ 1= 1L atk]
- | - | 0Ap 04,
= HL, A]]? Ak] [[L7 Ak]7 AJ] + [L’ th Oty ]
_ | 94 _ 04,

15



by the Jacobi identity. Thus the operator, which can be called the curvature of the

connection defined by A,
0A;, 0A;
A A el Ak}
s, Al + ot; oty

commutes with L. Summarizing, we obtain

Proposition 4.3.— When X}, is a bihamiltonian hierarchy with Lax formulation
(4.5), the curvature of the connection with components Ay commutes with the Lax
operator L .

V. Examples
In this section, we give four examples showing how the Lax-Nijenhuis equation
can be used to compute higher-order Hamiltonian structures associated with a Hamil-

tonian system admitting a Lax representation. We write the Lax-Nijenhuis equation
(3.6) in the form

(5.1) Loul = (LLpal + (LraL)L) + [L, E(a)],

and we use the information on L and the arbitrariness of a to split this equation
into two parts: the first determines the unknown map L, up to some still arbitrary
constants, the second part determines Lg,L and then ). The condition of skewsym-
metry on () then determines the constants. The discussion is quite similar to a
problem with constraints coming from the restrictions imposed on L, where the role
of the Lagrange multipliers is played by the mapping L.

5.1 The Toda system

We shall consider the Toda system and its well-known Lax formulation. Let M =
R?"*1 with coordinates ! = (aj,be),j=1,---,n,=1,--- . n+1,I=1,---,2n+1.
We consider the Poisson bivector Py defined by

{Clj,bj} = —CL]' 5 j = 1,2,~-~,n
{aj7bj+1} = aj , j: 1727"'777‘ ’
all other Poisson brackets being equal to 0. Thus the Poisson bivector Py has matrix

(5.2)

a; —ap
az —ag 0
0
0
an —anp
(R = | —
a; —ag 0
az
0
0 —anp




When H = Y% i1 a’ EHH b7, the Hamiltonian vector field X = PydH is the
Toda vector field. In fact, the evolution equation ‘fl—f = X () is the system
da; .
d—tj = {CL],H} y J = 1,2,"',TL,
db
e = {0 H} (=12 n+1,
and, setting ag = a,41 = 0, this system becomes
da, ,
d—; :aj(bj+1 _b]> y J = 1,2,"',TL )
(5.3)
E :2<CL£ _a‘Z—l)7€: 1,2,~-~,n—|—1 5

which are the equations of the Toda system in Flaschka coordinates'®. A Lax for-
mulation for the Toda system is

dL
=I|L,A
where
(5.4)
b1 al 0 a1
aj bg a9 0 a1 0 a9 0
az bz as ay; 0 as
L= as VA= as
0 Lob,  ay 0 .0 an
an  bpi1 an 0

Now let P and @ be Poisson structures such that (5.1) is satisfied for L symmetric
and tridiagonal, as above. We assume that P is known, and we consider @) to be
an unknown, higher-order, Poisson structure. We shall assume that L(«) depends
linearly on «, and we shall denote the matrix E(dxl ) of order n + 1 by Cf. Then
(5.1) becomes

oL oL GL
_ (P Yol 9% 90y — 9 IJ
(55) (P12 4207 + (P25 20" L = 2Q
where the summation over J =1,2,---,2n + 1 is understood.

We shall assume that C7 is a skewsymmetric tridiagonal matrix, for each I =
1,---,2n+1,

0 eIt
_CII 0 CIQ 0
_cl2 0 e
(5.6) cl = —ct?
0 0 cIn

17



where cl,--- ¢l are to be determined. This choice is the simplest possible and it

guarantees that [L,C] is a symmetric penta-diagonal matrix. Any other choice of
C! would yield a matrix [L, C!] with more entries, and so with more constraints to
be imposed.

Foreach I =1,---,2n+1, PU% is the symmetric tridiagonal matrix
plntl ph 0
plt pln+2  pI2
pI2 : :
. pL2n pin
0 pin  pl2n+l

and therefore (PIJaax—LJ — 201 L is the transpose of L(PU%—LJ + 2CT). Thus con-
dition (5.5) implies that, for fixed I, matrix C7 is such that the symmetric part of

L(P17 2L 4 207) is tridiagonal. Writing this condition explicitly, one obtains

n—1

Z(ak(PJ,k—H + QCJ,k—H) + ak_H(PJk _ 20Jk)> —0.
k=1

Solving this system for ¢/ in terms of P7* yields the existence of multipliers A, k =
1,2,--- n, such that
2c¢’F = PR 12X\ ay, .

We assume that P7* is divisible by aj. This assumption is satisfied for P = B,
defined by (5.2). Setting A\{ = A/, we obtain

(By convention, here and below the last sum vanishes if k£ < 2.)
From relations (5.5), we then obtain the coefficients of the higher-order Poisson
structure @,

1 1 1
QJk: — 5CLk(pJ,'rL—i—k: _|_pJ,n+k—|—1) + 5bk(PJk: +2CJk) + gbk—l—l(PJk _QCJk:) ,

QJ,n—‘,—E _ CL@(PJZ . 2(3']6) + a€_1<pJ,£—1 + QCJ,K—I) + bgPJ’n—'_é )

