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Determination of the Memory from Boundary
Measurements on a Finite Time Interval

G.V. DYATLOV*
Received June 11, 1999

Abstract — We study the problem of finding the memory term of a hyperbolic
equation from the Dirichlet-to-Neumann map given on a finite time interval. We
prove that this map determines uniquely some characteristics of the memory function
and thereby memory functions of a special form.

1. STATEMENT OF THE PROBLEM AND THE MAIN RESULT

Consider the equation
t
U —Au—i—/ k(x,t — T)u(x,7)dr =0 (1.1)
0

in Qx [0, 00), where k(z,t) € C®°(Q2x[0,00)) and Q is a bounded domain in R™.
We pose the initial-boundary value problem, by supplementing (1.1) with the
conditions

u(z,0) = uy(z,0) =0,

ulaax[0,00) = 9(T, 1),

where g € C§°(052 x [0,00)), the subscript o means that g vanishes at ¢ = 0
and for t > T together with its derivatives, with T" some positive number, which
guarantees validity of the agreement conditions. Existence and uniqueness of
a solution to the problem ensues from Theorem 1.2 below.

Assume that we can choose various functions g € C§°(99Q x [0,00)) and
measure the normal derivative du/dv on the set I' = 9Q x [0,T], T > 0. Observe
that Ou/0v on I' depends only on the values of g on I'; so we can assume that
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g=0fort>T;ie,ge C;(I). The inverse problem consists in finding the
memory k(x,t) from the addition information {(g,du/0v|r) | g € C§°(T')}.
The main result of the article is the following theorem:

Theorem 1.1. Let k; and ko be two functions satisfying the above condi-
tions. Suppose that T' > diam Q. If Juy /0v = Jua /v on T for all g € C§°(T),
where u; are solutions to (1.1)-(1.3) with k = k;, then

0f"k1(x,0) = 07" ka(x,0), m=0,1,2.

In the case T = oo we problem under consideration was studied in [1],
wherein a conditional stability estimate of the logarithmic type was proven.
The proof was based on the reduction of the original problem to a family of
stationary problems with a parameter by means of the Fourier transform in
time. In the case of a finite time interval this method is obviously inapplicable.
A similar problem for the equation

uy — Au+q(z)u =0

was considered by Rakesh and Symes [2] who proved a uniqueness theorem.
Stability was proven by Sun [5]. The case of time-dependent ¢ was studied
in [3, 4].

For proving Theorem 1.1 we actually use the method of beam solutions
proposed in [2]. The difference is that the problem in [2] reduces to the ray
transform, while here we reduce the problem to the Fourier transform.

Below we need a solvability result for the direct problem.

Theorem 1.2. The problem

ugy — Au + /tk(x,t —Tu(z,7)dr = f(x,t), (x,t) € Qx[0,00),
0

u(z,0) = w(x,0) =0, z€Q,
u|89><[0,<x>) = g(l‘,t), S aQa 0<t< o0,

where f € C*(Q x [0,00)) is bounded and g € C§°(I'), has a unique solution
u € C™(Q x [0,00)). Moreover, the estimate

lull 71 (@xjo,77) < C(Hf||L2(Qx[o,T]) + HQHHl(F))a

holds with some positive constant C' depending only on 2 and k.

The assertion can be derived from the general theory of the initial-boundary
value problems for hyperbolic equations as it was done, for example, in [1].

2. AUXILIARY ASSERTIONS

Henceforth we denote the convolution fot k(z,t — T)u(z,7)dT by k*u.
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In the proof of Theorem 1 we need the following two lemmas:

Lemma 2.1. Under the conditions of Theorem 1.1,
/(kl—kz)*ul*UQd(E:O, 0<t<T‘7 (21)
Q

where u; are arbitrary solutions to (1.1)—(1.2) with k = k;, j = 1,2, (not
necessarily coinciding on T').

In what follows without loss of generality we assume that the origin coincides
with the center of the minimal closed ball containing €. Let d be the diameter
of this ball and r, its radius.

Lemma 2.2. Problem (1.1), (1.2) has solutions of the form
w(z,t) = O (x - w+t —r)el @) L Rz, 1), (2.2)

where w € R", |w| = 1, ¢ > 0 is arbitrary, . € C*>°(R) is such that 6. > 0,
0. =0 fort <0,60. =1 fort > e and fOE 0. = /2. Moreover, R(x,t) satisfies
the condition R|r = 0 and the estimate

C
IR L, x (0,1 < 2 0% (2.3)
where C depends only on  and k.

Proof of Lemma 2.1. Take the convolution of the equation for u; with us
and the convolution of the equation for us with u; and subtract the resulting
equalities:

Ug * (8t2u1) — Uy * (8t2u2) + up * Aug — ug * Aug + (k1 — ko) *ug xug = 0.

