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1.1,

Introduction

The concepts of sufficiency and ancillarity in statistical inference were introduced by
Fisher. Many authors contributed to the generalization of these concepts (see Bhapkar
(1989, 1991) for references).

In this paper we treat the problem of data reduction in a measure-theoretic context,
using generalized definitions of the sufficiency, ancillarity and invariance principles.
The paper claims that every statistical inference problem can be reduced to an infer-
ence problem in a reference model, as described in section 9.

In section 1 we give the mathematical prerequisites that are used in the other sections.
Section 2 describes in general terms the probability structure of the observational evi-
dence. Section 3 and 4 describe its sufficient reduction and ancillary conditioning,.
Statistical inference may have a given form, e.g. there may be a parameter of interest.
This interest specification together with sufliciently reduced and conditioned proba-
bility structure constitute an inference model as described in section 5. The interest
specification makes invariant reduction possible as defined in section 6. Invariant re-
duction as defined by Barnard (1963) is a special case. In section 7 and 8 the concepts
of partially sufficient reduction and partially ancillary conditioning are introduced.
These definitions generalize other definitions of partial sufficiency and ancillarity (see
Bhapkar). In section 9 we propose a sequence in which the transformations described
in the previous sections must be applied. Through this sequence of transformations
every probability structure is changed into one or more reference models. Section 10
gives a number of examples.

Preliminaries

In this section we collect preliminaries for reference in subsequent sections. There-
fore the reading of the paper can start with section two and the relevant parts of this
section can be read when they are referenced.

Let A be a map from a set X into a set Y. We refer to X as the domain and to ¥ as
the codomain of A\. The powerset of X, i.e. the collection of subsets of X, is written
as P(X). The maps

AL P(X) - P(Y),
A" P(Y) - P(X),
are defined as

AL(A):={Ma)EY]a€ A}, ACX,
(1.1.1)
A~(B):= {be X|\b)e B}, BCY.

Let F be a o-field of subsets of the codomain Y, i.e. (Y, F) is a measurable space. We
refer to




1.2,

1.3.

1.4.

1.5.

(1.1.2) o\ :={\~(B)c X|Be F)

as the o-field of subsets of the domain X generated by the map A from X into the
measurable space (Y, F).

Let X be a set and let 4 C P(X) be a collection of subsets of X. The intersection
of the o-fields of subsets of X containing A is said to be the o-field o(.A) generated by A.

Let (X, F) be a measurable space. For A C X we write
(1.3.1)  FlA:={BnA|BeF),

and we refer to the o-field F|A on A as the trace of F on A.
We now formulate a theorem for later use.

Theorem. Let A: X — (X;,7;) be a surjection from a set X into a measurable space
(X1,F1), and let Fo C o(A) be a o-field. We have

i A=AL(A) = A for all A€ o(A).
ii {Ao(4)|A € Fo} C Fy is a o-field.

Proof. Let A € o(A). There exists B € F; such that A = A (B). Since the map A is
a surjection, it follows that

ALAT(B)=B.
and we can then conclude that

ATAL(A) = ATALAT(B)=A"(B)= A4,
which proves i.

It is easily verified that
{AL(A)|A € Fo} = {B € F| A~ (B) € Fo} .

The collection on the right-hand side is a o-field, which completes the proof of the
theorem.

Let X be a set and let [ be an index set such that to every i € I there correspond a
measurable space (X;,F;) and a map A; : X — X;. The o-field on X generated by the
collection

A= {Nlie T}



1.6.

1.7.

1.8.

1.9.

1.10.

of maps on X is written as o(A) and

(1.5.1)  o(A):=¢ (UU(N)) ;

iel

see 1.2 and (1.1.2).

Let (X, F1) and (X32,7F2) be two measurable spaces. A bijection A : X; — X; is
said to be a measurable isomorphism between (Xi,F1) and (Xz, F2), if both A and its |
inverse A~1 are measurable. If (X1, F1) = (X2, F2), then we refer to A as a measurable
automorphism on (X;,.5).

Let X\ be a measurable isomorphism between (Xy,F;) and (X2,F2). Note that the
bijection A_, : Fy — F; satisfies

(1.6.1) AL(AN B) = AL(A)nAL(B)

for all A, B € F1.

Let § be a measurable automorphism on the measurable space (X, F); see 1.6. The
o-field

(17.1)  J(8) := {4 € F|6_(A) = A}

is called the o-field of invariant sets under §.

