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By using the fixed point theorem on cone, some sufficient conditions are obtained on the
existence of positive periodic solutions for a class of n-species competition systems with impulses.
Meanwhile, we point out that the conclusion of (Yan, 2009) is incorrect.

1. Introduction

In recent years, the problem of periodic solutions of the ecological species competition
systems has always been one of the active areas of research and has attracted much attention.
For instance, the traditional Lotka-Volterra competition system is a rudimentary model on
mathematical ecology which can be expressed as follows:

Xi(t) = xi(t) T‘i(t) - iaij(t)xj , i= 1,2,. .., N (11)
j=1

Owing to its theoretical and practical significance, the systems have been studied extensively
by many researchers. And many excellent results which concerned with persistence,
extinction, global attractivity of periodic solutions, or almost periodic solutions have been
obtained.

However, the Lotka-Volterra competition systems ignore many important factors, such
as the age structure of a population or the effect of toxic substances. So, more complicated
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competition systems are needed. In 1973, Ayala and Gilpin proposed several competition
systems. One of the systems is the following competition system:

: N\ & N;
N;(t) = ;N; 1—<—l> - ai—1, i=1,2,...,n, 1.2
i(t) =ri [ X, > iK, (1.2)

i

where Nj is the population density of the ith species; ; is the intrinsic exponential growth
rate of the ith species; K; is the environmental carrying capacity of species i in the absence
of competition; 6;; provides a nonlinear measure of interspecific interference, a;; provides a
nonlinear measure of interspecific interference.

On the other hand, in the study of species competition systems, the effect of some
impulsive factors has been neglected, which exists widely in the real world. For example,
the harvesting or stocking occur at fixed time, natural disaster such as fire or flood happen
unexpectedly, and some species usually migrate seasonally. Consequently, such processes
experience short-time rapid change which can be described by impulses. Therefore, it is
important to study the existence of the periodic solutions of competitive systems with
impulse perturbation (see [1-7] and the references therein).

For example, by using the method of coincidence degree, Wang [1] considered
the existence of periodic solutions for the following n-species Gilpin-Ayala impulsive
competition system:

xi(t) = xi(t) [ri(t) - Zaij(t)x;ij (t) - Zbij(f)x;ij (t—m(t) - ZCij(f)x?ﬁ(t)x;ij (t)] , t#t
P j=1 =1

Axi(te) = xi () —xi(t) = p};xi(tk), k=1,2,3,...,
(1.3)

where the constant pf{ satisfied -1 < p}'( <0,i=1,2,...,n. What is more, [1] also obtained
several results for the persistence and global attractivity of the periodic solution of the model.

In [2], Yan applied the Krasnoselskii fixed point theorem to investigate the following
n-species competition system:

yi(t) = yi(t) lri(f) TV GESN IOV GEEAG)
p= =

(1.4)
0

e | K@yl + oyt pdg|, i=12,..m,
j=1

~0ij

where the constants a;;, fij,y;j > 1, i,j = 1,2,...,n. He obtained a necessary and sufficient
condition for the existence of periodic solutions of system (1.4). Unfortunately, its last
conclusion is wrong. Please see the remark in Section 3 of this paper.
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Motivated by [1, 2], in this paper, we investigate the following impulsive n-species
competition system:

Xij

yi(t) = yi(t) lfi(t) - Zaij(t)y]’ t) - Zbij(t)yjij (t-mj(t))
= =1

n 0
e | K@yl oy é)dé], t#t, i=1,2,...,m,
j=1

~0ij

Ayi(te) = yi(t)) —yi(ty) = Lc(ya(t), ya(ti), -, ya(ts)), k=1,2,...,m,
(1.5)

where y;(t) is the population density of the ith species at time t; r;(t) is the intrinsic
exponential growth rate of the ith species at time ¢; 7;;(t) is the time delay; o;; is a positive
constant; a;;(t), b;;(t),cij(t) (i#j) measure the amount of competition between the species
Y; and Yj; aij, Bij, 0ij (i#]) provide a nonlinear measure of interspecific interference; y;(t;)
(vi(ty)) is the left (right) limits of y;(t) att =tx, i,j=1,2,...,n, k=1,2,...,m.

