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In this work, the theoretical calculation of excited-state ionization po-
tentials for 1522p QPI/Q, 1523s 251/2, 1s%3d 2D1/2, 1s2%4s 251/2, 1524p2P1/2, and
1s%4d*D, /2 iso-spectrum series of lithium-like elements were carried out us-
ing a weakest bound electron potential model theory for nuclear charges from
Z = 3 to Z = 18. The Breit—Pauli approximation was used for relativistic
contributions. The obtained values are compared with the experimental re-
sults from literature. The overall agreement between data obtained in this
work and experimental data from literature can appear to be quite good
being generally within 0.1% of experimental values.

PACS numbers: 32.10.—f, 31.50.—x

1. Introduction

Some considerable efforts have been made to determine the ionization poten-
tials accurately for scientists studying physics, chemistry, and some other areas.
They provide a crucial piece of information about the electronic structure and,
therefore, are often used as benchmarks for theoretical methods [1]. The first ion-
ization potential is a fundamental physical/chemical property of an element. An
accurate determination of the first ionization potential connected directly to the
atomic spectra is very important to know the element, interpret the systematic
trends in the binding energies from element to element and put some conclusions
about the electronic structure of atoms [2]. Since alkali atoms have only one outer
electron energetically separated from the inner cores and have a simple electronic
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structure, they are popular subjects of theoretical and experimental investigations.
This simplicity makes it possible to perform calculations in a very high accuracy
tested by employing the comparison with known experimental level energies [3].
The accuracy of the data for lithium-like sequence is very important for under-
standing and interpretation of main physical and chemical processes. The calcu-
lation of the ionization potentials of atomic or ionic systems have been carried out
using R-matrix method [4], multi-configuration Hartree-Fock (MCHF') method [5],
relativistic configuration interaction (CI) method [6], relativistic many-body
perturbation theory (MBPT) [7], and multi-configuration Dirac-Fock (MCDF)
methods [8]. Recently, Zheng et al. have introduced a new method called the
weakest bound electron potential model theory (WBEPMT) for the calculation of
ionization potentials [9-12].

In this work, we employed a concept of iso-spectrum-level series in order to
study the ionization potential of excited states in lithium-like sequence. While non-
-relativistic ionization potential of excited levels is derived from the WBEPM the-
ory, the relativistic corrections of ionization potential in the Breit—Pauli approxi-
mation are expressed as a fourth-order polynomial in the nuclear charge Z.

2. Theoretical method

In many well-known theoretical methods, some configurations and orbital
basis-set functions are required to obtain more accurate results for the high excited
or ionized states and, therefore, this makes the calculation much more complicated.
Studying the highly excited states or ionized states of atoms using the well-known
ab initio methods is also very difficult. The ionization potentials can, sometimes,
be obtained using some experimental methods in atoms or ions but a theoretical
calculation of the ionization potentials may not be performed so easily. Experi-
mental determination of electronic energies with high accuracy is also not so easy.
Therefore, in general, only a few first ionization potentials of a given iso-electronic
series are available and can be reached easily [13]. However, theoretical and ex-
perimental works in the literature are concerned generally with low excited states
and low ionized states rather than highly excited or ionized states.

In this paper, a semi-empirical method based on WBEPM theory and the
concept of iso-spectrum-level series have been used for the accurate extrapolation
of ionization potentials as a function of the nuclear charge. In this approximation,
the ionization potentials of ground states can be studied along an iso-electronic
series [9]. All atomic or ionic terms of the iso-electronic series have the same
electron configuration. Thus, the concept of the iso-electronic series can only
give some information associated with an electronic configuration and is unsuc-
cessful to determine the ionization potentials of excited states. Therefore, the
iso-spectrum-level series can conveniently be used in the determination of the ion-
ization potential. The iso-spectrum-level series consists of some levels having the
same level symbol in a given iso-electronic series. In this concept, the electron
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configuration, spectrum terms, and spectrum energy levels are all the same and
the sole variable is the nuclear charge Z [9].

The atomic and ionic energy can be given as a sum of non-relativistic energy
and relativistic energy to be [9-12]:
where I),,(Z) and I.(Z) are the non-relativistic and the relativistic potential, re-
spectively, I(Z) denotes the sum of non-relativistic and relativistic energies.