Let (X1, /1) and (X2, F2) be two measurable spaces. A bijection A : Fy — F3 is said
to be an isomorphism between the o-fields Fy and 7, if

(1.8.1) MANB) = AMA)N A(B)
forall A,B € F1. If (X1,F) = (X2, F2), then we refer to A as an automorphism on
the o-field F;. It follows from (1.6.1) that a measurable isomorphism between (X, Fy)

and (X3, F2) induces an isomorphisin between the o-fields F; and F,. The converse,
however, is not true in general.

Let v be an automorphism on the o-field F of a measurable space (X, F); see 1.8. The
o-field

(1.9.1)  J(7):= {A € Fly(4) = 4)

is called the o-field of irvariant sets under 4.

Let ’gX ,JF) be a measurable space. The set of probability measures on F is denoted
by F. For A € F consider the map



1.11.

(1.10.1)  A4(p):=p(A)€[0,1], pe F

from F into the unit interval. The o-field of Borel subsets of the unit interval is written
as B[0,1]. The o-field generated by the collection

{MlA e F}

of mnaps from F into the measurable space ([0, 1], B[0, 1]) is denoted by F; see (1.5.1).
We refer to (F,F) as the space of probability measures on the o-field . Let P C F
be a collection of probability measures on F. We refer to (P, F|P) as a space of prob-
ability measures on F; see (1.3.1).

Let (X, F) be a measurable space and let Fo C F be a o-field. Furthermore, let
(P, F|P) be a space of probability ineasures on F; see 1.10. The marginal probability
measure on Fg corresponding to p € P is denoted by ¢(p). We refer to the map

(1.11.1)  ¢: (P, F|P) = (Fo, Fo)

as the marginalization map on P corresponding to Fo. Here (Fo, Fo) is the space of
probability measures in Fo; see 1.10. The o-field o() generated by the map ¢ from
P into (Fo, Fo) is the smallest o-field on P such that the map

ra(p):=p(A), peP,

from P into ([0,1], B[0, 1]) is measurable for all 4 € Fe.
Hence,

(1.11.2)  o(@)C FIP.

Let Fo C Fy C F be two o-fields. The marginalization maps on P corresponding to
Fo and Fj are written as g and ¢y respectively. We have

(1.11.3)  a(we) C o(¢1) -

Probability structure

Consider an experiment. The set of possible outcomes of the experiment is denoted by
2. The o-field of events on Q is written as X. The measurable space (2, X) is said to
be the sample space of the experiment. Let (f:‘ , &) be the space of probability measures
on X; see 1.10. The probability distribution on T corresponding to the outcome of the
experiment is not known. However, a subset P C £ is given such that the probability
distribution of the outcome of the experiment is in the set P. The space (P,X|P) of
probability measures on X is referred to as the probability model for the outcome of
the experiment; see 1.10.

Consider the o-ring



(2.1) WN:={A€Z|p(A)=0forall pe P}

of the so-called negligible subsets of the sample space. All equalities and inclusions
between sets in ¥ have to be interpreted modulo A, i.e. for all A,B € T

(22) ACB:A\BeXN.

The two measurable spaces
sample space: (0, %),
probability model: (P, T|P)

are said to constitute the probability structure of the experiment.

Sufficiency

Let (2,X) be the sample space and (P,X|P) the probability model of a probabil-
ity structure. Consider a statistic S on the sample space, i.e. a measurable map from
(2, %) into a measurable space (1, X;). The o-field on Q generated by S is denoted
by o(S) C Z; see (1.1.2). The marginalization map from P into the space (aﬁ),a_(gj)
of probability measures on ¢(5) is written as ¢; see 1.11. The conditional probability

measure on L given S = wy € Qy corresponding to p € P is denoted by ¥(wy,p) and
for wy € §}y we write

(8.1)  P(w) := {p € Pl¢)(w,p) exists} .
For fixed wy € 0y we consider the map
(3-2) d’(wla') : (P(wl)»iip(wl)) - (i3§) ’

where (53,_2‘:) is the space of probability measures on ¥. The o-field on P(w;) generated
by ¥(wy,-) is denoted by o(¥(w1, ).

The statistic S is said to be sulfficient, if the conditional probability measure (w;,p)
is independent of p € P(w;) for all wy € &4, i.e.

(33)  o(¥(w1,)) = {8, P(wn)}

for all wy € €. The sufficient statistic S is said to be minimal sufficient, if for all
sufficient statistics §’ on (2, £) we have

(3.4)  o(8") Co(8) = o(S') = o(S) .