We now replace the ¢’*’s by their values in terms of the parameters A7, and we
impose the conditions that the diagonal terms of ) vanish. These 2n + 1 conditions

imply
k

[ay

—1 pkj
Q(bk+1 — bk)()\k — Z a_> — Pk,n—|—k + Pk’n+k+1,
— 4

<
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s\t =0,

-1

2 2 n+e prttd n+e,0—1 n+6,6
(ag —aj_y) [ A" = Z ) = a1 P"T0TT +ap PR
=2
for{ =2,--- n+1.
Thus, we have obtained
1 k—1 PJJ
QT = Sa (PP R4 PP 4+ b P 4 ap (b — bpa) | N = ) —— ]
j=2
—1 PJJ
Q‘]’”H =2 (ag_lP‘M—l + agP‘M) + bgP‘]’"H + 2(@%_1 - a%) A — — |
j=2 7

where the A”/’s are given above in terms of ay, by, P*7.
Let us assume that all ax’s are nonvanishing and let us introduce the matrix M
of order 2n + 1, depending on ay,---,an, b1, -+, byy1, such that M applied to the

column with entries Ay, -+, A,, By, -+, Bpy1, is the column with entries
( 1 " A
Ay = §ak(Bk + Bry1) + bpAp + ar(bry1 — br) Z a_?’
j=2 "
(57) El = blBl, EQ == bQBQ + Q(CLlAl + CLQAQ),
=y
By =b,B; + Q(CLg_lAg_l + CLgAg) + 2(&% — a%_l) Z a—J ,
\ j=2
for{ =3,---,n+1.
We see that
Q=MP+X®M\,
where X is the Toda vector field with components
ai(ba —b1),a2(bz —ba), -+, an(bny1 — bn), QCE%, 2(613 - a%), S —26%21 )
and ) is the vector with components A!, .-, A? A"t ... A\2"T1 We observe that,

although @ is skewsymmetric, this expression does not constitute a decomposition of
(@ into a sum of skewsymmetric 2-tensors.

Thus the Lax-Nijenhuis equation yields an explicit determination of the bivector
Q in terms of P. For P = P, we see that the corresponding vector A = A(g) is the
row-matrix with entries

1
(5.8) Moy = —55,{+2 .
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It is easy to check that
Pr=MPFP+X® )\(0)

coincides with the second Poisson structure of the Toda system!'”!?-20, For example,
if n = 3, the matrix M P, is equal to

by 0 0o u 272 692 0 ar —a; 0 0
0 bs 0 0 2 2 0 0 0 a9 —a9 0
0 U b4 0 0 a73 %)’ 0 0 as —as
0O 0 0 b 0 0 O a0 0
2&1 2&2 0 0 b2 0 O al —a9 0
0 22—22 2a3 0 0 b3 O 0 as —as 0
0 —2% 0 0 0 0 b 00 a
where U = 22(by — b3), and
a1(52—b1)
az(bs—bz)
az(by — b3)
X ® Moy = 2a3 ®(0 00 0 -5 0 0),
2(a3 — af)
2(a3 — a3)
—2a3
so that
0 —%alag 0 a1b1 —a1b2 0 0
%alag 0 —%CLQCLZJ, 0 CLQbQ —a2b3 0
0 %agag 0 0 0 a3b3 —a3b4
P =MP+X@N\g) = | —arbi 0 0 0 -2 0 0
albg —CLQbQ 0 2&% 0 —2&% 0
0 CLng —Clgbg 0 2@% 0 —2&%
0 0 asby 0 0 2a§ 0

Repeating the process, we have to compute the bivector
Py =MP + X ® Ay
where A1) is the vector corresponding to ;. We can show that
Ay = MAo) -

For example, if n = 3,

1 1 1
—arz, _ZCLQ,O?O? _5627070)

Ay = (=3
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and Ps is the skewsymmetric matrix

PQZMP1+X®)\(1):

0 —ajasbsy 0 a1b? + a3} —a1b3 — a3 —aya3 0
0 —agasbs atas azb3 + a3 —agbh3 — a3 —aza3
0 0 a%ag asbs + a% —agbi — a%
0 —2&%(()1 + bg) 0 0
0 —QCL%(bQ + bg) 0
0 —2&%(()3 -|— b4)

0

In this case, P, coincides with the opposite of the third Poisson structure of the Toda
system described in Refs. 17 and 20.

Thus if M is the matrix of order 2n+1 defined by (5.7), the bivectors P; obtained
from the Lax-Nijenhuis equation satisfy

Piy1=MP; + X ® Ay

where X is the Toda vector field and A(;) is the vector corresponding to F;.
In particular, it follows that each coefficient P/* of the bivector P; is divisible
by ag, so the iteration can be carried out.

Let us show that in fact the skewsymmetry of P;, P;y; implies that
Aiir1) = MAg) -

Thus we consider
Pi=MP 1+ X ® A1),

Piy1=MP+ X @A) -
Since P;11 is assumed to be skewsymmetric, A(;) must satisfy
Pi'M—MP, =X @A)+ X)) @ X .
Moreover, from the skewsymmetry of P; , we obtain
Pi=MP,_1+X®@Ai—1y=Pia'M = Xi_) @ X,

whence

We thus obtain A;y = MA;_1). The following proposition summarizes this discus-
sion.
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Proposition 5.1.— Let M be the matrix of order 2n + 1 defined by (5.7). The
bivectors obtained from the Lax-Nijenhuis equation satisfy

Piy1=MP+ X ® M\ ,
where \(gy is the vector given by (5.8).

