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An investigation into the effects of enthalpy junctions that vary with both concentration and temper
attire on the prediction ofheat transfer during solidification using a volume-averaged mixture energy
equation is presented. Results are presented for the solidification a/a Pb-20 wt.% Sn alloy in (I semi
infinite domain using both the Lever Rule and Scheil models to relate temperature and volume fraction.
The effects of simplifying the enthalpy relations so that the derivatives of the phase enthalples with
respect to temperature and concentration are constant or zero are examined. The resulting predictions
all underestimate the movement ofthe eutectic and liquidus isotherms in comparison with fully variable
enthalpy terms. The additional simplifications of linearizing the phase diagram and using the same
properties for the a-phase and eutectic solids introduce a small improvement in the predictions. In
addition, the consequences ofneglecting the effects of microscopic concentration profiles in the solid
on the solid enthalpy are investigated, and the resulting predictions overestimate the movement of the
eutectic and liquidus isotherms. The results should serve as an estimation of the magnitude of the
differences in the modelling ofheat transfer during solidification introduced by simplifying the enthalpy
relations or ignoring microscopic concentration variations within the solid.
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Introduction
In modelling the heat transfer that occurs during the
solidification of alloys, many assumptions are often
made to simplify the analysis. One of the most common
simplifications is to assume that the enthalpies of the
solid and liquid phases are simple linear functions of
the temperature. It has been shown, however, that the
phase enthalpies should instead be treated as state
functions that vary with both temperature and con
centration.' For example, the liquid enthalpy may ac
tually increase as the temperature is reduced during
solidification owing to the changes in concentration
that occur. In addition, the difference in the interfacial
liquid and solid enthalpies, or heat of fusion, is not a
constant and may in fact increase by over 50% during
alloy solidification. 1 Furthermore, the effects of the
differences between the enthalpies of the primary solid
and the eutectic solid phases are often not taken into
account.

A recent development in the modelling of solidifi
cation is that volume-averaging procedures have been
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used to rigorously derive macroscopic models of so
lidiflcation.s-' The advantage of volume averaging is
that it provides information about the relationship be
tween the macroscopic (averaged) variables and the
microscopic (local) variables.' This is important be
cause thermodynamic state functions are valid only for
the local variables. These functions are not valid for
the averaged quantities of a phase, for example, be
cause of microsegregation. Therefore the neglect of
property variations on a microscopic scale can affect
the predictions of a macroscopic model.

The purpose of the present investigation into the
modelling of heat transfer during solidification is two
fold. First, we investigate the effects of using complete
enthalpy expressions that are functions of both tem
perature and concentration. Second, we observe the
results of neglecting microscopic property variations
in determining the enthalpy. As a simple example, we
consider the modelling of heat transfer during the so
lidification of a lead-tin alloy in a semi-infinite domain
without fluid flow.

Analysis

Energy equation
Because of the presence of complicated interfacial
structures, such as dendrites, that characterize the so
lidification of metallic alloys, it is impractical to solve

© 1991 Butterworth-Heinemann

brought to you by COREView metadata, citation and similar papers at core.ac.uk

provided by CiteSeerX

https://core.ac.uk/display/357534797?utm_source=pdf&utm_medium=banner&utm_campaign=pdf-decoration-v1


(TrY' == (T-y)'" = (T/)/ == T (6)

is reasonable for most solidification processes involv
ing metallic alloys. If we utilize equations (5) and (6)
and assume constant but unequal densities in each phase,
the energy equation is rewritten as

(2)
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size of the averaging volume. Since the volume aver
aging is performed for arbitrary volume fractions,
equation (1) is equally valid for the fully solid, mush,
and fully liquid regions. The volume fractions are re
lated by

Ea + e; + €/ = 1 (3)

The effective thermal conductivities, kk, in equation
(1) account for the presence of the other phases but,
owing to lack of information, are assumed to be equal
to the thermal conductivities of each separate phase.
These conductivities are functions of concentration and
temperature but are assumed to be constant to allow
for an independent investigation into the effects of the
dependence of the phase enthalpies on temperature
and concentration.