The main features of the present paper are as follows. The Gilpin-Ayala species
competition system (1.5) has impulsive effects. As is known to us, there were few papers
to study such system. Finally, we point out that the conclusion of [2] is incorrect.

For an w-periodic function u(t) € C(R,R), let u = 1/w fg’ u(t)dt. Throughout this
paper, assume the following conditions hold.

(H1) r;, aij, bij, cij, 7;; are continuous w-periodic functions, and 7; > 0, a;(t),
bij(t), cij(t) > 0,1i,j = 1,2,...,n, and there exists iy (1 < iy < n) such that
minlsjg,,(ﬁioj + bio]') > 0.

(H2) K;; € C([-0ij,0],R), K;; > 0, 0jj is a positive constant, and I?Uij Kij(tydt =1, i,j =
1,2,...,n.

(H3) Iix € C(R",[0,+00)), and for 0 < t; < t, < --- < t,;, < w, there exists an positive

integer I > 0 such that tiwm = te + lw, k(Y1 Y2, - Yn) = Lickeim)yY1, Y2, - Yn),
where (y1,y2,...,yn) €R", i=1,2,...,n, k=1,2,...,m.

(H4) aij, ij, 6ij > 0, yij > 0 are constants, i,j = 1,2,...,n.

In order to prove our main result, now we state the fixed point theorem of cone
expansion and compression.

Lemma 1.1 (see [4]). Let E be a Banach space, and let P be a cone in E. Assume that Qi, Qo are
open subsets of E with 0 € Qq, Qi CQ.LetA:Pn (ﬁz \ Q1) — P be a completely continuous
operator such that one of the following two conditions is satisfied:

(i) AxZ for x € PN 3Qy; AxZ for x € PN 0Ly,
(ii) Ax/Zfor x € PN oL; Angor x € PN oLy,
Then, A has a fixed point in P N (Q,\ Q).
The organization of this paper is as follows. In the next section, we introduce some

lemmas and notations. In Section 3, the main result will be stated and proved on the existence
of periodic solutions of system (1.5).
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2. Preliminaries

Let PC(R,R") = {y(t) = (y1(t), y2(f),---yn(t)) : R — R" | y;(t) be continuous at # t,
left continuous at t = t;, and the right limit y;(t;) exists fori = 1,2,...,n, k = 1,2,...,m}.
Evidently,

E={y(t) = (yi(t), v2(t), ... yn(t)) € PC(R,R") | yi(}) = yi(t +w), i=1,2,...,n} (2.1)

is a Banach space with the norm ||ly|| = 31, |yil,, where |yilo = maxe[o.w)|yi(t)]-
Define an operator T : E — E by (Ty)(t) = (Ty),(t), (Ty),(#), ..., (Ty),(t)), where

t+w n n
(Ty),(t) = L Gi(t, s)yi(s) [Z;‘a,.j(s)y;‘ff (s) + Z}bij(s)yjﬁ (s - 7ij(s))
j= j=

n 0
+Zci]'(5) K;; @)yl (s + §)yf”(s + §)d§] ds (2.2)
o1

—0ij
+ ZGl<t/ tk+qkm)Iik (]/1 (tk), ]/2 (tk)/ crcy ]/n (tk))/
k=1

where G;(t, s) = exp(— ff ri(v)dv)/(1 —exp(-wry)), t<s<t+w, i=1,2,...,n and tygm =
te + grw € [t t + w], where gy is a positive integer, k = 1,2,...,m.
It is obvious that the functions G;(t,s), i = 1,2,...,n have the following properties.

(i) Gi(t,s) >0 for (t,s) € R?, and G;(t,s) = Gi(t + w, s + w).

(i) A < Gi(t,s) < Bfor (t,s) € R?, where A = minj<i<, {exp(-wr;)/ (1 — exp(-wri))},
B = miny<;<, {exp(wri) /(1 - exp(-wr)) }.