5.2 The n-dimensional rigid body

The Euler equations for the n-dimensional rigid body rotating about a fixed
point can be written

M =[M,Q],
where M is the angular momentum, a time-dependent element of the Lie algebra
so(n), and
M=JQ+QJ .

Here J is a diagonal matrix with positive entries Ji, Js, - - -, J,, defined in terms of the
principal moments of inertia, and €2 is the angular velocity. These equations admit
a Lax formulation, with a spectral parameter,

L=[L,B],

where L =4l + J% and B=Q+ \J .

Moreover, it is well-known (see e.g., Refs. 10, 34) that these equations can be
written in Hamiltonian form, with respect to the linear Poisson structure of so(n)
induced by the identification of the Lie algebra so(n) with its dual by means of
the trace of the product of matrices. Making use of this identification, this Poisson
structure P is defined by Py : so(n) — so(n), for each M in so(n), where

PM:CLdM.

If K(M) = 1tr(MSQ), then the gradient of K (the differential of K identified with a
matrix in so(n)) is the constant matrix €, and therefore the Euler equations can be
written as the Hamiltonian equation

M = P(dK).

Let us use the Lax-Nijenhuis equation in order to find a possible form of a second
Hamiltonian structure that will make this equation a bihamiltonian system. Setting

L= fl%, it follows from the definitions and from the Euler equation that

d(L?*) 1
o = S (LIM.Q)+ (M 0)L)

and therefore, by a simple computation,

1d(L?) 1 1
1 — Yinomas o+ Lovarn - o .
> dr ol M2+ QM)+ )
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By the definition of L, MQL — LOM = MQJ? — J?>QM. This suggests that we

should set Y
—— = MQJ? - J*QM.
dts

We observe that if M and () are skewsymmetric, so is %. In fact, @ defined by
Qu(V)=MVJ? - J*VM,

for M,V € so(n), is the second, compatible Poisson structure on so(n) that was
recently found by Morosi and Pizzocchero®t. This second Poisson structure @ is
actually a deformation of the first, linear one, P, under the linear map M — JM J.
The Euler equation can be written

where H(M) = —4tr(J-'MJ~'Q) , since the gradient of H is —J1QJ 1.

We now show how to extend this procedure to the determination of Poisson
structures compatible with the linear Poisson structures on the sum of several copies
of a simple Lie algebra, considered in Refs. 30 and 35. Let us consider, for instance,
the Hamiltonian system

dM,
dt,

= [Mo, V1]

dM;
dty

where Vj, V; are the components of the gradient of a Hamiltonian function K . We
introduce the Lax matrix depending on the spectral parameter A,

My M,
L=—+—7—+A.
A2 * A *

Computing the derivative of the square of this matrix, we find that

- [M()a%] + [Mla‘/lL

ld(Lz) — (MoVy + Vi M) n (MoVo + VoMy) + (M Vi + Vi My)
2 dty ’ 2)\2 2

]

1 1
—|—ﬁ(M0V0M1—M1VOMO+MOV1A—AV1M0)+X(MOVOA — AVoMy + M1 Vi A — AV M,y).

Therefore the Lax-Nijenhuis equation suggests that we should set

dM,
Gt = (MoVoMy = MyVoMy) + (MoVi A — AVi My)
dM,
o = (MoVoA — AVoMp) + (MiVi A — AViMy).
2

A computation shows that this is actually a Poisson structure on the direct sum
of two copies of so(n). It is clearly compatible with the first, because it can be otained
by deforming A into A + AI .
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5.3 The KdV equation

We now enter the field of nonlinear partial differential equations by considering
the Korteweg-de Vries equation

du
dt

= Uger — OUU, .

We use the notations of the formal calculus of variations?'%8. As is well-known, the
KdV equation is Hamiltonian since if can be written in the form

ou o0H

ot ou’

where
1

H(u) = —/(§u§ +u?)dx |

and 0 = % is the Gardner Hamiltonian structure'®. It admits a Lax representation,

du — [L, B], with
L=0%—u, B=40%—-3ud+0ou).

We now want to use the Lax-Nijenhuis equation (5.1), where P = 0, to find the second
Hamiltonian structure of the KdV equation. Since L is a second-order differential
operator, we assume that L(«) is a first-order differential operator,

L(a) = A+ pd

where \ and p depend linearly on the 1-form «. A simple computation yields:
Q»CPa(L ) - _axa - amxa + (U(l/m - Qaamw> 5

[L, ()] = 2120% + (2Xg + f122)d + (Mo + pitig) -

By inserting these formulas into the Lax-Nijenhuis equation and by equating the
coefficients of 92,0 and 9°, we get:

(2[1’_0‘>$:07
2\ + py — ) =0,

1

The first two equations yield the solution p = %a, A= %am, while the third one
yields the second Hamiltonian structure of the KdV equation,

1 1
Qula) = Zamm — Uy, — §uxoz )

The recursion operator is the nonlocal operator, R, = i@Q —u— %uxc‘?_l.
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5.4 The second Adler-Gelfand-Dickey bracket

We now generalize the previous example to the first equation of the n-th KdV

hierarchy. The unknowns are functions ug,uq,...,u,—1 on the circle, whose time
evolution is being studied. It admits a Lax formulation,

dL

. LaB 9

o =L, Bl
where

L=0"+u,10" '+ +ug,

and B is a suitable differential operator of order n + 1. Here L takes values in a
manifold £,, of invertible elements in the algebra A, of formal pseudodifferential
operators of order < n on the circle3®. This equation is Hamiltonian with respect to
the Poisson structure P on L£,, which, in the operator formalism, is defined by

(5.9) P(a) = [a, L] |
where « is the pseudodifferential operator,
a=0"tag+02a1+ -+ 0 "am_1 ,

which is considered as a 1-form on £,,. The value of a on any tangent vector U =
Up_10" 1 + ... 4+ U0 + Uy is, by definition,

(o, U) = /resa—l(ao U) = /(oono + ot ap_1Uy_1)dz .