Since 92 (uy * ug) = u1 * (02uz) = uz * (0u1) in view of the initial conditions,
we have (like A the operations div and grad are taken over x)

/(kl—kg)*ul*ugdx:/(ug*Aul—ul*AuQ)dac
Q Q

= / div(u2 * grad u; — uq * gradug) dx = / (U2 * % — Uy * 3112) ds.
Q o0 81/ 81/

Let v be a solution to (1.1) and (1.2) with k£ = k; and the boundary condition
v|r = ug|r. Letting us in the above equality equal v, we obtain

Ou ov
O/Q(klkl)*ul*vdx/ém(v*aylul*ay>ds

- 3u1 aUQ
_/m(ug* L ay)dS.

Here we use the fact that dv/dv = Qus/Ov on T by the assumption of Theorem 1,
for v = us on I'. Combining the so-obtained equalities, we complete the proof
of the lemma. 0O
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Proof of Lemma 2.2. Inserting (2.2) in (1.1) and (1.2), we obtain the
following equation in R(z,t):

Ry — AR+ kxR=—kx* (Hs(x cw+Ht— r)ei”(z'“’“)). (2.4)
Moreover,
R(z,0) = R(x,0) =0, (2.5)

since O.(z -w —r) = 0.(x - w —r) = 0. Supplement (2.4) and (2.5) with the
boundary condition

Rjr =0. (2.6)

Problem (2.4)-(2.6) has a unique solution by Theorem 1.2. We are left with
proving estimate (2.3). To this end, we apply the integration operator ZR =

fot R(x,7)dr to equation (2.4). In view of the obvious relations, we find that
(ZR)y — A(IR) + k = (IR) = —I(k: * (egei“(x'w“))).

Moreover, the function ZR meets the zero initial and boundary conditions.
Hence, by Theorem 2,

IRl Lo @xfo,m)) < TR @xo,r)) < C||I(k * (9sei°($'“+t))) || Laxo.7])-

Consider the function
t
k (ani"(z'“’th)) = / k(z,7)0-(z-w+t —7 —r)e@eH=") gr
0

t
_ eio(zuﬂrt)/ efiar(ask) dr
0

eia(r-w+t)

t
:.[Hg(x-w—l—t—r)k(x,O)—/ e_wT(GEk)TdT], xeQ, t>0.
0

—ic
Denote the function in the square brackets by f(z,t). Now,

10T W
e

Z(k * Gsew(z'“’ﬂ)) =

/t T f(x, ) dr
0

—10

1oT-W

e

t

= —5 [ewtf(x,t) —/ e fr(x,7) d’T:|, xe, t>0.
0

Since f is bounded uniformly in z, ¢t and o together with its derivative with

respect to ¢t by a constant depending only on k,

<«

||I(]C % Hseig(x'ert))||L2(Q><[0,T]) < 5

g

where C' depends on 2 and k. The lemma is proven. [
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3. PROOF OF THEOREM 1.1
By Lemma 2.2, problem (1.1), (1.2) with k& = k; has a solution of the form
wj(z,t) = 0-(x - wj +t — 1)@t L Ri(xt).

Take an arbitrary & € R™. Choose wi,ws € R", |w;| = 1, so that —§ = o (w1 +w2)
which is obviously possible for every sufficiently large positive o. Here the
vectors w; depend naturally on . Note that the sum w; + w» and the scalar
products ¢ -w; vanish as o0 — oo.

Insert the solutions u; with the so-chosen w; in identity (2.1), denoting
k= kl - k22
4

OZ/k*ul*Ude:ZIj, 0<t<T.
Q

Jj=1

Here
L(t) = / kx (e"%%eita(x, t)) d,
Q
t
afz,t) :/ Oc(x-wi+t—7—1)0( wy+7—1)dT;
0
L(t) = / k * (95(93 cwp+t— r)e”(“"”l“)) * Ry du;
Q
I3(t) = / k (95(53 cwy+t— r)eio(‘”'“’?“)) * Ry du;
Q
I(t) = / k* Ry * Ry dx.
Q
Observe that a(z,t) is a smooth function which is equal to zero for ¢ < 2r + %
and coincides with the linear function y = ¢ — (2r + % +e)ast > 2r+ % + 2¢.