In general there exists a unique minimal sufficient statistic S. Let § be the unique
minimal sufficient statistic. So for every sufficient statistic S* we have

5



(3.5) eo(S)Yca(S).
We now transform the given probability structure and we refer to this transformation

as the sufficient reduction of the probability structure under consideration.
The sample space of the new probability structure is

(3.6) (©,0(5)).
The probability model of the new probability structure can be written as
3.7 (Pr,o(S)|P1),

where

Py = {p(p) € a(S)lpe P} .

The conditional probability measure ¥(wy,p) is independent of p € P and therefore
the map

(3.8)  ¢:(P,EP) > (P1,0(S)[P1)

is a measurable isomorphism; see 1.6.
If

(3.9) a(8)=%,

then the sufficient reduction of the probability structure is said to be trivial.
For an illustration of the concepis in this section we refer to example 10.1.

Conditioning

Let (2,%) be the sample space and (P, X|P) the probability model of a probabil-
ity structure. Consider a statistic C from the sample space into a measurable space
($21,51). The o-field on Q generated by C is denoted by o(C) C I; see (1.1.2).
The marginalization map from P into the space (o'(‘E),FC_)) of probability measures
on o(C) is written as ¢; see 1.11. The o-field on P generated by ¢ is written as
a(p) C T|P. The statistic C is said to be an ancillary statistic, if the probability
distribution of C is independent of p € P, i.e.

(11)  o(e)={0,P}.

The ancillary statistic C is said to be a maximal ancillary statistic, if for all ancillary
statistics C’ on (£, X.) we have

(4.2)  o(C) C a(C') = o(C) = a(C") .



In general there does not exist a unique maximal ancillary statistic.

Let C be a maximal ancillary statistic from (Q,Z) into (£;,%;). The conditional
probability measure on ¥ given C = w; € ) corresponding to p € P is denoted by
P(wy,p) and for wy € ) we write

(4.3)  P(w1):= {p € P[¢(w1, p) exists} .
For fixed wy € §); we consider the map
(44)  $lwr,7): (Per),E[Pw) - (£,T),
where (@,-2-) is the space of probability measures on X.
The probability distribution of the maximal ancillary statistic C is independent of
p € P and therefore we can consider the experiment as a mixture of experiments cor-
responding to the possible values of C in ;. So we transform, for every wy € 4, the
given probability structure in the following way,
Fix wy € Q3. The sample space of the new probability structure is
(4.5) (,2).
The probability model of the new probability structure can be written as
(4.8) (P IT|Per),
where
P := {P(wr,p) € Elp € P(wn)} -
If

(47)  o(C)={0,9},

then the maximal ancillary statistic C is said to be trivial. For an illustration of the
concepis in this section we refer to the examples 10.2 and 10.3.

Inference mode!

Let (Q, L) be the sample space and let (P, E|P) be the probability model of a prob-
ability structure such that the sufficient reduction is trivial, i.e. for every sufficient
statistic § on (£2,¥) we have

5.1y o(8)=%,



and every ancillary statistic is trivial, i.e. for every ancillary statistic C on (,%) we
have

(5.2) o(C)={0,9}.

Let po be the probability distribution of the outcome of the experiment. It may be
that one is interested only in a specific aspect of py, i.e. a o-field R C I|P is specified
such that every inferential statement can be written as pg € A with A € R. We refer
to R as the o-field of intercst.

The map (4.4) is not a measurable isomorphism in general, and therefore the ini-
tial specification of the o-field R of interest must take place in a probability structure
satis[ying (5.2).

The triple

sample space: (2,%),
probability model: (P, X|P),
o-field of interest: R C T|P ,

is said to constitute an inference model for the experiment.

Invariance

Let (Q,X) be the sample space, (P,Z|P) the probability model and R C X|P the
o-field of interest of an inference model. The set of automorphisms of the o-field T is
denoted by T see 1.8, and the sct of measurable automorphisms of (P, X|P) by A; see
1.6. Introduce the set

(6.1) V:={(7,6) €T x Al§(p)(7(A)) = p(A) forall pe P, A € £} .

For (7,8) € V let J(¥) C T be the o-field of invariant sets under v, and let J(§) C T|P
be the o-field of invariant sets under §; see (1.9.1) and (1.7.1). The marginalization
map on P corresponding to J(7) is written as ¢,, i.e. for (v,8) € V

(6.2) @y : (P,EIP) = (J(1),T()),

where (J’(;), J(7)) is the space of probability measures on J(); see 1.11. The o-field
on P generated by . is denoted by o(y,) C T|P.