In equation (5.9) the symbol [L, a] ; means that we consider the differential part of the
pseudodifferential operator obtained by computing the commutator of the operators
L and « by the usual (formal) rules of the algebra of pseudodifferential operators.
See, e.g., Refs. 36, 37.

The Lax-Nijenhuis equation (5.1) then takes the form
Laa(L) = 5(Lla L +[a, 1] L) + L, L(a)]
Since L is a monic differential operator of order n and
Lqa(L) = Lga(uo) + Lqa(u1)d + -+ + Lga(un—1)0" ",
we can solve this equation by looking for operators
L(a) = Ao+ A0+ -+ Ay10™ L.

(The reasons for this choice and that made in the case of the Toda system are similar.)
Then we observe that the Lax-Nijenhuis equation can also be written in the form

(5.10) Lqa(L) = [0 L1 L+ [L, M(a)] |
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if we set

M(a) = L) + %[a,L]+ .

To split equation (5.10) in two parts, one determining M («) and the other determin-
ing Lga (L), we observe that the constraints on L imply that

(LoalL)L™)4 =0.

Then we get
(L@a(L)- L7Y) 4 = ([o, L]y + [L, M(a) L)) =0
(Lqa(L)- L7 = ([o, L]y + [L, M () L71]) -
(5.11) [L,(M(a) —aL)L™ 'y =0
(5.12) Loa(L)=[L, M(a)L7']_-L.

Now [L, (aL) L™, =0, since
(L(aL)_ L™ —(aL)_ )y = (L(aL)_L™Y, =0.

In fact, we know that for any strictly pseudodifferential operator X, such that
X+ = 07
(LXL ™Y, =0.

The constraint equation (5.11) can therefore be written in the form
L, (M(a) = (aL)+)L7]4 =0,
and the simplest solution of (5.11) is thus
M(a) = (aL); .
If we now insert this solution into equation (5.12), we get
Loull) = [L.(aL)4 LY L,

v Qule) = (L(aL)s LY L
= L(al) L7'L — (L(aL) L) L
= L(aLl)y — (LaLL ™' — L(aL)_L™Y), L
= L(aLl)y — (La)+ L .

This is the second Adler-Gelfand-Dickey bracket?!:16:10:37,
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5.5 The R-matrix bracket

It is well-known that the Poisson structure (5.9) on £,, is a particular case of
the Poisson structure P defined by

(5.13) Pr(a) = R([L, a]) — [L, Ral]

associated with any skewsymmetric R-matrix satisfying the modified classical Yang-
Baxter equation,

[RX,RY] — R([RX,Y] + [X,RY]) = —[X,Y] .

Indeed to obtain (5.9) from (5.13) it is enough to choose as an R-matrix on the
algebra of formal pseudodifferential operators half the difference,

1
R = 5(71-4— _7T—>7

between the projections 7, and w_ onto the positive and negative parts into which
the algebra of formal pseudodifferential operators naturally splits. In fact

R((L,a]) ~ [L, Ra] = [L,al, — 5[L.a]_ + (L a] = [L,al, |

Therefore, it is natural to try to generalize the previous example by solving the
Lax-Nijenhuis equation corresponding to

Lpa(L) = R([L, o)) — [L, R(a)] -
To this end we remark that
Lpo(L?) = LR([L,a]) + R([L,a])L — [L, LR(a) + R(c)L]
so that the Lax-Nijenhuis condition takes the form
Laa(L) = 3 (LR(L, al) + R(L,a])1) + L, L() ~ (LR(a) + R(2)L)]
In this case we have no obvious supplementary conditions on L to be used to deter-

mine L(a). However to do this we can use the skewsymmetry of Q (as in the Toda
example). The idea is to split the linear operator

My (a) = LR([L, a]) + R([L, o]) L
into its symmetric and skewsymmetric parts. Since
'My(a) = [L, R(aL + La)]
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we can write
Loa(L) = 3 (Mr(a) ~ My(@)) + L, (0) + 5 (R(aL + La)) ~ LR(a) ~ R(a)1]
Now we can choose
£(0) = 5(LR(a) + R(a)L) ~ 3 R(aL + La)

so as to annihilate the commutator and to get Loa(L) = 3(Mp(a) — 'Mp(a)),
a manifestly skewsymmetric mapping. The explicit result that we finally get is

Loa(L) = L (LR(L,a)) + R(L,a))L - [L, R(aL + La)),

and thus
Qr(a) = R(La)L — LR(aL) .

This is the well-known form?? of the second (quadratic) Poisson bivector associated
with the R-bracket (5.13).

Conclusion. These examples may help to explain the role of the Lax-Nijenhuis equa-
tion and its limits. This equation does not define the second (“quadratic”) Poisson
bracket, @), associated with a Lax operator, but it provides a systematic way of de-
riving this bracket. The previous examples show that, in many cases, the form of L
and the form of the first, given Poisson tensor suggest natural choices for the form of
L(«) which make @ uniquely defined. This is the value of the method. Its limits are
that it does not provide a proof of the fact that we indeed obtain a second Poisson
tensor compatible with the given one.