In this study, the non-relativistic potential I),,(Z) was calculated using the
WBEPM theory and the relativistic potential I,(Z) was calculated using the Breit—
Pauli approximation.

The WBEPM theory was developed by Zheng and has been applied to cal-
culate various atomic properties, such as energy levels, ionization potentials, tran-
sition probabilities, oscillator strengths, and lifetime of excited levels in the many-
-electron atomic and ionic systems. This method is mainly based on the distinction
of the weakest bound electron (WBE) and non-weakest bound electrons (NWBEs)
in given atomic or ionic systems. By separation of the electrons in a given system,
complex many-electron problems can be simplified as a single electron problem
and then it can be solved more easily [14-19]. According to the WBEPM theory,
the Schrodinger equations of the weakest bound electron under non-relativistic
conditions are given as [16]:

1
[2V2 + V(Ti)] Vi = giths, (2)
where 1; is the wave vector for i-th electron, ¢; is the energy eigenvalue of i-th
electron, and V' (r;) is

A d(d+1) 4 2dl
L dd+ D+

7 2r2 ’

Vi(r) =—

(3)

where Z* is an effective nuclear charge, n is the principal quantum number, [ is
the angular momentum quantum number of the weakest bound electron. The ef-
fective principal quantum number n* and effective angular momentum quantum
number [* are given in d being defined to be n* =n +d and [* = [ + d. These are
shortly defined below Eq. (3).

According to the WBEPM theory, the WBE moves in the potential field
produced by the nucleus and the NWBEs. This potential field can be divided into
two parts, one of which is the Coulomb potential and the other one is the dipole
potential. Because of shielding effect of the NWBEs, the WBE is subjected to an
effective nuclear charge Z*. Since the WBE polarizes the atomic core, a dipole
moment is produced. This dipole moment affects the behavior of the WBE and the
potential function produced by this dipole moment can be defined as in Eq. (3).
In this case, the principal quantum number n and the angular momentum quan-
tum number [ of the weakest bound electron are replaced by the effective principal
quantum number n* and effective angular momentum quantum number [*, respec-
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tively. The introduction of d effectively modifies the integer quantum numbers n
and [ into the forms of non-integer momentum numbers to be n* = n 4+ d and
[* =14 d. These terms differ from the usual core polarization potential which
behaves asymptotically as 1/74, in which the effective dipole moment of the core is
used as a parameter rather than being derived from the polarizability of the core
in the electric field of the WBE [19].

In Eq. (3), V(r;) is the potential function produced by the non-weakest
bound electrons and nucleus. Moreover, Z* is the effective nuclear charge, r;
is the distance between i-th weakest bound electron and nucleus, and [ is the
angular momentum number of the weakest bound electron. In this method, the
effect of the screening of other electrons except for the weakest electron is not
exact. Therefore, the Coulomb term of potential in the WBEPM theory is used
as the effective nuclear charge Z* defined to be [9-12]:

7* = \NZ -0 +9(Z - Z). (4)
The parameters given in Eq. (4) can be determined from the definition of the

iso-spectrum-level series. Here Z; is the nuclear charge and o is the screening
constant of the first term in the iso-spectrum-level series. ¢ is a relative increase
factor that indicates the effect on the effective nuclear charge resulting from the
increased nuclear charge in the series. The ionization potential of an atom or ion
is given as [9-12]:

Z0 (Z—o) +9(Z~ %)

Inr = o2n*2 = o2n*2 ! (5)

As mentioned above, the excited state ionization potential is also not an invariant

function of nuclear charge. The n* parameter can be determined by using the first
difference of the non-relativistic ionization potential. If we plot the first differences
of experimental ionization energies Alx, = I(Z + 1) — I(Z) versus nuclear charge
Z in the iso-spectrum-level series, we find a linear relationship as shown in Fig. 1.

It can be clearly seen from Fig. 1 that the effective principal number n*
is approximately constant in the iso-spectrum-level series and can be obtained
simply from the slope of the curve. The parameter o, the screening constant of
the first term in the iso-spectrum-level series, is calculated from Eq. (5). The
relative increase factor g is the arithmetic average of the g; obtained from the
same equation. We have employed each term given in the iso-spectrum-level series
to obtain the parameters.