Particular care must be taken in relating the average
enthalpies and their derivatives to the average tem
perature and concentration. The microscopic (local)
enthalpy can be expressed as a function of the micro
scopic (local) temperature and concentration through
a thermodynamic state function of the general form

h" = hdT", C,,) (4)

It is important to realize that equation (4) might not be
valid for the corresponding average quantities because
of microscopic variations of T" and Ck within the av
eraging volume. A detailed discussion of the devel
opment of an average enthalpy relation that is a func
tion of the average temperature and concentration is
provided in the section on enthalpy relations. The out
come of this discussion is that the average enthalpy of
a phase can be expressed as a function of the average
temperature and concentration so that the differential
of the enthalpy is given by

d(hk)" = iJ(hk):I d(T,,)k + d(hk
) : \ d(C,)" (5)

iJ(T,,) (Ck)k a(Ck) {1'd

The assumption that the phases within the averaging
volume are in thermal equilibrium, that is,

a
- (€/p,(h/)' + €aPa{hcY + €-yp..,{h..,)-Y]at

= v.{E,k,V(T,)1 + EakaV(Ta)" + E..,k..,V(T..,)-Y} (I)

where X k is a phase function that is equal to unity in
phase k and zero elsewhere, Vk is the volume occupied
by phase k within the averaging volume, and Vo is the

Note that the assumption of no net flow of solute into
or out of the averaging volume implies that there is no
macroscopic heat flux caused by interdiffusion and the
Dufour effect. Equation (I) accounts for the presence
of three phases, with the liquid phase denoted by a
subscript I, the primary alpha phase solid denoted by
a subscript a, and the gamma phase solid (which forms
in combination with the a-phase solid during the eu
tectic reaction) denoted by a subscript 'Y, The intrinsic
volume average of some quantity 'l'" of phase k is de
fined as

Figure1. A typical averaging volume that includes eutectic solid.
a-phase solid, and liquid

the exact conservation equations on a microscopic scale.
Instead, macroscopic models are utilized that can be
derived by averaging the exact equations for each phase
over a finite sized averaging volume. This volume,
shown in Figure I, is much smaller than the system
and large in comparison to the interfacial structures.
By adding up the averaged equations for each phase a
macroscopic mixture equation is obtained. 2,3 If we as
sume no fluid flow and no net flow of solute into or
out of the averaging volume, the mixture energy equa
tion can be written as

averaging volume

(7)

The term in equation (7) that involves the time deriv
ative of the temperature and the specific heats (deriv
atives of enthalpy with respect to temperature at con-

stant concentration) is always included in solidification
modelling, but the time derivatives of the solid and
liquid concentrations (and the derivatives of enthalpy
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with respect to concentration at constant temperature)
are seldom considered. The last term, involving the
time derivative of the solid volume fraction and the
phase enthalpies, illustrates the fact that the latent heat
(which is a difference in interfacial enthalpies) is not
directly present in the volume averaged mixture energy
equation, but rather the important quantity is the dif
ference in the average enthalpies, that is, (hl) / - (ha)a
or (hl)1 - (h-y)-Y. The average enthalpies are generally
not equal to the interfacial enthalpies of a phase be
cause of temperature and concentration variations on
a microscopic scale within the averaging volume. Also,
note that the assumption of unequal densities in the
solid and liquid phases is inconsistent with the as
sumption of no fluid flow but is included here for its
effects on the other therrnophysical properties. Fur
thermore, the densities are also functions of concen
tration and temperature but are assumed to be constant
to allow for an independent investigation into the ef
fects ofthe temperature and concentration dependence
of the enthalpies.

Solid fraction-concentration-temperature relations
In addition to the energy equation, relationships be
tween the solid fractions, the concentrations, and the
temperature are needed to close the problem. In so
lidification modelling, the Lever Rule model and the
Scheil model can be used to obtain such relationships."
These two models are illustrated in Figure 2. Both
models make the assumption that the liquid within the
averaging volume is well mixed, that is, the concen
tration is constant throughout the liquid and equal to
the interfacial liquid concentration, but the models take
two extremes with respect to the solid concentration.
In the Lever Rule model the solid has an infinitely large
mass diffusivity so that there are no microscopic con
centration gradients within the averaging volume. On
the other hand, the Scheil model assumes that the solid
mass diffusivity is zero so that a microscopic concen
tration gradient does exist. For most metal alloys the
mass diffusivity of the solid is much smaller than that
of the liquid, making the Scheil model more realistic.

liquid ( 1)

(a) Lever Rule Model

Because of the assumption of no net solute flow into
or out of the averaging volume, the average phase con
centrations will always be related to the initial con
centration by