In Ref. 38, there appears a Lax formulation for the evolution of the recursion
operator of the KdV hierarchy, whose geometric interpretation along the lines of the
present exposition remains to be clarified.
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V. Examples
In this section, we give four examples showing how the Lax-Nijenhuis equation
can be used to compute higher-order Hamiltonian structures associated with a Hamil-

tonian system admitting a Lax representation. We write the Lax-Nijenhuis equation
(3.6) in the form

(5.1) LoaL = %(L,CPQL +(Lpal)L) + (L, L(a)],

and we use the information on L and the arbitrariness of a to split this equation
into two parts: the first determines the unknown map L, up to some still arbitrary
constants, the second part determines Lg,L and then ). The condition of skewsym-
metry on () then determines the constants. The discussion is quite similar to a
problem with constraints coming from the restrictions imposed on L, where the role
of the Lagrange multipliers is played by the mapping L.

5.1 The Toda system

We shall consider the Toda system and its well-known Lax formulation. Let M =
R?"*1 with coordinates ! = (aj,be), j=1,---,n=1,--- . n+1,I=1,---,2n+1.
We consider the Poisson bivector Py defined by

aj,bi}t=—a;, 7=1,2,---,n
(52> { J ]} J j
{aj7bj+1} =a;, ] = 1727"'777‘ ’

all other Poisson brackets being equal to 0. Thus the Poisson bivector Py has matrix

a; —ap
az —ag 0
0
0
an —Gnp
(R = | —
a; —ag 0
az
0
0 —anp




When H = Y% i1 a’ EHH b7, the Hamiltonian vector field X = PydH is the
Toda vector field. In fact, the evolution equation ‘fl—f = X () is the system
da; .
d—tj = {CL],H} y J = 1,2,"',TL,
db
e = {0 H} (=12 n+1,
and, setting ag = a,41 = 0, this system becomes
da, ,
d—; :aj(bj+1 _b]> y J = 1,2,"',TL )
(5.3)
E :2<CL£ _a‘Z—l)7€: 1,2,~-~,n—|—1 5

which are the equations of the Toda system in Flaschka coordinates'®. A Lax for-
mulation for the Toda system is

dL
=I|L,A
where
(5.4)
b1 al 0 a1
aj bg a9 0 a1 0 a9 0
az bz as ay; 0 as
L= as VA= as
0 Lob,  ay 0 .0 an
an  bpi1 an 0

Now let P and @ be Poisson structures such that (5.1) is satisfied for L symmetric
and tridiagonal, as above. We assume that P is known, and we consider @) to be
an unknown, higher-order, Poisson structure. We shall assume that L(«) depends
linearly on «, and we shall denote the matrix E(dxl ) of order n + 1 by Cf. Then
(5.1) becomes

oL oL GL
_ (P Yol 9% 90y — 9 IJ
(55) (P12 4207 + (P25 20" L = 2Q
where the summation over J =1,2,---,2n + 1 is understood.

We shall assume that C7 is a skewsymmetric tridiagonal matrix, for each I =
1,---,2n+1,

0 eIt
_CII 0 CIQ 0
_cl2 0 e
(5.6) cl = —ct?
0 0 cIn
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where cl,--- ¢l are to be determined. This choice is the simplest possible and it

guarantees that [L,C] is a symmetric penta-diagonal matrix. Any other choice of
C! would yield a matrix [L, C!] with more entries, and so with more constraints to
be imposed.

Foreach I =1,---,2n+1, PU% is the symmetric tridiagonal matrix
plntl ph 0
plt pln+2  pI2
pI2 : :
. pL2n pin
0 pin  pl2n+l

and therefore (PIJaax—LJ — 201 L is the transpose of L(PU%—LJ + 2CT). Thus con-
dition (5.5) implies that, for fixed I, matrix C7 is such that the symmetric part of

L(P17 2L 4 207) is tridiagonal. Writing this condition explicitly, one obtains

n—1

Z(ak(PJ,k—H + QCJ,k—H) + ak_H(PJk _ 20Jk)> —0.
k=1

Solving this system for ¢/ in terms of P7* yields the existence of multipliers A, k =
1,2,--- n, such that
2c¢’F = PR 12X\ ay, .

We assume that P7* is divisible by aj. This assumption is satisfied for P = B,
defined by (5.2). Setting A\{ = A/, we obtain

(By convention, here and below the last sum vanishes if k£ < 2.)
From relations (5.5), we then obtain the coefficients of the higher-order Poisson
structure @,

1 1 1
QJk: — 5CLk(pJ,'rL—i—k: _|_pJ,n+k—|—1) + 5bk(PJk: +2CJk) + gbk—l—l(PJk _QCJk:) ,

QJ,n—‘,—E _ CL@(PJZ . 2(3']6) + a€_1<pJ,£—1 + QCJ,K—I) + bgPJ’n—'_é )