In this study, we have employed the Breit—Pauli approximation for the rel-
ativistic effects. The terms including relativistic effects increase approximately
as the fourth power of nuclear charge Z [20]. In order to improve accuracy and
reliability on the ionization potential values, the relativistic corrections should be
employed in the calculations. The relativistic corrections of the iso-spectrum-level
series could be determined from a fourth-order polynomial in nuclear charge [10]:
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Fig. 1. A plot of the first differences of experimental ionization energies Aleyp, versus

the nuclear charge Z along some iso-spectrum level series of lithium-like sequence.

4
L=>Y aZ, (6)
=0

where Z' is used for the calculation of relativistic contribution and effective nu-
clear charge of relevant atom. According to Eq. (1), I, = I — I, and a; parameters
can be easily obtained. In this study, a; parameters have been determined using
the value of Iexp — Iny. The value of Iy, is obtained from literature [21]. Thus,
the ionization potential of the iso-spectrum-level series could be calculated from
Eq. (7) [9-12]:

4

(Z —0)* +9(Z — Zo) S a7

I = 92 + a; z". (7)
=0

3. Results and discussions

We have studied the determination of the ionization potential of the excited
states in the lithium-like sequence with Z = 3-18 for 1522p2P1/27 15%3s 251/2,
1523d 2D3/27 15%4s 25’1/2, 1s%4p 2P1/2, 1s%4d 2D3/2 series using the definition of iso-
-spectrum-level series, weakest bound electron potential model theory, and the
Breit—Pauli approximation. The relativistic effects must be considered to obtain
more accurate results for the ionization potential. The calculations of the ioniza-
tion potentials of atomic or ionic systems have been performed using some powerful
methods. In well-known theoretical methods, the ionization potentials of lithium-
-like sequences are studied for low excited states and low ionized states rather than
for high excited or ionized states. The calculations are complex and difficult for
the high excited and ionized states of lithium-like sequences.
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In general, the relativistic effects are less important for atoms having a low
nuclear charge Z. For example, from Li atom to Ne atom, the relativistic correc-
tions are about 0.01-0.1% of total energies [22, 23]. The main relativistic contribu-
tions to the ionization energy increase up to the fourth power of nuclear charge Z
of the iso-spectrum-level series [24]. Therefore, we employed Eq. (7) to correct
the relativistic effects. In our calculation, the potential function in Eq. (3) rep-
resents the non-relativistic electrostatic potential acting on the WBE. Therefore,
the energy eigenvalue of the WBE in Eq. (5), calculated using the potential func-
tion, should be of a negative value of the non-relativistic ionization energy of the
WBE. However, the experimental data have been used to determine the relevant
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parameters given in Eq. (4).

TABLE 1

Parameters needed for the calculation of the ionization potential of lithium-like
sequence.

1522p Py /o 15235751 /5 15°3d°Dy, | 15%457S1/0 | 15%4p°Py /s 15°4d Dy /o
o | 1.984143 1.847497 1.999878 1.890647 1.990623 2.000057
n* | 1.990163 2.991678 2.998572 3.991272 3.990919 3.997676
g | 0.108353 0.162396 0.001887 0.122831 0.055399 0.000603
ap | 1.55965 ~0.225537 0.03933 0.1302626 0.09484 -0.004741
a1 | -1.04008775 0.14802 ~0.032264 | —0.86905856 | —0.063476 0.0025421
as | 0.2264395 0.03128835 0.009515 0.0190275 0.013970 0.000320
az | -0.01928995 | 0.00252444 0.001214 0.00166 0.001229 0.00000516

as | 0.000536795

—0.0000628983

0.0000568333

0.000050174

0.0000375170

0.0000015205

TABLE Ila

Non-relativistic ionization potential compared with experimental data [eV].
Z 1822p2P1/2 18238 251/2