E/p/(C,)/ + EaPa(ca)a + EyP-y(C-y)-Y
= (E/p/ + EaPa + E-yp-y)Co (8)

where Cois the initial concentration of the liquid in the
averaging volume. It is important to realize that equa
tion (8) does not allow for any macrosegregation, that
is, the mixture concentration is always equal to the
initial concentration. Up to the eutectic point, the in
terfacial solid and liquid concentrations can be related
through the equilibrium phase diagram by

(9)
where K" is the segregation coefficient obtained from
the phase diagram and Cal and Cn are the interfacial
a-phase and liquid concentrations, respectively. Equa
tion (9) assumes the a-phase to be the primary solid
forming. With the Lever Rule model, there are no mi
croscopic concentration gradients within the averaging
volume, so the average solid and liquid concentrations
are also related by

«:» = Ka(C/)/ (10)

In the Scheil model, on the other hand, the liquid is
still assumed to be well mixed, so equation (9) can be
rewritten as

c: = Ka(C/)' (II)

However, the average and interfacial concentrations
are related through':"

d(€ap,,(ca)a) = Caid(€aPa) (12)

Together, equations (11) and (12) provide a relation
between the average solid and liquid concentrations in
the Scheil model.

Combining equation (8) with equation (10) or with
equations (II) and (12) provides a relationship between
the solid fraction and the average liquid concentration
for the Lever Rule and Scheil models, respectively.

liquid ( 1)

(b) Schell Model

Figure 2. Schematic illustration of the microscopic temperature and concentration profiles assumed in the Lever Rule and Scheil
models
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(h,,)" = ~ JX"h~n(Ta, C,,)dV = h~n(T, (Ca)")
a Vo

(18)

Assuming that no solid state transformations take place,
the y-phase solid that forms during the eutectic reac
tion will have a uniform and constant concentration .
Therefore no linearization of the y-phase enthalpy re
lation is necessary. Essentially, the y-phase enthalpy
is a function of temperature only.

Numerical procedure

The energy equation, equation (7), was solved by using
a fully implicit control volume finite difference scheme
with the Scheil model solid fraction-concentration re
lation, that is, equation (12), integrated by using four
point Gaussian quadrature. The code was thoroughly
tested by using approx imate properties of a lead-tin
alloy. The grid size of the computational mesh for the
results presented here was 0.002 m, and the time step
used was 0.1 second. Grid independence was verified
by reducing this computational grid by a factor offour.
The predictions for the movement of the eutectic and
liquidus isotherms for the coarser grid were within 0.05%
and 0.3%, respectively, of the predictions for the finer
grid. To evaluate the accuracy of the code, the results
for a numerical simulation of isothermal solidification
without a mushy zone were compared with the Neu
mann (exact) solution and showed agreement to with in
0.2%. Since the following discussion concentrates on
the relative differences between various test cases us
ing the same code, rather than on the absolute values
of the predictions, the above accuracy was deemed
sufficient.

Test cases
To observe the effects of different simplifications on
the prediction of heat transfer during solidification.
several numerical test cases were performed by using
a Pb-20 wt. % Sn alloy. The lead-tin system was chosen
because of the availability of thermophysical property
data. In particular, the Pb-20 wt.% Sn alloy has been
a popular choice for solidification experiments, owing
to its relatively low phase change temperatures.l-t-"

(13)

(/7)

T, = g(C/I)

Hence the average a-phase solid enthalpy must theo
retically be calculated by performing the integration

For the Scheil model , however, a microscopic con
centration profile exists in the solid within the aver
aging volume . In this case the use of the intrinsic vol
ume average with an enthalpy function that is nonlinear
in concentration will not result in an equation of the
form of equation (14). This is due to the fact that the
average of the product of two quantities is not equal
to the product of the averages, that is,

Enthalpy relations. As was mentioned in the section
on the energy equation, care must be taken in relating
the average enthalpy to the average temperature and
concentration. The local enthalpy is described by equa
tion (4), where h« is generally a nonl inear function of
T; and Ci. Since the liquid is assumed to be well mixed
and thermal equilibrium is assumed to exist within the
averaging volume, the use of the intrinsic volume av
erage with equation (4) for the liquid phase yields

(h,)' = ~ JX,h,(h CMV = h,(T, (C,)') (15)
, Vo

The assumptions of the Lever Rule model allow a sim
ilar treatment for the average a-phase solid enthalpy ,
that is,