Consider a statistic I on the sample space. The o-field on §) generated by I is de-
noted by o(I) C E; see (1.1.2). The marginalization map from P into the space
(c;(f ),a(I)) of probability measurcs on o(I) is written as ; see 1.11. The o-field on
P generated by ¢ is denoted by o(p) C X|P. The statistic I is said to be invariant, if
there exists a set B C V such that for all (v,6) € B

(6.3) o(Iyc J(y)and R C o(e) .



Let I be an invariant statistic. We show that
(6.4) TR Co(p)Colp,)CJ(ECI|P

for all (v,6) € B. We prove (6.4).
For (v,6) € V,A€ J(v) and 0 < 2 < 1 consider

W = {p € P|p(4) < 2} € o(oy) -
For p € W we get
é(p)(A) = é(p)(v(4) =p(4) <z,
7 (p)(A) =& P (A) =p4) <z
We conclude that
W e J(5),
and therefore
(6.5) o(py)C J(8)forall (v,6)e V.
The statement (6.4) now follows from (6.3), (6.5) and (1.11.3).

The invariant statistic I is said to be minimal invariant, if {or all invariant statistics I’
we have

(66) o(IYCo(l)=>0(l")=0(l).
We now discuss the existence of a unique invariant statistic. Introduce the set

(6.7 Q:={(n,8)€VIRCa(py)},

and the o-field

(68) Zn:= () Jy)CE.
(7!8)EQ

Let I, be a statistic such that
(6.9) o{Im)=2%m ,

and let ¢, be the marginalization map from P into the space (f)m,:fm) of probability
measures on B,,. The o-field on P generated by ¢, is denoted by o(pm) C T|P. We
have



(6.10) o(em) C ﬂ o(py) .
(1.6)€Q

We now conclude the following.
If I, is invariant, i.e.

(6.11) R Calgm),

then I, is the unique minimal invariant statistic.

We transform the given inference model and refer to this transformation as the in-
variant reduction of the inference model under consideration.

Let I be a minimal invariant statistic on the sample space. The sample space of the
new inference model is

(6.12) (Q,0(I)).
The probability model of the new inference model can be written as
(6.13) (P, a(D)|P1),
where
Py = {¢(p) € o(D)lpe P} .
For A € R C o(y) we have by use of theorem 1.4
P (A) =4,
and
Ry := {p~(A)|A € R} is a o—field on P; .

Therefore the o-field Ry C o(1)|Py is the o-field of interest in the new inference model.
If

(6.14) o(I)=%,

then the invariant reduction of the inference model is said to be trivial.

For an illustration of the concepts in this section we refer to the examples 10.4 and
10.5.
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Partial sufficiency

Let (,%) be the sample space, (P,X|P) the probability model and R C Y|P the
o-field of interest of an inference model. Consider a statistic R from (£, X) into a
measurable space (5, Z1). The o-field on Q generated by R is jfnoted by o(R) C L;
see (1.1.2). The marginalization map from P into the space (¢(R),a(R)) of probabil-
ity measures on o(R) is written as ; see 1.11. The o-field on P generated by ¢ is
written as () C I|P. The conditional probability measure on ¥ given R = wy € 4
corresponding to p € P is denoted by ¥(w;,p) and for wy € Q; we write

(1.1)  P(w1):= {p € Pl(wr, p) exists} .
For fixed w; € 1 we consider the map
(1.2)  Plw, ) : (Pw),Z|Pw)) — (E,T),

where (£, T) is the space of probability measures on £. The o-field on P(w;) generated
by ¥(ws,*) is denoted by c('z/,v(wl, ).

The statistic R is said to be partially sufficient if the interesting aspect of p € P
is a function of the marginal probability distribution ¢(p), i.e.

(7‘3) R C O'((,O) ’

and the conditional probability distribution ¥(w;,p) is independent of the marginal
probability distribution ¢(p) for all wy € 1y, i.c.

(74)  o(P(wr, )N o(9)|P(w1) = {0, P(wn)}

for all wy € .
The partially sufficient statistic R is said to be minimal partially sufficient, if for all
partially sufficient statistics R’ on (£, L) we have

(7.5)  o(R)Co(R)=> o(R')=0(R).
We conjecture that there exists a unique minimal partially sufficient statistic in gen-

eral.