Iexp Il’l[' A1’(2)(}) —nr IEXP Il’)!’ A]-SXp —nr
3 3.54344 3.54344 0 2.01833 2.01833 0
4 | 14.25066 | 14.32546 | —0.07480 7.27085 7.28714 | -0.01629
5 | 31.93084 | 31.97487 | —-0.04403 | 15.58641 | 15.59502 | —0.00861
6 | 56.49166 | 56.49166 0 26.94195 | 26.94197 | —0.00002
7 | 87.90269 | 87.87583 0.02686 41.33234 | 41.32797 | 0.00437
8 | 126.15448 | 126.12739 | 0.02709 58.75740 | 58.75303 0.00437
9 | 171.24633 | 171.24633 0 79.21710 | 79.21715 | —0.00005
10 | 223.18138 | 223.23266 | —0.05128 | 102.71914 | 102.72033 | —0.00119
11 | 281.96689 | 282.08638 | —0.11949 | 129.25182 | 129.26256 | —0.01074
12 | 347.61269 | 347.80748 | —0.19479 | 158.84802 | 158.84386 | 0.00416
13 | 420.12125 | 420.39596 | —0.27471 | 191.47027 | 191.46422 | 0.00605
14 | 499.54365 | 499.85183 | —0.30818 | 227.20910 | 227.12363 | 0.08547
15 | 585.84889 | 586.17508 | —0.32612 | 265.95539 | 265.82211 | 0.13328
16 | 679.10256 | 679.36572 | —0.26316 | 307.72651 | 307.55965 | 0.16686
17 | 779.27514 | 779.42375 | —0.14861 | 352.60836 | 352.33624 | 0.27212
18 | 886.40532 | 886.34916 | 0.05616 | 400.57306 | 400.15190 | 0.42116
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TABLE IIb
Non-relativistic ionization potential compared with experimental data [eV].
A 15%3d D1 /2 1574575, /5
[exp Iur AIexp —nr Iexp In: A]exp —nr
3 1.51291 1.51291 0 1.05064 1.05064 0
4 6.05316 6.05379 | —0.00063 | 3.89488 3.90338 | —0.00850
5 | 13.61943 | 13.61977 | —0.00034 | 8.45868 8.46357 | —0.00489
6 | 24.21083 | 24.21085 | —0.00002 | 14.73119 | 14.73120 | —0.00001
7 | 37.82680 | 37.82702 | —0.00022 | 22.70955 | 22.70627 | —0.00328
8 | 54.46972 | 54.46831 0.00141 32.39465 | 32.38878 | 0.00587
9 | 74.13465 | 74.13469 | —0.00004 | 43.78560 | 43.77874 | 0.00686
10 | 96.81329 | 96.82617 | —0.01288 | 56.87938 | 56.87614 | 0.00324
11 | 122.55134 | 122.54276 | 0.00858 71.68095 | 71.68099 | —0.00004
12 | 151.31074 | 151.28445 | 0.02629 | 88.19848 | 88.19327 | 0.00521
13 | 183.08382 | 183.05123 | 0.03259 | 106.52100 | 106.41300 | 0.10800
14 | 217.92139 | 217.84312 | 0.07827 | 126.39435 | 126.34018 | 0.05417
15 | 255.80362 | 255.66011 | 0.14351 | 148.01319 | 147.97479 | 0.03840
16 | 296.67349 | 296.50221 | 0.17128 | 171.41096 | 171.31685 | 0.09411
17 | 340.55864 | 340.36940 | 0.18924 | 196.51987 | 196.36636 | 0.15351
18 | 387.53903 | 387.26170 | 0.27733 | 223.33434 | 223.12330 | 0.21104
TABLE Ilc
Non-relativistic ionization potential compared with experimental data [eV].
Z 15%4p°Py o 15%4d°D, /5
Iexp IHT AIexp —nr IEXP I[)I’ AIEXP —nr
3 0.86995 0.86996 | —0.00001 0.85088 0.85089 | —0.00001
4 3.48627 3.49489 | —0.00862 | 3.40437 3.40427 0.00010
5 7.82257 7.82757 | —0.00500 7.65991 7.65963 0.00028
6 | 13.86799 | 13.86800 | —0.00001 | 13.61696 | 13.61697 | —0.00001
7 | 21.61960 | 21.61617 | 0.00343 21.27555 | 21.27628 | —0.00073
8 | 31.07590 | 31.07209 | 0.00381 30.63627 | 30.63757 | —0.00130
9 | 42.24083 | 42.23575 | 0.00508 | 41.70082 | 41.70084 | —0.00002
10 | 55.10167 | 55.10716 | —0.00549 | 54.46076 | 54.46608 | —0.00532
11 | 69.68630 | 69.68631 | —0.00001 | 68.96604 | 68.93331 0.03273
12 | 86.02284 | 85.97321 0.04963 | 85.26550 | 85.10251 0.02404
13 | 103.98956 | 103.96785 | 0.02171 | 102.99906 | 102.97368 | 0.02538
14 | 123.74763 | 123.67024 | 0.07739 | 122.60092 | 122.54684 | 0.05408
15 | 145.64399 | 145.08037 | 0.08402 | 143.86521 | 143.82197 | 0.04324
16 | 168.27704 | 168.19825 | 0.07879 | 166.84025 | 166.79908 | 0.04117
17 | 193.14794 | 193.02387 | 0.12407 | 191.56114 | 191.47816 | 0.08298
18 | 219.73678 | 219.55724 | 0.17954 | 217.96899 | 217.85922 | 0.10977