(h,,)" = ~ JX"h"(T,, , c.sav = ha(T, (C,,)") (16)
a Vo

where T, is the interfacial temperature and g is the
equation for the liquidus line. The assumptions of ther
mal equilibrium and a well-mixed liquid phase within
the averaging volume allow this relation to be rewritten
as

Enthalpy functions during solidifications: M . C. Schneider and C. Beckermann

The temperature can , in turn, be related to the solid indicated by equation (2) and taking into account the
fraction by realizing that the interfacial temperature microscopic concentration profile within the a-phase
and the interfacial liquid concentration are related solid in the averaging volume. Since this co ncentration
through the liquidus curve of the equilibrium phase profile might not be known or it might be difficult to
diagram, that is, keep track of in a solidification simulation, it is desir

able to develop more direct means of determining the
average enthalpy from the average concentration (and
temperature). This can be accomplished by linearizing
the a-phase solid enthalpy function in concentration.
Any nonlinearity in temperature can be retained be
cause the temperature is assumed to be uniform within
the averaging volume. The partially linearized enthalpy
function, h~n, can be used to calculate the average ct
phase solid enthalpy via

T = g«C,)') (14)

Therefore equations (8)-(14) provide a relationship be
tween the solid fraction and the temperature for both
the Lever Rule and Scheil models.

These models relate the solid volume fraction to the
temperature until the eutectic temperature is reached.
After that point the remaining liquid solidifies isother
mally at the eutectic temperature from liquid that re
mains at the eutectic composition . The (l- and -y-phase
solids that form during the eutectic reaction have con
stant and uniform concentrations at the values given
by the phase diagram, and they form in proportions
such that the combination has a mixture concentration
equal to the eutectic composition. With the tempera
ture and concentrations known , the solid fractions can
be determined iteratively from equation (7),
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Figure 4. Equilibrium phase diagram of the lead-tin system

Table 1. Coefficients for segregation coefficient and liquidus
curve, equations (19) and (20)5

~7K
L

<, -r--
~

"""-.., 5C
~"""-..,

I'--.. --,/ 56K 61.9 97.5
(a) J
-/ (y)

673

g573

~
fl 473
8-
E
~

373

273
Pb 10 20 30 40 50 60 70 80 so Sn

Weight Percentage Tin

i i, 9;

0 0.8273 600.8
1 -4.2208 x 10- 2 -2.8290
2 1.9680 x 10 3 2.5088 x 10 2

3 -5.1866 X 10- 5 -2.7597 X 10- 4

4 6.8075 X 10- 7

5 -3.4568 x 10- 9

liquid

Figure 3 shows that each test case invol ves solidifi
cation in a semi-infinite domain with an initial condition
of a uniform temperature, To, throughout the domain.
For times t > 0 the temperature at the boundary was
fixed at a constant value below the eutectic tempera
ture, TW;lIl.

The equilibrium phase diagram of the lead-tin sys
tem is shown in Figure 4. The liquidus curve and seg
regation coefficient of this phase diagram can be ap
proximated by polynomials," that is,

T IiQuidus= 552 K

Figure3. Schematic of semi-infinite domain and boundary con
ditions (Co = 20 wt.% Sn)

TWal l
for t > 0

"

where the subscript i indicates an interfacial value. The
coefficients i, and gj for hypoeutectic alloys (Pb-rich
side of the eutectic point) are presented in Table I.

and

K" = 2:!;(C,y
j~()

"r, = L gj(C,,))
j~O

(19)

(20 )

The liquidus temperature for the Pb-20 wt.% Sn alloy
considered here can be calculated from equation (18)
and is found to be 552 K. As Figure 4 shows, the
eutectic temperature and concentration of the lead-tin
system are 456 K and 61.9 wt.% Sn, respectively.

Enthalpy relations presented by Poirier and
Nandapurkar ' were used to evaluate the phase en
thai pies and are presented here for completeness. The
local liquid enthalpy can be determined from

h, = [0.079393C, +- 156.81]T - 7.452 x 10 5(100 - C,)T2 - 25,490C,r '
+ 228.122C, + 53,769C,(lOO - C,)/(lI,869 + 88.5IC,)

- 978.2C,(I00 - C,)(325.89C, - 11,869)/(11,869 + 88.51CY - 27,747.9

The local enthalpy relations for the primary a- and y-phase solids, respectively, are

h.; = [113.678 + 0.682376C,,]T + [2.3507 x 10 --:! +- 5.2996 x 10-5C"lT2

+- 214.25Cc:, +- 47,590C.,(100 - C,)/(l1 ,869 +- 88.5ICu )