We now replace the ¢’*’s by their values in terms of the parameters A7, and we
impose the conditions that the diagonal terms of ) vanish. These 2n + 1 conditions

imply
k

[ay

—1 pkj
Q(bk+1 — bk)()\k — Z a_> — Pk,n—|—k + Pk’n+k+1,
— 4

<
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s\t =0,

-1

2 2 n+e prttd n+e,0—1 n+6,6
(ag —aj_y) [ A" = Z ) = a1 P"T0TT +ap PR
=2
for{ =2,--- n+1.
Thus, we have obtained
1 k—1 PJJ
QT = Sa (PP R4 PP 4+ b P 4 ap (b — bpa) | N = ) —— ]
j=2
—1 PJJ
Q‘]’”H =2 (ag_lP‘M—l + agP‘M) + bgP‘]’"H + 2(@%_1 - a%) A — — |
j=2 7

where the A”/’s are given above in terms of ay, by, P*7.
Let us assume that all ax’s are nonvanishing and let us introduce the matrix M
of order 2n + 1, depending on ay,---,an, b1, -+, byy1, such that M applied to the

column with entries Ay, -+, A,, By, -+, Bpy1, is the column with entries
( 1 " A
Ay = §ak(Bk + Bry1) + bpAp + ar(bry1 — br) Z a_?’
j=2 "
(57) El = blBl, EQ == bQBQ + Q(CLlAl + CLQAQ),
=y
By =b,B; + Q(CLg_lAg_l + CLgAg) + 2(&% — a%_l) Z a—J ,
\ j=2
for{ =3,---,n+1.
We see that
Q=MP+X®M\,
where X is the Toda vector field with components
ai(ba —b1),a2(bz —ba), -+, an(bny1 — bn), QCE%, 2(613 - a%), S —26%21 )
and ) is the vector with components A!, .-, A? A"t ... A\2"T1 We observe that,

although @ is skewsymmetric, this expression does not constitute a decomposition of
(@ into a sum of skewsymmetric 2-tensors.

Thus the Lax-Nijenhuis equation yields an explicit determination of the bivector
Q in terms of P. For P = P, we see that the corresponding vector A = A(g) is the
row-matrix with entries

1
(5.8) Moy = —55,{+2 .
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It is easy to check that
Pr=MPFP+X® )\(0)

coincides with the second Poisson structure of the Toda system!'”!?-20, For example,
if n = 3, the matrix M P, is equal to

by 0 0o u 272 692 0 ar —a; 0 0
0 bs 0 0 2 2 0 0 0 a9 —a9 0
0 U b4 0 0 a73 %)’ 0 0 as —as
0O 0 0 b 0 0 O a0 0
2&1 2&2 0 0 b2 0 O al —a9 0
0 22—22 2a3 0 0 b3 O 0 as —as 0
0 —2% 0 0 0 0 b 00 a
where U = 22(by — b3), and
a1(52—b1)
az(bs—bz)
az(by — b3)
X ® Moy = 2a3 ®(0 00 0 -5 0 0),
2(a3 — af)
2(a3 — a3)
—2a3
so that
0 —%alag 0 a1b1 —a1b2 0 0
%alag 0 —%CLQCLZJ, 0 CLQbQ —a2b3 0
0 %agag 0 0 0 a3b3 —a3b4
P =MP+X@N\g) = | —arbi 0 0 0 -2 0 0
albg —CLQbQ 0 2&% 0 —2&% 0
0 CLng —Clgbg 0 2@% 0 —2&%
0 0 asby 0 0 2a§ 0

Repeating the process, we have to compute the bivector
Py =MP + X ® Ay
where A1) is the vector corresponding to ;. We can show that
Ay = MAo) -

For example, if n = 3,

1 1 1
—arz, _ZCLQ,O?O? _5627070)

Ay = (=3
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and Ps is the skewsymmetric matrix

PQZMP1+X®)\(1):

0 —ajasbsy 0 a1b? + a3} —a1b3 — a3 —aya3 0
0 —agasbs atas azb3 + a3 —agbh3 — a3 —aza3
0 0 a%ag asbs + a% —agbi — a%
0 —2&%(()1 + bg) 0 0
0 —QCL%(bQ + bg) 0
0 —2&%(()3 -|— b4)

0

In this case, P, coincides with the opposite of the third Poisson structure of the Toda
system described in Refs. 17 and 20.

Thus if M is the matrix of order 2n+1 defined by (5.7), the bivectors P; obtained
from the Lax-Nijenhuis equation satisfy

Piy1=MP; + X ® Ay

where X is the Toda vector field and A(;) is the vector corresponding to F;.
In particular, it follows that each coefficient P/* of the bivector P; is divisible
by ag, so the iteration can be carried out.

Let us show that in fact the skewsymmetry of P;, P;y; implies that
Aiir1) = MAg) -

Thus we consider
Pi=MP 1+ X ® A1),

Piy1=MP+ X @A) -
Since P;11 is assumed to be skewsymmetric, A(;) must satisfy
Pi'M—MP, =X @A)+ X)) @ X .
Moreover, from the skewsymmetry of P; , we obtain
Pi=MP,_1+X®@Ai—1y=Pia'M = Xi_) @ X,

whence

We thus obtain A;y = MA;_1). The following proposition summarizes this discus-
sion.
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Proposition 5.1.— Let M be the matrix of order 2n + 1 defined by (5.7). The
bivectors obtained from the Lax-Nijenhuis equation satisfy

Piy1=MP+ X ® M\ ,
where \(gy is the vector given by (5.8).

5.2 The n-dimensional rigid body

The Euler equations for the n-dimensional rigid body rotating about a fixed
point can be written

M =[M,Q],
where M is the angular momentum, a time-dependent element of the Lie algebra
so(n), and
M=JQ+QJ .