In Table I the parameters of Eq. (4) for the relevant series are listed. Table 1T
shows the present results and experimental energy values [21] for these series. The
differences between the experimental energy values and our results are also given



492 G. Celik, M. Yildiz, H.S. Kili¢

TABLE Illa
Present results and comparison with experimental data [eV].
Z 15%2p7P; o 15735751 /5

Iexp ]present AT Iexp Ipresent AT

3 3.54344 3.54343 | 0.00001 | 2.01833 2.01832 0.00001
4 | 14.25066 14.25065 | 0.00001 7.27085 7.29853 -0.02768
5 | 31.93084 | 31.91932 | 0.01152 | 15.58641 15.60361 -0.01720
6 | 56.49166 | 56.49166 0 26.94195 | 26.94193 0.00002
7 | 87.90269 | 87.92279 | 0.02010 | 41.33234 | 41.32030 0.01204
8 | 126.15448 | 126.18072 | 0.02624 | 58.75740 | 58.74408 0.01332
9 | 171.24633 | 171.24632 | 0.00001 | 79.21710 | 79.21707 0.00003
10 | 223.18138 | 223.11338 | 0.06800 | 102.71914 | 102.74161 | -0.02247
11 | 281.96689 | 281.78853 | 0.17836 | 129.25182 | 129.31848 | —0.06666
12 | 347.61269 | 347.29131 | 0.32156 | 158.84802 | 158.94701 | —0.09899
13 | 420.12125 | 419.65412 | 0.46713 | 191.47027 | 191.62496 | —0.15469
14 | 499.54365 | 498.92228 | 0.62137 | 227.20910 | 227.34861 | —0.13951
15 | 585.84889 | 585.15396 | 0.69493 | 265.95539 | 266.11275 | —0.15736
16 | 679.10256 | 678.42023 | 0.68233 | 307.72651 | 307.91061 | —0.18410
17 | 779.27514 | 778.80505 | 0.47009 | 352.60836 | 352.73395 | —0.12559
18 | 886.40532 | 886.40523 | 0.00009 | 400.57306 | 400.57301 0.00005

TABLE IIIb
Present results and comparison with experimental data [eV].
Z 1823d2D1/2 18248 251/2