- 22,930Cc:,(100 - C,)(325.89C" - 11,869)/(11,869 + 88.5IC,,)2 - 36,028

(21)

(22)

and

h; = [113.678 +- O.682376C"lT + [2.3507 x 10 -2 +- 5.2996 x 10~5C,,]T2

- 273.6Cy + 196,930Cy O OO - C y )/( I I ,869 +- 88.5IC,,) - 33,670 (23)

In the above equations the temperature is in kelvins,
the concentrations are in wt. % Sn, and the enthalpies
are in joules per kilogram. These equations were ob
tained by weighting the enthalpies of pure lead and
pure tin with the atom fraction of each substance and

including the heat of mixing. The a-phase solid en
thalpy expression, equation (22), was linearized in con
centration as mentioned in the section on enthalpy re
lations. The use of this partially linearized enthalpy
function was necessary only for the Scheil model, but
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it was also used for the Lever Rule model to allow
comparisons between the two models. The error in ha

introduced by the linearization was less than 1% for
the range of concentrations considered. No error ranges
were provided for equations (21)-(23).1 Slight inac
curacies in the enthalpy relationships are not expected
to have a major impact on the comparisons presented
in this paper.

A total of 15 numerical simulations were performed,
and the different simplifications made in each of the
15 numerical test cases are summarized in Table 2.
Cases 2-5 examine the effects of setting the derivatives
of the enthalpies with respect to temperature and con
centration either to a constant or to zero. Cases 7 and
8 use the same enthalpy relations as cases I and 3 but
have different thermal initial and boundary conditions.
Cases 4 and 5 show the consequences of using the
additional simplifications of linearizing the phase dia
gram or using the same thermophysical properties for
the a-phase and eutectic solids. Case 6 investigates the
consequences of neglecting microscopic enthalpy vari
ations within the averaging volume.

The constant values for the enthalpy derivatives used
in cases 2-5 and case 8 were obtained by averaging
the variable properties over the range of temperatures
and concentrations through which an averaging volume
would pass in completely solidifying, that is, the liquid
temperature and concentration ranging from the liqui
dus to eutectic temperature and the initial to eutectic
concentration, respectively. While the choice of these
average values for the enthalpy derivatives is some
what subjective, the method used is reasonable. The
only way to choose the "best" average values would
be to adjust them until the best agreement between the
variable and constant value simulations was achieved;
however, this would not be possible in practice. The

constant values of the enthalpy derivatives, along with
the phase thermal conductivities and densities, are listed
in Table 3. Case 4 utilized a linear phase diagram in
which the liquidus slope and segregation coefficient
were constant at -2.284 K/wt.% So and 0.3067, re
spectively. This liquidus slope was obtained by assum
ing that the liquidus curve is a straight line between
the liquidus temperature at a concentration of Pb-20
wt.% Sn and the eutectic temperature and concentra
tion. The segregation coefficient is the value obtained
by assuming that both the liquidus and solidus curves
are straight lines with the endpoints given by the equi
librium phase diagram. In case 5, all of the solid prop
erties were taken as a weighted average of the a- and
y-phase solid properties. The weighting was based on
the volume fractions of the solid phases that were pres
ent when the averaging volume was completely solid
ified.

Results

A comparison of the results for the Lever Rule model
cases at two different times is presented in Table 4. A
similar comparison is made for the Scheil model cases
in Table 5. Cases 1Land 1S were chosen as reference
cases, since no restrictions or changes have been made
to the original models. Table 6 compares the results of
the Lever rule and Scheil model cases when the com
plete enthalpy expressions are used. Tables 7 and 8
compare the Lever Rule and Scheil model cases with
different initial and boundary conditions in a manner
similar to that of Tables 4 and 5. All of the results are
shown at two times to illustrate the fact that the percent
differences between the various cases stay approxi
mately the same over time. In all cases the locations
of the eutectic and liquidus isotherms are used as the
basis of the comparisons.