Here J is a diagonal matrix with positive entries Ji, Js, - - -, J,, defined in terms of the
principal moments of inertia, and €2 is the angular velocity. These equations admit
a Lax formulation, with a spectral parameter,

L=[L,B],

where L =4l + J% and B=Q+ \J .

Moreover, it is well-known (see e.g., Refs. 10, 34) that these equations can be
written in Hamiltonian form, with respect to the linear Poisson structure of so(n)
induced by the identification of the Lie algebra so(n) with its dual by means of
the trace of the product of matrices. Making use of this identification, this Poisson
structure P is defined by Py : so(n) — so(n), for each M in so(n), where

PM:CLdM.

If K(M) = 1tr(MSQ), then the gradient of K (the differential of K identified with a
matrix in so(n)) is the constant matrix €, and therefore the Euler equations can be
written as the Hamiltonian equation

M = P(dK).

Let us use the Lax-Nijenhuis equation in order to find a possible form of a second
Hamiltonian structure that will make this equation a bihamiltonian system. Setting

L= fl%, it follows from the definitions and from the Euler equation that

d(L?*) 1
o = S (LIM.Q)+ (M 0)L)

and therefore, by a simple computation,

1d(L?) 1 1
1 — Yinomas o+ Lovarn - o .
> dr ol M2+ QM)+ )
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By the definition of L, MQL — LOM = MQJ? — J?>QM. This suggests that we

should set Y
—— = MQJ? - J*QM.
dts

We observe that if M and () are skewsymmetric, so is %. In fact, @ defined by
Qu(V)=MVJ? - J*VM,

for M,V € so(n), is the second, compatible Poisson structure on so(n) that was
recently found by Morosi and Pizzocchero®t. This second Poisson structure @ is
actually a deformation of the first, linear one, P, under the linear map M — JM J.
The Euler equation can be written

where H(M) = —4tr(J-'MJ~'Q) , since the gradient of H is —J1QJ 1.

We now show how to extend this procedure to the determination of Poisson
structures compatible with the linear Poisson structures on the sum of several copies
of a simple Lie algebra, considered in Refs. 30 and 35. Let us consider, for instance,
the Hamiltonian system

dM,
dt,

= [Mo, V1]

dM;
dty

where Vj, V; are the components of the gradient of a Hamiltonian function K . We
introduce the Lax matrix depending on the spectral parameter A,

My M,
L=—+—7—+A.
A2 * A *

Computing the derivative of the square of this matrix, we find that

- [M()a%] + [Mla‘/lL

ld(Lz) — (MoVy + Vi M) n (MoVo + VoMy) + (M Vi + Vi My)
2 dty ’ 2)\2 2

]

1 1
—|—ﬁ(M0V0M1—M1VOMO+MOV1A—AV1M0)+X(MOVOA — AVoMy + M1 Vi A — AV M,y).

Therefore the Lax-Nijenhuis equation suggests that we should set

dM,
Gt = (MoVoMy = MyVoMy) + (MoVi A — AVi My)
dM,
o = (MoVoA — AVoMp) + (MiVi A — AViMy).
2

A computation shows that this is actually a Poisson structure on the direct sum
of two copies of so(n). It is clearly compatible with the first, because it can be otained
by deforming A into A + AI .
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5.3 The KdV equation

We now enter the field of nonlinear partial differential equations by considering
the Korteweg-de Vries equation

du
dt

= Uger — OUU, .

We use the notations of the formal calculus of variations?'%8. As is well-known, the
KdV equation is Hamiltonian since if can be written in the form

ou o0H

ot ou’

where
1

H(u) = —/(§u§ +u?)dx |

and 0 = % is the Gardner Hamiltonian structure'®. It admits a Lax representation,

du — [L, B], with
L=0%—u, B=40%—-3ud+0ou).

We now want to use the Lax-Nijenhuis equation (5.1), where P = 0, to find the second
Hamiltonian structure of the KdV equation. Since L is a second-order differential
operator, we assume that L(«) is a first-order differential operator,

L(a) = A+ pd

where \ and p depend linearly on the 1-form «. A simple computation yields:
Q»CPa(L ) - _axa - amxa + (U(l/m - Qaamw> 5

[L, ()] = 2120% + (2Xg + f122)d + (Mo + pitig) -

By inserting these formulas into the Lax-Nijenhuis equation and by equating the
coefficients of 92,0 and 9°, we get:

(2[1’_0‘>$:07
2\ + py — ) =0,

1

The first two equations yield the solution p = %a, A= %am, while the third one
yields the second Hamiltonian structure of the KdV equation,

1 1
Qula) = Zamm — Uy, — §uxoz )

The recursion operator is the nonlocal operator, R, = i@Q —u— %uxc‘?_l.
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5.4 The second Adler-Gelfand-Dickey bracket

We now generalize the previous example to the first equation of the n-th KdV

hierarchy. The unknowns are functions ug,uq,...,u,—1 on the circle, whose time
evolution is being studied. It admits a Lax formulation,

dL

. LaB 9

o =L, Bl
where

L=0"+u,10" '+ +ug,

and B is a suitable differential operator of order n + 1. Here L takes values in a
manifold £,, of invertible elements in the algebra A, of formal pseudodifferential
operators of order < n on the circle3®. This equation is Hamiltonian with respect to
the Poisson structure P on L£,, which, in the operator formalism, is defined by

(5.9) P(a) = [a, L] |
where « is the pseudodifferential operator,
a=0"tag+02a1+ -+ 0 "am_1 ,

which is considered as a 1-form on £,,. The value of a on any tangent vector U =
Up_10" 1 + ... 4+ U0 + Uy is, by definition,

(o, U) = /resa—l(ao U) = /(oono + ot ap_1Uy_1)dz .