Let R be a minimal partially sufficient statistic. We now transform the given inference
model and refer to this transformation as the partially sufficient reduction of the in-
ference model under consideration.

The sample space of the new inference model is

(7.6)  (Q,0(R)).

The probability model of the new inference model can be written as

i1



(7.7) (P, o(R)PY),

where
Pr:= {¢(p) € o(R)lp€ P} .

For A € R C o(¢) we have by use of theorem 1.4
P (A) =4,

and

Ry = {p(A)|A€ R} is a o-field on Py .

Therefore the o-field Ry C o(R)|P, is the o-field of interest in the new inference model.
If

(7.8) o(R) =%,

then the partially sufficient reduction of the inference model is said to be trivial. For
an illustration of the concepts in this section we refer to the examples 10.6 and 10.7.

Partial conditioning

Let (©2,X) be the sample space, (P,%|P) the probability model and R C T|P the
o-field of interest of an inference model. Consider a statistic A from (©2,X) into a
measurable space (§;, £,). The o-field on  generated by A is denoted by ¢{A) C X;
see (1.1.2). The marginalization map from P into the space (aﬁ),?@ﬁ) of probabil-
ity measures on o(A) is written as ; see 1.11. The o-field on P generated by ¢ is

written as o(¢) C X|P. The conditional probability measure on L given A = w; € O
corresponding to p € P is denoted by ¥(wy,p) and for wy € 1y we write

(8.1)  P(wr):= {p € Plgp{w, p) exists} .
For fixed wy € ; we consider the map
(82)  ¥(w1,): (Pw1),TIP(w1)) — (§,F),

where (f),f) is the space of probability measures on E. The o-field on P(w, ) generated
by ¥(wy,*) is denoted by o(¥(w1,)).

The statistic A is said to be a partially ancillary statistic, if the marginal probability
distribution ¢(p) is independent of the interesting aspect of p € P, i.e.

(8.3) Rno(e)={0,P},

12



and the interesting aspcct of p € P is a function of the conditional probability distri-
bution ¥(wy,p) for all w; € Qy, i.e.

(84)  R|P(wr) C o(¥(w1,°))

for all wy € Q;.

The partially ancillary statistic A is said to be a maximal partially ancillary statistic,
if for all partially ancillary statistics A on (2, Z) we have

(85) o(A)Co(4d) = o(A)=0(4").

In general there does not exist a unigue maximal partially ancillary statistic.

Let A be a maximal partially ancillary statistic from (f2,X) into (£, %,;). For ev-
ery wy € §}; we transform the inference model in the following way.
Fix wy € §. The sample space of the new inference model is

8.6) (,%).
The probability model of the new inference model can be written as
87)  (Pa,TPa),
where
P = {¢(wi,p) € Elp € P(en)} -
For A € R|P(w) C o(%¥(ws, ")) we have by use of theorem 1.4
P (w1, ) (w1, ) (A)= 4,
and
R = (Y- (w1, )(4)|A € RIP(wy)}

is a o-field on P*1. Therefore the o-field RY? C T|P*! is the o-field of interest in the
new inference model.
If

(88) o(4)={0,9},

then the partially ancillary statistic A is said to be trivial.

For an illustration of the concepts in this section we refer to the examples 10.8 and
10.9.

13



Reference model

In this section we propose a sequence in which the transformations described in the
previous sections must be performed. We refer to this scheme of data reduction as the
SCIRA data reduction, where

S:  sufficiency,

C: conditioning,

I: invariance,

R: partial sufficiency,
A: partial conditioning.

Let (€, ) be the sample space and (P,E|P) the probability model of a probability
structure. By use of the unique minimal sufficient statistic § we transform the proba-
bility structure [(©2, X), (P, L|P)] as described in section 3.

Let (25,Z5) be the sample space and (Ps, Ls|Ps) the probability model of the new
probability structure. Hence, for every sufficient statistic S on (Qg, Xg) we have

9.1) o(S)=2Xg;

see (3.9). By use of a maximal ancillary statistic C we transform the probability struc-
ture [(Qs,Xs),(Ps, Ls|Ps)] as described in section 4.

Let (Q¢,Z¢) be the sample space and (Pg, Z¢|Pc) the probability model of the new
probability structure. Hence, for every ancillary statistic C on (Q¢,X¢) we have

(9.2)  o(C)=1{0,9};
see (4.7) and for every sufficient statistic § on (Q¢, E¢} we have
(9.3) o(S)=X¢ ;

see (5.2) and (5.1). We now specify the o-field R C T¢|Pc of interest. The triple
(¢, Ze), (Pc, Tc|Pc), R] coustitutes the inference model under consideration; see
section 5. By use of a minimal invariant statistic  on (f2¢,X¢) we transform the
inference model under consideration as described in section 6.