Table 2. Conditions for each test case

Case
a(h,>' I
a(c.>' (T,I'

Temperature
volume
fraction
relation

Initial
condition,

To (K)

Boundary
condition,

Twau (K)

300
300

356
356
356

552
552

602
602
602

Variable Variable Lever/Scheil
Constant Constant LeverlScheil
Constant 0 Lever/Scheil
Same as 3L13S but with linearized phase diagram
Same as 3L13S but with a- and v-phase solid properties equal
Same as 1S but with interfacial solid concentration, rather than average solid concentration, used to calculate

a-phase solid enthalpy
Same as 1Ll1 S
Same as 3L!3S

1Ll1S
2L12S
3L13S
4L14S
5L15S

6S

7L17S
8L18S

Table 3. Values of constant or average properties used in various test cases 1,5.7

a(h,tl
cl(h'>'1 a( C.>' (1.)' Thermal
er (C.), (J/kg/wt.% Density conductivity

Phase (J/kg/K) Sn) (kg/m3 ) (W/m/K)

Liquid 183.0 210.0 9,400 21.0
a-phase solid 151.0 652.0 10,300 36.0
y-phase solid 156.5 9,750 45.2
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Table 4. Comparison of the Lever Rule model cases with case 1L

(a) At t = 65 sec

Location of Percent change Location of Percent change
eutectic from liquidus from

Case isotherm (mm) case 1L isotherm (mm) case 1L

1L 22.7 0.0% 49.8 0.0%
2L 21.4 -5.8% 45.8 -8.0%
3L 20.3 -10.8% 44.2 -11.2%
4L 20.6 -9.2% 45.0 -9.6%
5L 20.3 -10.7% 44.3 -11.1%

(b) At t = 110 sec

Location of Percent change Location of Percent change
eutectic from liquidus from

Case isotherm (mm) case 1L isotherm (mm) case 1L

1L 29.5 0.0% 65.0 0.0%
2L 27.9 -5.3% 60.2 -7.3%
3L 26.4 -10.5% 57.5 -11.5%
4L 26.6 -10.7% 58.5 -9.9%
5L 20.3 -9.6% 57.6 - 11.0%

Table 5. Comparison of the Schell model cases with case 15

(a) At t = 65 sec

Location of Percent change Location of Percent change
eutectic from liquidus from

Case isotherm (mm) case 15 isotherm (mm) case 15

15 22.2 0.0% 49.0 0.0%
25 21.1 -4.9% 46.3 -5.6%
35 21.0 -5.4% 45.6 -7.0%
45 21.4 -3.7% 46.4 -5.3%
55 21.2 -4.6% 45.7 -6.8%
65 23.1 +4.2% 49.9 +1.8%

(b) At t = 110 sec

Location of Percent change Location of Percent change
eutectic from liquidus from

Case isotherm (mm) case 15 isotherm (mm) case 15

15 29.0 0.0% 63.5 0.0%
25 27.9 -3.8% 60.1 -5.4%
35 27.6 -4.7% 59.3 -6.6%
45 28.0 -3.3% 60,4 -5.0%
55 27.8 -4.1% 59,4 -6.5%
65 29.8 +2.9% 64.9 +2.1%

Lever Rule model cases
In case 2L the enthalpy derivatives with respect to
both temperature and concentration are held constant
at the values given in Table 3. Therefore the phase
enthalpies are linear functions of temperature and con
centration. As the results in Table 4 show, the location
of the eutectic and liquidus isotherms is underpredicted
by about 5.5% and 7.5%, respectively, in comparison
with case lL.

The assumptions of constant specific heats and no
concentration dependence of the enthalpies are often
used in modelling heat transfer during solidifica
tion,2,8-IO but the results of case 3L illustrate that these
assumptions can significantly alter the resulting heat
transfer predictions in the present alloy system. In this

602 Appl. Math. Modelling, 1991, Vol. 15, Nov./Dec.

case the concentration derivatives of the enthalpies are
set to zero, and the temperature derivatives of the
enthalpies are held constant. Therefore the phase en
thalpies are a linear function of temperature only. The
deviations from the predictions of case lL are about
- 11% for both the eutectic and liquidus isotherms.