Examine the asymptotic behavior of each integral as ¢ — oco. We start
with I5:

Ii(t) = / /t k(z,7)e” e (x,t — 1) dr dz
QJo
¢
= ¢t [/ e_i”T/Af(f, T)a(0,t — 7)dr (3.1)
0
¢
+ /Q e_ifw/o e Tk(z,7) (e, t — ) — (0,t — 7)) dT d(L':| ,

where lAc(ﬁ7 t) = Jo e~ %%k(x,t) dr is the Fourier transform. Integrating by parts
in the first integral in the square brackets, we obtain

/Ot e (ka) dr = i {—(l%a)T_O - /Ot =7 (ha), dT]

—10
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o N )

N
aj ka |T O 1 ¢ —ioT qN+1/(7.
Z (i)l (iU)N+1 /0 e 7o T (ko) dr

Jj=

for every natural V.
Now, turn to the second integral in (3.1), denoting 5(z,t) := a(x,t) —a(0,1).
By analogy with the above, we can show that

N

/t e—iaTk(x T)ﬁ ., ‘ 7— Z 8 kﬁ |7— 0 1 /t e_iaTaN-‘rl(k,B) dr
0 ’ (io)i+1 (20)N+1 0 T

Jj=

Observing that (z,t) = 7%5 fort > d+2e+ ‘wgfﬁl (we can make the right-hand

side of the last inequality arbitrarily close to d) and |02 3(x,t)| < C7T|£| for all ¢,
with C; depending only on j and €2, we obtain

t
/ e T k(z, )3 (x,t — T)dT
0

N ; t
01k(z,0)(z - §) 1 —ioT AN+1
=-> = (o) J+1 + (z'a)N+1/0 e TONTY(kB) dr

7=0

N 53 k(2. 0) (-
= — Z arko(—(z;()))J(Jrl 5) + O(O'*N,2)7 g — 00,

fort > d+2e+ @, O is understood in the sense of uniform boundedness over x
with a constant depending only on N, ), and k. Thus,

- j (k 7)o —T))lr=
h(t)em[zi(k(g, )o(0,t — 7))[r=0

2 (i )i
N
Cien 0Lk (2,0)(z - €) _N_
_ Wx YT\ V)Y S N-1 N
Z/Q (i) dz +O(c )|, o — o0,

fort > d+ 2+ |§|
Now, turn to 12 By analogy with the above, we obtain

kx (0-(z - wy + 1t —r)elo(@ertt))

t
= el (@witt) / e (O (x-wy +t — T —1)k(z, 7)) dr
0

N

t
_ eig(m.w1+t |:Z 8 0 k |-r 0 1 / 67i67871y+1(95k) dr
0

< (io) )i+l (iU)N+1
J:
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Thereby,

N t ;
i i cwy— 0l (k9 )|T:O t—t—s
__ _iot io(zwy—s) YT 3 s
t)y=¢e jE:O /Q/o e 1 (io)iH Ro(x,s)dsdx

eio’t t ) t—s '
—_— io(z-wi—s) —ioT QN+1
+(iU)N+1 /Q/O ¢ (/0 € Or (ke lt—t—s dT) Ry(x,s)dsdx.

By the estimate of Lemma 2 and Holder’s inequality,

CilloZk(-,0)llL, , Cn+allklan+
|<Z U]+3 T oN+3 , 0=t=<T,
where the constants C; depend only on {2 and T'.
Similarly, we estimate I3:
Cillozk(-,0)llL, , Cnallkllmnn
|<Z St gy, 0<t<T

We easily estimate the last integral, using Lemma 2 and Holder’s inequality:
C
L)<=, 0<t<T,
L)<, 0<t<
where the constant C' depends on ki, k2, €2, and T.

Recalling that the sum of the integrals I;—I; equals zero for 0 < ¢ < T, we
write down

i 04 (k(€, 7)0(0, ¢ — 7)) [0

oitl

Jj=0

Cilloik(-, 0|z, | ~= Cjl103k(-,0)||1, , C
< Z 0']"1‘2 + ZO O‘j+3 + ;
J:

Suppose that ¢ is such that d+ 2¢ + % <t <T (which is possible for a small &
and a large o). Multiplying the resulting inequality by ¢ and letting o tend to
infinity, we see that 12:(5 ,0) = 0 and hence k(z,0) = 0 in view of the arbitrariness
of ¢&. Now, multiplying by o2, using the equality k(x,0) = 0, and letting o tend
to infinity, we obtain 0.k(z,0) = 0. Similarly, d2k(z,0) = 0. The theorem is
proven.

Remark 3.1. We illustrate how the above results can be applied. From the
physical viewpoint it is natural to suppose that k(z,t) is a monotone positive
function tending to zero as t — oo. Thus, we can consider models in which
E(z,t) = a(z)(1 4+ 1)@ or k(z,t) = a(z)e P@?! where a(z) and B(z) are
smooth positive functions. Once k(x,0) and k:(x, 0) can be found, in both cases
we can determine «(x) and «(x)B(x) and hence B(x). The knowledge of the
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derivative ky(x,0) yields a(x)B(z)(1 + B(z)) in the first case and a(z)3%(z) in
the second. Thus, we can decide which model suits best.

In conclusion, the author would like to express his gratitude to Professor
A. L. Bukhgeim for statement of the problem and useful discussions.
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