Now, we choose a set defined by

P={y(t) = (v1(t), y2(t), ... yn(D) € E | yi(t) 2 0o|y:

o te0w], i=1,2,...,n), (23)

where 0 = A/B. Clearly, P is a cone in E.
For the sake of convenience, we define an operator F : P — E by (Fy)(t) =
((Fy)l(t)/ (F]/)z(t)/ ey (Fy)n(t))/ Where
(Fy)l(t) = yl(t) [Zai]- (t)y;!ij (t) + Zb’] (t)y] ij (t - Tij (t))
j=1 j=1
(2.4)

n 0
e [ Ky@ul ey |, i=12.m
j=1 %

Lemma 2.1. The operator T : P — P is completely continuous.
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Proof. First, it is easy to see T : PC(R,R") — PC(RR, R"). Next, since
(TJ/ )i(t +w)

t+2w m
= f Gi(t+w, s)(Fy)i(s)ds + ZGi(t + W, tirgem + W) Iic (Y1 (te), Y2 (b), -+, yn(ti))
k=1

t+w

t+w m
= f Gi(t tw,v+ (U) (F}/)I(U + w)dv + Zci(t/ tk+qkm)1ik(y1 (tk)/ yZ(tk)r v /yn(tk))
t k=1

t+w m
= L Gi(t,v) (Fy),(0)dv + > Gi(t tirgom) L (Y1 (te), y2(t), - - -, yn(te))
k=1

= (Ty)i(t)’
(2.5)

we have Ty € E.
Observe that A < G;(t,s) <B, i=1,2,...,n,forall s € [t,t+w]. Hence, we obtain that,
fory e P,

|(Ty),|,<B jo (Fy);(s)ds + B;Iik (1(t), y2 (b)), - - - yn(ti)),

(Ty),(t) 2 Afo (Fy),(s)ds + A;Lk(yl(tk),yz(tk),. o Yn(te)) 2 %|(Ty)i|0 =o|(Ty),l,-

(2.6)

Thus, Ty € P, thatis, T(P) C P.

Obviously, the operator T is continuous. Next, we show that T is compact. Let S C E
be a bounded subset; that is, there exists d > 0 such that |y;lo < d, i=1,2,...,nforally € S.
From the continuity of F, Iy, k=1,2,...,m, we have, forally € S,

|(Ty)1|0 < BJ‘ (Py)l(s)ds + leik(yl(tk)/ yZ(tk)/' . ‘/yn(tk))

0 k=1
2.7)
n —
< B(,UdZ <E,’idu’7 + bijdﬂij + Eijdyi7+6ij> + BmE; =: D;,
j=1

where E; = maxyes|Lik (y1(tk), y2(tk), - -, yn(to)l, i=1,2,...,n.
Therefore, |[Ty|| = i, |(Ty);l, < Xin; Di =: D, which implies that T(S) is uniformly
bounded.
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On the other hand, noticing that

d
= (Ty);(6) =1t (Ty), (1) + Gilt, t + ) (Fy),(t + w) = Gilt, 1) (Fy) (1)

= (6 (Ty), () + [Gi(t, t + w) - Gi(t, )] (Fy) (8) 28)
=ri(t)(Ty),(t) + (Fy),(t), t#t, k=1,2,...,m.
This guarantees that, for each y € S, we have
d u - ; 6. -~ = LR
|E(Ty)i(t)| <rMD;+ dzl <a3.4d% + byl dPi + cg‘fdwﬁv) =D;<D-= Z}D,-, (2.9)
J= =

where rM = maxe[o,w) i (t), af}4 = maXe[ow] dij (t), bf\f = maxqe[ow) bij(t), Cf}d = maxe[o,w]Cij (),
i=1,2,...,n.

Consequently, T(S) is equicontinuous on Ji, k =0,1,2,...,m, where Jy = [0,t1), 1 =
[t1,t2), .-, Jm-1 = [tm=1,tm), Jm = [tm, w). By the Ascoli-Arzela theorem, the functionT : P —
P is completely continuous from P to P. O

Lemma 2.2. The system (1.5) has a positive w-periodic solution in P if and only if T has a fixed point
in P.

Proof. For y € P satistying Ty =y, thatis, (Ty);(t) = yi(t), t€ [O,w], i =1,2,...,n,it follows
from (2.2) and (2.4) that

i) = 5 (T,

=r1i(t)(Ty),(t) + Gi(t, t + w) (Fy),(t + w) — G(t, 1) (Fy),(t)

(2.10)
=r1i(t)(Ty),(t) + [G(t, t + w) —= G(t,1)] (Fy),(t)
=ri(t)(Ty),(t) + (Fy),(t), t#t, k=1,2,...,m.
Andfort=t, k=1,2,...,m,
Ayi(te) = vi(ty) —vi(ty) = Lc(vi(te), v (), - yn(be)), i=1,2,...,n, (2.11)

which implies that y(t) is a positive w-periodic solution of (1.5).