In addition to the simplifications of constant specific
heats and no concentration dependence of the phase
enthalpies, the assumptions that the equilibrium phase
diagram is linear (case 4L) and that the eutectic and
a-phase solids have the same thermophysical proper
ties (case 5L) were investigated. Interestingly, the re
sults of case 4L, when compared with the results of
case 3L, show that the additional simplification of a
linear phase diagram partially offsets the differences
introduced by assuming no concentration dependence



Scheil model cases
In case 2S the enthalpy derivatives with respect to both
temperature and concentration are held constant, and
the changes in the prediction of the locations of the
eutectic and liquidus isotherms in comparison with case
IS are about -4.3% and -5.5%, respectively. These
changes are smaller than the same comparison between
cases 2L and IL. However, this is expected, since

Enthalpy functions during solidifications: M. C. Schneider and C. Beckermann

of the enthalpies. The deviations from the predictions and for the Lever Rule model the a-phase volume frac-
of case lL for the movement of the eutectic and li- tion is 97.4% upon complete solidification.
quidus isotherms for case 4L are slightly lower than
the deviations of case 3L. In case 5L, in which the
phase diagram is nonlinear but the a- and v-phase prop
erties are assumed to be equal, the differences from
case 1L are about - 10.1% and - 11% for the move
ment of the eutectic and liquidus isotherms, respec
tively; this is not significantly different from the results
of case 3L. This is expected, since the average solid
properties are weighted by the solid volume fractions,

Table 6. Comparison of the Scheil and Lever Rule models

(a) At t "" 65 sec

Case

1S
1L

Case

1S
1L

Location of Percent change Location of Percent change
eutectic from liquidus from

isotherm (mm) case 15 isotherm (mm) case 1S

22.2 0.0% 49.0 0.0%
22.7 2.3% 49.8 1.6%

(b)Att"" 110sec

Location of Percent change Location of Percent change
eutectic from liquidus from

isotherm (mm) case 1S isotherm (mm) case 1S

29.0 0.0% 63.5 0.0%
29.5 1.6% 65.0 2.2%

Table 7. Comparison of the Lever Rule model cases with different initial and boundary conditions

Case

7L
8L

Case

7L
8L

(al At t "" 65 sec

Location of Percent change Location of Percent change
eutectic from liquidus from

isotherm (mm) case 7L isotherm (mm) case 7L

33.8 0.00% 119.5 0.0%
30.0 -11.3% 101.1 -15.4%

(b) At t "" 110 sec

Location of Percent change Location of Percent change
eutectic from liquidus from

isotherm (m) case 7L isotherm (rnrn) case 7L

44.0 0.0% 154.1 0.0%
39.0 -11.3% 129.9 -15.7%

Table 8. Comparison of the Scheil model cases with different initial and boundary conditions

Case

75
8S

Case

7S
8S

(a) At t "" 65 sec

Location of Percent change Location of Percent change
eutectic from liquidUS from

isotherm (mm) case 7S isotherm (mm) case 7S

32.8 0.0% 114.9 0.0%
30.8 -5.9% 99.1 -13.7%

(b) At t = 110 sec

Location of Percent change Location of Percent change
eutectic from liquidus from

isotherm (mm) case 7S isotherm (rnrn) case 7S

42.5 0.0% 148.2 0.0%
40.1 -5.7% 127.1 -14.2%
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accounting for the microscopic concentration gradients
in the solid for the Scheil model causes the average
solid concentration to take a smaller range of values
than for the Lever Rule model. Therefore the concen
tration effects on the solid enthalpy and its derivatives
is smaller for the Scheil model. In addition, the Scheil
model predicts a much larger volume fraction of a
phase solid, at 85.6%, than does the Lever Rule model.
Since there is much more eutectic solid and the eutectic
enthalpy is a function of temperature only, the con
centration dependence of the predictions is further re
duced.

Case 3S shows the consequences of ignoring the
dependence of the enthalpies on concentration by mak
ing them linear functions of temperature only. The dif
ferences in the movement of the eutectic and liquidus
isotherms between cases IS and 3S are smaller than
the differences between cases lL and 3L. This can also
be attributed to the effects of accounting for the mi
croscopic concentration profile in the solid and the
larger eutectic solid fraction when using the Scheil
model.

As was mentioned in the discussion of cases 4L and
5L, the additional assumptions of a linear phase dia
gram or equal properties for the a- and ,,-phase solids
are often used to simplify the solution of alloy phase
change problems. Table 5 shows that for case 4S, in
which the linearized phase diagram is used, the devia
tions from case IS are around -4%, indicating, as did
case 4L, a slight improvement. Case 5S shows the
effects of using equal a- and ,,-phase properties. Again,
one can observe a slight improvement in the prediction
of the movement of the eutectic and liquidus isotherms
over those of case 3S. This is different from the results
of case 5L but is expected, since the eutectic solid
fraction, which is used to weigh the solid properties,
is much larger for the Scheil model.