Iexp Ipresent AI Iexp Ipresent AI

3 1.51291 1.51290 0.00001 1.05064 1.05067 | —0.00003
4 6.05316 6.05315 0.00001 3.89488 3.89706 | —0.00218
5 13.61943 13.61942 | 0.00001 8.45868 8.45884 | —0.00016
6 | 24.21083 | 24.21056 | 0.00027 | 14.73119 14.73148 | —0.00029
7 | 37.82680 | 37.82679 | 0.00001 22.70955 | 22.71162 | —0.00207
8 | 54.46972 | 54.46970 | 0.00002 | 32.39465 | 32.39714 | —0.00249
9 | 74.13465 | 74.14223 | -0.00758 | 43.78560 | 43.78560 | —0.00153
10 | 96.81329 | 96.84869 | —0.03540 | 56.87938 | 56.88183 | —0.00245
11 | 122.55134 | 122.59476 | —0.04342 | 71.68095 | 71.68275 | —0.00180
12 | 151.31074 | 151.38747 | —0.07673 | 88.19848 | 88.19255 0.00593
13 | 183.08382 | 183.23522 | —0.15140 | 106.52100 | 106.41514 | 0.10586
14 | 217.92139 | 218.14778 | —0.22639 | 126.39435 | 126.35560 | 0.03875
15 | 255.80362 | 256.13629 | —0.33267 | 148.01319 | 148.02022 | —0.00703
16 | 296.67349 | 297.21323 | —0.53974 | 171.41096 | 171.41652 | —0.00556
17 | 340.55864 | 341.39246 | —0.83382 | 196.51987 | 196.55319 | —0.03332
18 | 387.53903 | 388.51915 | —0.98012 | 223.33434 | 223.44014 | —0.10580

in Table II. Table III shows the present result I,iesent including the relativistic
corrections and these are displayed in comparison with compiled experimental
values in column 2 for each sequence. In this study, the deviations Alexp—present
between our results and experimental data are < 0.09 eV for nuclear charge Z =
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TABLE IIlc
Present results and comparison with experimental data [eV].
Z 15%4p°P, 5 15%4d°D, 5
Iexp Ipresent AT Iexp Ipresent AT

3 0.86995 0.86995 0 0.85088 0.85087 0.00001
4 3.48627 3.49029 | -0.00402 | 3.40437 3.40463 | —0.00026
5 7.82257 7.82410 | -0.00153 | 7.65991 7.65990 0.00001
6 | 13.86799 | 13.86806 | —0.00007 | 13.61696 | 13.61681 | 0.00015
7 | 21.61960 | 21.61973 | -0.00013 | 21.27555 | 21.27553 | 0.00002
8 | 31.07590 | 31.07762 | -0.00172 | 30.63627 | 30.63627 0

9 | 42.24083 | 42.24108 | -0.00025 | 41.70082 | 41.69927 | 0.00155
10 | 55.10167 | 55.11041 | —0.00874 | 54.46076 | 54.46480 | —0.00404
11 | 69.68630 | 69.68677 | —0.00047 | 68.96604 | 68.93320 | 0.03284
12 | 86.02284 | 85.97225 | 0.05059 | 85.12655 | 85.10480 | 0.02175
13 | 103.98956 | 103.96984 | 0.01972 | 102.99906 | 102.97999 | 0.01907
14 | 123.74763 | 123.68341 | 0.06422 | 122.60092 | 122.55922 | 0.04170
15 | 145.16439 | 145.11774 | 0.04665 | 143.86521 | 143.84292 | 0.02229
16 | 168.27704 | 168.27852 | —0.00148 | 166.84025 | 166.83160 | 0.00865
17 | 193.14794 | 193.17232 | —0.02438 | 191.56114 | 191.52579 | 0.03535
18 | 219.73678 | 219.80664 | —0.06986 | 217.96899 | 217.92607 | 0.04292

3-18 and < 0.184 eV for Z = 13-17 in the 1s23s 25’1/2 series; < 0.07 eV for
Z = 3—12 and < 0.98 eV for Z = 13-17 in the 1323d2D1/2 series; < 0.038 eV
for Z = 3-18 and < 0.105 eV for Z = 3-18 in 1s%4s 251/2 series; < 0.06 eV for
Z = 3-18 in the 1s%4p 2P1/2 and < 0.042 eV for Z = 3-18 in 1s%4d 2D1/2 series.

It can be seen that the present results are in good agreement with experimen-
tal energy values for these series. In all of these series, the experimental data from
Z = 3 to Z = 18 are used to obtain the parameters and our results from Z = 3
to Z = 18 are calculated from Eq. (6). The results calculated in this work present
a good agreement with experimental data and the agreement is generally within
0.1%. According to the results obtained in this work, the approximation that the
excited state ionization potentials are non-invariant functions of nuclear charge Z
is sufficient and successful for ionization potential calculations. The results are
simply and accurately obtained using this method.
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