Let (Q7,%r) be the sample space, (Pr, 57| Pr) the probability model and Ry C Tp|Py
the o-field of interest cf the new inlerence model. As illustrated by example 10.4,
there may exist a nontrivial invariant statistic on (Qy, £7). In that case the invariant
reduction of the inference model [(Qr, £1),(Pr,Z1|Pr), R1] as described in section 6
must be applied. Now suppose that every invariant statistic on (S, X;) is trivial. By
use of a minimal partially sufficient statistic R on (7,X;) we transform the inference
model [(Q7,Zr),(Pr,T1|Pr), R1] as described in section 7.

Let (2r,ZR) be the sample space, (Pr, Sr|Pr) the probability model and Rp C

14



10.

Y r|Pr the o-field of interest of the new inference model. Suppose that every invariant
or partially sufficient statistic on (g, ZR) is trivial. If this is not true, then we start
with the invariant reduction again. By use of a maximal partially ancillary statistic A
we tranform the inference model [(Qg, &), (Pr, Lr|Pr), Rr] as described in section 8.

Let (24,2 4) be the sample space, (P4, T4|P4) the probability model and R4 C
YT 4|Pa the o-field of interest of the new inference model. If every invariant or partially
sufficient or partially ancillary statistic on (4, X 4) is trivial, then the inference model
[(4,%4),(Pa, T4|Pa), R4is said to be a reference model. If the new inference model
is not a reference model, then we start with the invariant reduction again. Hence, the
SCIRA data reduction ultimately yields a reference model.

The SCIRA data reduction scheme is depicted in the figure below. Double arrrows
should be followed only if the corresponding reduction is nontrivial.

Tt 1

probability structure ---» §—C I —+ R—+ A ---» reference model

-~

inference model

The SCIRA data reduction is illustrated in the examples 10.10 and 10.11.

The reduction and conditioning transformations described in the previous sections
seem to be self-evident. However, the specific sequence described above may be open
to debate. The authors considered alternative sequences but all of these seem to be
inadequate in the sense that for every sequence there is a crucial example where it
leads to unsatisfactory results.

So, in statistical inference, every probability structure should be transformed accord-
ing to SCIRA and every statistical inference problem is equivalent to the construction
of inference rules in a specific reference model. This means that the theory presented
here may be used to separate statistical inference from the art of decision making.
This paper does not solve any particular statistical inference problem. However, in a
forthcoming paper the authors will describe a general method to construct verifiable
and precise inference rules. Again, like the SCIRA data reduction, this method is
an elaboration and extension of Fisher’s work, especially of his idea of sampling the
reference set (Fisher (1961)).

Examples

In this section we give some examples to illustrate the concepts given in sections 2-9.
In some of these examples both the set £ of the sample space (£2, L) and the set P of
the probability model (P, Z|P) are finite. First we present the notation that we use in
such examples.

The probability structure is represented by a matrix M as shown below.
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Qe

M

[T 2 3
QO —
Here the possible outcomes arc denoted by 1,2,3,... and the probability measures on
¥ by A, B,C,... . The o-field of events is equal to the powerset P(2). By use of the
matrix M we can compute probabilities as follows. ‘The probability of the event {j},
corresponding to a probability measure p € P on I, is equal to

(10.1)  p({j}) = my;/ (}: m.‘j) ,
Jea
where 7 is the number of the row that corresponds to the measure p.

Example 10.1.
The probability structure is given by

Consider the statistic S defined by S(1) = §(2) = 1, and S(3) =3 (f, = {1,3}). We
have P(1) = {B,C}, and P(3) = P; see (3.1). The statistic S is sufficient, since

a(¥(1,-)) = {0,P(1)},
o(¥(3,-)) = {(D,P(3)} .

and

After sufficient reduction the probability structure is represented by

Example 10.2.

A well-known example in the literalure concerns the case where there are two measur-
ing instruments available with different measurement standard deviations. A fair coin
is tossed to dectde which to use. The statistic C defined by C = i if the i-th instru-
ment is used (¢ = 1,2) is an ancillary statistic. Conditioning leads to two probability
structures. See Dawid (1982) for more details.