International Journal of Differential Equations 7

Conversely, assume that y € P is an w-periodic solution of system (1.5). Then, the
system (1.5) can be transformed into

i) + r(Oyi(D)) ™™ = (Fy) (£)el 7™, (2.12)
that is,

<yi(t)efé’(")d">l = (Fy),(t)eh ™. (2.13)

So, integrating the above equality from ¢ to t + w and noticing that y;(t) = vy;(t + w), we
have

t+w

(Ty)i(t) = t Gi(t, s)yi(s) [Zaif (s)y;if (s) + Zbii(s)yfl’j (S = Tjj (S))
= =

n 0
+Zcij(5) Kij(@yl (s + §)yf"f (s +&)dé | ds (2.14)
=1

~0ij

+ ZGi(t, tiegem) T (Y1 (86), Y2 (bk), -, Y (tr)),
pasc}

where G;(t,s) = exp(— fts ri(v)dv)/(1-exp(~wr;)), t<s<t+w, i=1,2,...,nand tiigm =
te + grw € [, + w], where g is a positive integer, k = 1,2,...,m, thatis, Ty = y.

Therefore, y € P is a fixed point of the operator T. The proof of the Lemma is complete.

O

3. Main Results

Theorem 3.1. Suppose (H1)-(H4) hold, and limy—olx(v)/lv| = 0, k = 1,2,...,m, i =
1,2,...,n,wherev = (v1,0y,...,0y), |v| = minici<y|vi|. Then system (1.5) has at least one positive
w-periodic solution.

Proof. Let My = maX]SiSn{Z;lzl (Eij+5ij +¢ij)} > 0. Choose M > Mpand € = 1/(BwM;+Bm) >
0. Then, there exists 6 > 0 such that, for 0 < x < 6 and 0 < |v| < 6, we have

X" <, xPi < g, XVt < g,

(3.1)
Iix(v) <elv|, k=1,2,....m,i,j=1,2,...,n

Chooser < 6. Let Qi = {y(t) = (y1(t), y2(t), ..., yu(t)) €E | lyilo <71, i=1,2,...,n}.
Now, we prove that

TyZy, Vye€PnoQ. (3.2)
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Suppose (3.2) does not hold. Then, there exists some y € P N 0€2; such that Ty > y.
Since y € P N 0Qy, we have olyilo < vi(t) < |yilo fort € [0,w],i=1,2,...,n. From (2.2) and
(2.4), it follows that

t+w

(Tyi)(t) < BJ‘

t

(Fy)(s)ds + BY Ti(y1(t), y2(ti), - -, yn(t6)
k=1

R A T (3.3)
< Bwlyi|o<zaiﬂ”‘"” + bijrﬂ” + Ci]‘T‘Y1J+51/> + BmElyi|0
i=1

< (BMowe + Bme) |yil, < |vily

which implies [(Ty);lo < |yilo, a contradiction. Hence, Ty Zy for y € P N 0Q;.

On the other hand, let my = minij<,{a;jo% + Eiojaﬁif }, on the account of (H1), we
know my > 0. Choose 0 < m; < mgand M = 1/Acwm; > 0. Then, there exists R; > 0 such
that, for x > Ry, we know that

x%>M, xPi>M, ij=12,...,n (3.4)

Choose R > max{Ry,r}. Let Q; = {y(t) = (y1(t), y2(t),...yu(t)) € E | |yil, < R, i

IAN 1

1,2,...,n}. Then, 0Q; = {y(t) = (y1(t), y2(t),...ya(t)) € E | there exist some integers jo(1
jo < mn) such that [y |o = R;|yil, < Rfori#jo}.
Next we show that
Tygy, Yy € PNoQ,. (3.5)