In equation (5.9) the symbol [L, a] ; means that we consider the differential part of the
pseudodifferential operator obtained by computing the commutator of the operators
L and « by the usual (formal) rules of the algebra of pseudodifferential operators.
See, e.g., Refs. 36, 37.

The Lax-Nijenhuis equation (5.1) then takes the form
Laa(L) = 5(Lla L +[a, 1] L) + L, L(a)]
Since L is a monic differential operator of order n and
Lqa(L) = Lga(uo) + Lqa(u1)d + -+ + Lga(un—1)0" ",
we can solve this equation by looking for operators
L(a) = Ao+ A0+ -+ Ay10™ L.

(The reasons for this choice and that made in the case of the Toda system are similar.)
Then we observe that the Lax-Nijenhuis equation can also be written in the form

(5.10) Lqa(L) = [0 L1 L+ [L, M(a)] |
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if we set

M(a) = L) + %[a,L]+ .

To split equation (5.10) in two parts, one determining M («) and the other determin-
ing Lga (L), we observe that the constraints on L imply that

(LoalL)L™)4 =0.

Then we get
(L@a(L)- L7Y) 4 = ([o, L]y + [L, M(a) L)) =0
(Lqa(L)- L7 = ([o, L]y + [L, M () L71]) -
(5.11) [L,(M(a) —aL)L™ 'y =0
(5.12) Loa(L)=[L, M(a)L7']_-L.

Now [L, (aL) L™, =0, since
(L(aL)_ L™ —(aL)_ )y = (L(aL)_L™Y, =0.

In fact, we know that for any strictly pseudodifferential operator X, such that
X+ = 07
(LXL ™Y, =0.

The constraint equation (5.11) can therefore be written in the form
L, (M(a) = (aL)+)L7]4 =0,
and the simplest solution of (5.11) is thus
M(a) = (aL); .
If we now insert this solution into equation (5.12), we get
Loull) = [L.(aL)4 LY L,

v Qule) = (L(aL)s LY L
= L(al) L7'L — (L(aL) L) L
= L(aLl)y — (LaLL ™' — L(aL)_L™Y), L
= L(aLl)y — (La)+ L .

This is the second Adler-Gelfand-Dickey bracket?!:16:10:37,
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5.5 The R-matrix bracket

It is well-known that the Poisson structure (5.9) on £,, is a particular case of
the Poisson structure P defined by

(5.13) Pr(a) = R([L, a]) — [L, Ral]

associated with any skewsymmetric R-matrix satisfying the modified classical Yang-
Baxter equation,

[RX,RY] — R([RX,Y] + [X,RY]) = —[X,Y] .

Indeed to obtain (5.9) from (5.13) it is enough to choose as an R-matrix on the
algebra of formal pseudodifferential operators half the difference,

1
R = 5(71-4— _7T—>7

between the projections 7, and w_ onto the positive and negative parts into which
the algebra of formal pseudodifferential operators naturally splits. In fact

R((L,a]) ~ [L, Ra] = [L,al, — 5[L.a]_ + (L a] = [L,al, |

Therefore, it is natural to try to generalize the previous example by solving the
Lax-Nijenhuis equation corresponding to

Lpa(L) = R([L, o)) — [L, R(a)] -
To this end we remark that
Lpo(L?) = LR([L,a]) + R([L,a])L — [L, LR(a) + R(c)L]
so that the Lax-Nijenhuis condition takes the form
Laa(L) = 3 (LR(L, al) + R(L,a])1) + L, L() ~ (LR(a) + R(2)L)]
In this case we have no obvious supplementary conditions on L to be used to deter-

mine L(a). However to do this we can use the skewsymmetry of Q (as in the Toda
example). The idea is to split the linear operator

My (a) = LR([L, a]) + R([L, o]) L
into its symmetric and skewsymmetric parts. Since
'My(a) = [L, R(aL + La)]
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we can write
Loa(L) = 3 (Mr(a) ~ My(@)) + L, (0) + 5 (R(aL + La)) ~ LR(a) ~ R(a)1]
Now we can choose
£(0) = 5(LR(a) + R(a)L) ~ 3 R(aL + La)

so as to annihilate the commutator and to get Loa(L) = 3(Mp(a) — 'Mp(a)),
a manifestly skewsymmetric mapping. The explicit result that we finally get is

Loa(L) = L (LR(L,a)) + R(L,a))L - [L, R(aL + La)),

and thus
Qr(a) = R(La)L — LR(aL) .

This is the well-known form?? of the second (quadratic) Poisson bivector associated
with the R-bracket (5.13).

Conclusion. These examples may help to explain the role of the Lax-Nijenhuis equa-
tion and its limits. This equation does not define the second (“quadratic”) Poisson
bracket, @), associated with a Lax operator, but it provides a systematic way of de-
riving this bracket. The previous examples show that, in many cases, the form of L
and the form of the first, given Poisson tensor suggest natural choices for the form of
L(«) which make @ uniquely defined. This is the value of the method. Its limits are
that it does not provide a proof of the fact that we indeed obtain a second Poisson
tensor compatible with the given one.

In Ref. 38, there appears a Lax formulation for the evolution of the recursion
operator of the KdV hierarchy, whose geometric interpretation along the lines of the
present exposition remains to be clarified.
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