Example 10.3. :
The probability structure is given b

16
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In this example there exist two maximal ancillary statistics. Consider the statistic
C defined by C(1) = C(2) = 1,C(3) = C(4) = 2 (2 = {1,2}). The statistic C is
ancillary since ’

a(¢) = {0, P},

and is maximal. By conditioning on the value of C we obtain two probability structures.
They are represented by

C=1 C=2
Ail 2 0 0O A0 0 3 4
B0 3 0 0 Bio 0 4 3
[T 2 3 4 T 2 3 4

The ancillary statistic C’ defined by C'(1) = C'(3) = 1,C'(2) = C'(4) = 2 is also
maximal.

In the next examples we have to deal with a o-field of interest R. In the examples
with a finite set P and a finite set Q, we denote the o-field of interest as follows. The
probability measures are written as Ai, Az, ..., An,, B1, B2, ..., Bng,.... This notation
means that the o-field of interest R is equal to

(10.2) R:0({A1a-"aAnA},{Bly---ang}a"‘)°

Example 10.4.
The inference model is given by

A1 0 21
Az [0 1 2 1
A3 |1 1 1 1
Bi[1 1 2 0
[T 2 3 4

The only nontrivial element of the set V of (6.1) is the pair (v, §), where

({1} = {2},7({2D) = {1},7({3}) = {3}, 7 ({4} = {4} ,

§(A1) = A3,6(Az) = Ay,6(Asz) = A3,86(By) = Dy .

and

Using (6.7) (Choose Q@ = V), and (6.8)-(6.11), we conclude that there exists a unique
minimal invariant statistic I, with o(Is) = 0({1,2}, {3}, {4}). After invariant reduc-
tion the following inference model results
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Aig | 1 2 1
Az | 2 1 1
B, |2 20

|1,2 3 4

In this inference model there again exists a nontrivial invariant statistic. Invariant
reduction leads to the inference model

Remark.
Barnard (1963) demands that the group of transformations on P operates transitively
on {A;, Az, A3}. So, according to this definition invariant reduction is not allowed in
this case.

Example 10.5.

Let X and S? be independent random variables with X ~ N(u,0?) and §%/0% ~ 2.
So, = IR x IR* and every probability measure in P can be represented by (u,0?).
The interesting aspect of p € P is 02. The groups of translations on the first component
of (u,0%) and the first component of (X, §?) respectively, lead to the unique minimal
invariant statistic defined by 7(X,S%) = S%. In the transformed inference model the
set  of the sample space can be represented by {s%|s*> € IR*} and the set P; of the
probability model by {o?|0® € R*}.

Example 10.6.
The inference model is given by

Ao 4 2 2 2
Ar|2 2 2 2 2
A1 11 3 4
Bilt 1413
[T 2 3 4 5

The statistic R is defined by R(1) = R(2) = 1,R(3) = 3,R(4) = 4,R(5) = 5 (Y =
{1,3,4,5}). We have

O’(SO) = 0({‘419142}3{/13}9 {Bl}) )

o(¥(1,-)) = o({A1},{Az, A3, B1}) .

and

Conditions (7.3) and (7.4) are satisfied, so R is a partially sufficient statistic. R is
minimal and unique. After partially sufficient reduction the following inference model
results ?

A2 4 2 2 2
A3 2 1 3 4
By 2 4 1 3

[12 3 ¢ 5



Example 10.7.

Let X1, X2 and Y be independent random variables such that X3, Xz ~ N(y,0%), and
Y ~ N(0,02), with ¢ € R,0% € R* and 02 < 1. The minimal sufficient statistic is
(X(1), X(2), Y), where X(3) and ng) are order statistics. The set P of the probability
model is represented by {(p,0},0%)|n € R,0? € RY,02 < 1}. The interesting aspect
of p € P is p. The statistic R defined by R(X(1), X(2),Y) = (X(1), X(2)) is the unique
minimal partially sufficient statistic. In the transformed inference model the set P, is
represented by {(u,0?)|p € R,0? € R*}.

Remark.

The statistic (X(l),X(z)) is not weakly p-sufficient in the sense defined by Bhapkar
(1991), and it is not p-sufficient in the complete sense, because the o-field of interest
is a proper subset of o(w); see (7.3) and Definition 3.2. of Bhapkar (1991).

Example 10.8.
The inference model is given by the transformed model of example 10.6.