In fact, if there exists some y € PN0LQ, such that Ty < y and since y € PN0LY,, we have
olyilo < yi(t) < |yilo, i=1,2,...,nfort € [0,w], and there exists some jy such that [y |o = R.
Therefore, this together with (H1) guarantees that, for iy (1 <ip < n),

t+w

v > (Ty), () > A (Fy), (s)ds

t

t+w
a

> Aclyily [ (309 (9 + b (0 s = 7(9)) s

t+w (36)

o i j ioi Pioi
2 A0|yio |0 L (ai(‘fo(s)oum |yfo |00}0 + biojo(s)gﬂlo]o |ij |00]0)ds

> A0'|yi0 |0(AJM (Eigjo o%oio 4 biojo ()'pi(’m)

> Aameo|yi0|0 > |yio 0’

which is a contradiction. Thus, (3.5) is satisfied.
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From all the above, the condition (i) of Lemma 1.1 is satisfied. So the operator T has a
fixed pointin PN(Q,\Q1). That is, system (1.5) has at least one positive periodic solution. [

Remark 3.2. For any R > 0, if we let Q = {y(t) = (y1(t),y2(t),...,ya(t)) € E | |yilo < R, i =
1,2,...,n),thendQ = {y(t) = (y1(6), y2(t), .., ya(®) € E 13 jo(1<jo<n), [yilo=R, lyilo <
R, i#jo}. However, in the proof of Theorem 1.1 of [2], it is regarded mistakenly as 0Q =
{y(t) = (), y2(t),...,yn(t)) € E | lyilo = R, i = 1,2,...,n}. Therefore, the proof of its
sufficiency is not correct. So the result of [2] is incorrect.

Acknowledgments

This research was supported by the Natural Science Foundation of Shandong Province
(ZR2009AMO006), the Key Project of Chinese Ministry of Education (no. 209072), and the
Science and Technology Development Funds of Shandong Education Committee (JOSLI10).

References

[1] Q. Wang, M. Ding, Z. Wang, and H. Zhang, “Existence and attractivity of a periodic solution for an N-
species Gilpin-Ayala impulsive competition system,” Nonlinear Analysis, Real World Applications, vol.
11, no. 4, pp. 2675-2685, 2010.

[2] J. Yan, “Global positive periodic solutions of periodic n-species competition systems,” Journal of
Mathematical Analysis and Applications, vol. 356, no. 1, pp. 288-294, 2009.

[3] L. Chen and L. Chen, “Positive periodic solution of a nonlinear integro-differential prey-competition
impulsive model with infinite delays,” Nonlinear Analysis, Real World Applications, vol. 11, no. 4, pp.
2273-2279, 2010.

[4] J. Yan and G. Liu, “Periodicity and stability for a Lotka-Volterra type competition system with feedback
controls and deviating arguments,” Nonlinear Analysis: Theory, Methods and Applications, vol. 74, pp.
29162928, 2011.

[5] Y. Liu and K. Lu, “Permanence and periodic solution of an impulsive delay two-prey one-predator
system with variable coefficients,” Chinese Quarterly Journal of Mathematics, vol. 24, no. 2, pp. 267-273,
2009.

[6] S.Yu, W. Xiong, and H. Qi, “A ratio-dependent one-predator two-competing-prey model with delays
and refuges,” Mathematica Applicata, vol. 23, no. 1, pp. 198-203, 2010.

[7] W.X. Xu, T. L. Zhang, and Z. B. Xu, “Existence of positive periodic solutions of a prey-predator system
with several delays,” Acta Mathematica Scientia, vol. 28, no. 1, pp. 39-45, 2008.



Advances in

Operations Research

Advances in

Decision SC|ences

Journal of

Applied Mathematics

Journal of
Probability and Statistics

The Scientific
\{\(orld Journal

International Journal of

Combinatorics

Journal of

Complex Analysis

International
Journal of
Mathematics and
Mathematical
Sciences

Hindawi

Submit your manuscripts at

http://www.hindawi.com

Journal of

Mathematics

Journal of

Illsmelth alhemaics

Mathematical Problems
in Engineering

Journal of

Function Spaces

Abstract and
Applied Analysis

Stochastic A nalysws

,;,,\K J :1?"
#(ﬁ)}?ﬂ(ﬂﬁf
f. \') :

International Journal of

Differential Equations

ces In

I\/\athemamcal Physics

Discrete Dynamics in
Nature and Society

Journal of

Optimization