Case 65 illustrates the consequences of neglecting
the effects of the microscopic concentration profile in
the solid on the enthalpy. Here, the interfacial solid
concentration rather than the average solid concen
tration was used in calculating the a-phase solid en
thalpy and its derivatives. Note that this will produce
differences only for the Scheil model, since the Lever
Rule model assumes that the average and interfacial
solid concentrations are equal. Table 5 shows that case
6S is the only case that overpredicts the penetration
of the eutectic and liquidus isotherms, the differences
from case IS being about 2%.

Lever Rule-Scheil model comparison
Table 6 shows that, in comparison with the Schell model,
the penetration of the eutectic and liquidus isotherms
is about 2% faster for the Lever Rule model. One rea
son for this difference is the fact that the Scheil model
gives a much lower solid volume fraction when the
eutectic temperature is reached. On the average, the
eutectic solid has a larger average liquid-solid enthalpy
difference than does the a-phase solid, so more heat
needs to be removed to form the eutectic solid than
the a-phase solid.

604 Appl. Math. Modelling, 1991, Vol. 15, Nov.lDec.

Different initial/boundary conditions
Cases 7 and 8 used the same enthalpy relations as cases
1 and 3, but the initial temperature was reduced by 56
K, and the boundary temperature was reduced by 50
K. This made the initial temperature only a fraction of
a degree higher than the liquidus temperature. A com
parison of cases 7L and 8L in Table 7 shows that the
locations of the eutectic and liquidus isotherms in case
8L were underpredicted by about 11.3% and 15.5%,
respectively. The same comparison between cases lL
and 3L in Table 4 shows that the change in the locations
of the eutectic isotherm is nearly the same, while the
change in the movement of the liquidus isotherm is
somewhat larger with the different initial and boundary
conditions. A similar comparison between cases 7S/8S
and cases IS/3S, in Tables 8 and 5, shows similar re
sults for the Seheil model cases. This indicates that the
results shown in Tables 4-6 are relatively independent
of the thermal initial and boundary conditions. This
can be expected because the solidification temperature
range is fixed for an alloy of a given composition.

Conclusions

The effects of using enthalpy relations that are func
tions of both temperature and concentration on the
heat transfer during the solidification of a Pb-20 wt. %
Sn alloy were observed by performing several numer
ical test cases using a volume-averaged mixture model.
The relationship between the solid fraction and tem
perature was defined by two limiting cases: the Lever
Rule model and the Scheil model. When the derivatives
of the enthalpy with respect to concentration and tem
perature were assumed to be constant, the movement
of the eutectic and liquidus isotherms was significantly
underpredicted in comparison to a case in which the
enthalpy derivatives were allowed to vary with both
concentration and temperature. Ignoring the concen
tration dependence of the enthalpy completely caused
an even larger error. When the phase diagram was
assumed to be linear or the a- and y-phase solids were
assumed to have the same properties while the en
thalpies were assumed to be linear functions of the
temperature only, the predictions were slightly im
proved. When the microscopic concentration varia
tions in the solid due to the Scheil model were ignored
in calculating the average solid enthalpy, the isotherm
movement was overpredicted by about 2%. This study
considered a relatively large concentration of 20 wt. %
So only, to emphasize the errors introduced by the
various simplifications and because the Pb-20 wt. % Sn
alloy has been a popular choice in low-temperature
solidification experiments.P> The errors in the heat
transfer predictions due to the neglect of the concen
tration dependence of the enthalpies can be expected
to decrease with lower initial concentrations. Finally,
the results were shown to be relatively independent of
the thermal initial and boundary conditions.

Although fluid flow was not accounted for and the
relatively simple case of solidification in a semi-infinite
domain was considered, the present results should serve
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as an estimation of the magnitude of the changes in X k phase function
the heat flow introduced by simplifying enthalpy re- 'I'k a quantity of a phase
lations and neglecting the microscopic concentration
profile in the solid. These differences may be consid
erably magnified when fluid flow is included because
they will affect the thermal and solutal buoyancy forces
within the mushy zone.

The present paper also indicates a need to develop
and utilize complete enthalpy relationships of the form
of equations (21)-(23) for other alloys. As was men
tioned by Poirier and Nandapurkar, I considerable
progress has been made during the recent decade to
summarize thermodynamic state functions of numer
ous alloys. Although not investigated within the con
text of this study, it appears that the use of a proper
energy equation and accurate state functions is nec
essary to obtain good agreement between predictions
and measurements in alloy solidification.
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