A] 4 2 2 2
Az l2 1 3 4
B2 4 1 3

[T 2 3 4

The statistic A is defined by A(1) = A(2) = 1,A(3) = A4) = 2 (9, = {1,2}). We
have

o($(1,-)) = o({A1, 42}, {B1}) ,
o($(2,-)) = a({A1}, {42}, {Bi}),

a(p) = a({A1, B1},{A2}) .

and

Conditions (8.3) and (8.4) are satisfied, so A is a partially ancillary statistic. It is
also maximal and unique. After conditioning on the value of A the following inference
models result

where columns with only zeroes are deleted; see (2.1) and (2.2).

Example 10.9.

Consider the probability structure defined in example 10.5. However, the interesting
aspect of p € P is u. The statistic A defined by A(X,5%) = $? is the unique maximal
partially ancillary statistic. For every s* we transform the inference model as follows.
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The set Q of the sample space can be represented by {z|x € IR} and the set P** of the
probability model by {(z,0?)|u € R,0% € R*}.

Remark 1.

The statistic A is not weakly p-ancillary in the sense defined by Bhapkar (1989), and it
is not p-ancillary in a complete sense, because the o-field of interest is a proper subset
of o((s?,+)); see (8.4) and Definition (2.3) of Bhapkar (1989).

Remark 2.
The statistics X and $? are independent. So, the conditional distribution of X, given
§2? = s2, is independent of s2. On the other hand, the distribution of X depends on

o?. Fisher (1961) indicated a method to construct inference rules in this and similar
€ases.

Example 10.10.

In this example all the transformations of the SCIRA data reduction occur once. The
initial probability structure is given by

O QW
b ] i ped bk N O
PO b b e DD e
| e ol RN
Wb e WO BN B
Gy B = DN ke
= DN N R
=N NN NN
OO W b B e

Suflicient reduction leads to the probability structure

Alo 4 2 2 1 1 6
Bl2 2 2 211 86
cl1 1132 2 6
D|1 14112 &6
Ef1 14121 6

1 2 3 4 5 6 738

There exists a unique maximal ancillary statistic. Conditioning on its value leads to
the two following probability structures

1. ABCDE| 1

[78

2. A0 4 2 2 1 1
B2 2 2 211
cf{1 113 2 2
Dli1 1 4 1 1 2
E|1 14121
1 2 3 45 6

In probability structure 1 only a trivial o-field of interest can be specified; see section
5.

We specify the o-field of interest R in probability structure 2 as follows
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R =0({A,B,C},{D,E}).

Define accordingly Ay := A, Ay := B, A3 := C,By := D and B; := E. There exists
a unique minimal invariant statistic defined by I(5) = I(6) = 5 and I(¢) = i for
i = 1,2,3,4. The transformed inference model is given by the model in example
10.6, where B is replaced by By 2 and the possible outcomes are adjusted accordingly.
Now the invariant statistics are trivial. The partially sufficient reduction leads to a
transformed inference model given in example 10.8, where A; is replaced by A; 3, As
by As and By by By 3. In this model the invariant statistics and the partially sufficient
statistics are trivial. There exists a unique maximal partially ancillary statistic; see
also example 10.8. So SCIRA data reduction leads to three reference models

Arzs| 1 2 A2 |14 14 A123B12| 1
Bia | 2 1 A3 |12 16 [ 7.8
[1,2 3 Bi,| 7 21
| 4 56

Example 10.11.
The inference model is given by

A1 38 1 5 7 7
A |6 8 6 0 2 2
By|4 3 2 1 0 14
[1 2 3 4 5 6

This is an example where one has to apply a partially ancillary reduction twice. The
invariant and partially sufficient statistics are trivial. The statistic A defined by A(1) =
A(2) = A(3) = A(4) = 1,A(5) = A(6) = 2 (1 = {1,2}) is the unique maximal
partially ancillary statistic. After conditioning on the value of A two inference models
result

A=1
1. 2. A |1 31 5
A2 |3 4 3 0
Bi|4 3 2 1
[1 2 3 4

Model 1 is a reference model, since the invariant, partially sufficient and partially
ancillary statistics are trivial. In model 2 the invariant and partially sufficient statistics
are trivial; however, there exists a nontrivial partially ancillary statistic A’ defined by
A'(1) = A'(2) = 1,A'(3) = A'(4) = 2. After conditioning on the value of A’ two
reference models result

A= A'=2
Ar| 7 21 A1 |1 5
Ay |12 16 Ay |6 0
By |16 12 B |4 2

R |3 4
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