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Time-Dependent Crack Initiation 
and Growth in Ceramic 
Matrix Composites 
Matrix cracking in ceramic matrix composites with fine grained fibers at high temper
atures will be governed by fiber creep, as relaxation of the fibers eliminates crack 
tip shielding. Using a time dependent bridging law that describes the effect of creeping 
fibers bridging a crack in an elastic matrix, crack growth initiation and history have 
been modeled. For a stationary crack, crack tip stress intensity factors as a function 
of time are presented to predict incubation times before subcritical crack growth. 
Two crack growth studies are reviewed: a constant velocity approximation for small-
scale bridging, and a complete velocity history analysis which can be used to predict 
crack length as a function of time. The predictions are summarized and discussed in 
terms of identifying various regimes of crack growth initiation, subcritical growth, 
and catastrophic matrix cracking. 

1 Introduction 
High strength ceramic fibers can be achieved by decreasing 

fiber grain size, which limits the flaw size in the fibers. Ceramic 
matrix composites (CMCs) are made by combining these fibers 
with relatively coarse-grained matrices. Since the role of the 
matrix is generally to provide ductility to the composite, the 
decrease in matrix strength due to large flaw sizes is not consid
ered detrimental. The low temperature behavior of such com
posites has been studied extensively both experimentally and 
analytically, and is generally well understood (Evans and Zok, 
1994). 

The primary motivation for using such composites, however, 
is the high temperature capabilities of the ceramic constituents. 
At high temperatures, predicting composite performance be
comes more complicated due to oxidation and creep (Heredia 
etal., 1995; Lamourouxetal., 1994). The fine-grained fibers are 
particularly susceptible to creep, as small grain sizes increase 
avenues for grain boundary diffusion. (The coarser grained ma
trix can be considered to behave elastically, as creep rates are 
significantly lower.) Crack bridging by intact fibers becomes 
time-dependent at high temperatures, as fiber creep causes crack 
closure forces to decay over time (Begley, 1997; Begley et al., 
1997; Begley et al., 1995a; Begley et a l , 1995b; El-Azab and 
Ghoniem, 1995; Henager and Jones, 1994; Henager and Jones, 
1993; Nair and Gwo, 1993). Furthermore, cracks that can be 
considered benign at low temperatures may cause significant 
problems at high temperatures, as they may provide pathways 
for oxidation to occur in the interior of the composite or degrade 
the components ability to contain gases (Evans et al., 1996). 
The question of crack stability at room temperature thus changes 
at elevated temperatures to questions about when and how fast 
cracks grow. 

This paper is intended to provide a summary of some recent 
work on predicting time dependent crack growth in CMCs 
caused by fiber creep at high temperatures. A time dependent 
bridging law has been developed to describe the effect of creep
ing fibers bridging a matrix crack in a composite whose matrix 
can be considered elastic (Begley et al., 1995a). This bridging 
law has been used to estimate the time needed to initiate crack 
growth from both fully bridged and partially bridged stationary 
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cracks (Begley, 1997). The issue of crack growth rate has 
been addressed in both the small-scale and large-scale bridging 
regimes (Begley et al., 1997; Begley 1995b). Representative 
results are presented and used to discuss the issues raised by 
time dependent crack growth in both unidirectional and lami
nated CMCs. 

In the crack behavior studied in this work, a finite crack tip 
stress intensity factor is assumed to exist. For analysis of initia
tion times, it is assumed that the crack geometry and loading 
is such that the crack tip stress intensity factor, Ktip, is less than 
the toughness of the matrix, Kc (adjusted for matrix volume 
fraction). For crack growth studies, it is assumed that crack 
growth occurs under the condition that Ktip = Kc. The analyses 
and results are often similar to a cohesive zone approach in 
different materials (Knauss, 1993; Fager et al., 1991); however, 
it should be emphasized that the assumption of a finite stress 
intensity factor at the crack tip (based on the fact that the matrix 
remains elastic) leads to significant differences. 

2 Time Dependent Bridging 

The crack tip shielding provided by creeping fibers bridging 
a matrix crack can be analyzed by determining the relationship 
between the crack opening rate and bridging traction for a repre
sentative bridged section of the crack. Such cell models can 
then be integrated with traditional fracture mechanic relations 
to develop an integral equation which is solved for the closure 
forces in the bridged section of the crack. These closure forces 
are then used in the usual manner to predict the reduction in 
crack tip stress intensity factor. 

A full derivation for a creeping fiber embedded in an elastic 
matrix results in the following bridging law, which incorporates 
the effects of frictional slip between the fiber and the matrix 
(Begley et al , 1995a): 
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D is the diameter of the fibers; / is the fiber volume fraction; 
B is the creep coefficient of the fibers; T is the shear sliding 
stress between the fibers an the matrix; Ef, Em, and EL are the 
elastic moduli of the fiber, matrix and composite, respectively; 
and T is the characteristic relaxation time for the intact compos
ite, given by EJB(\ - f)E,„Ef. 

For a growing crack, the convolution integrals in (1) (which 
reflect the history dependence of the bridging stress) complicate 
things, and the following simplified bridging law has been used 
in crack growth studies (Begley et al., 1997; Begley et al., 
1995b): 

8(t) = 2\a{t)[a{t) + 0a(t)], ( 2 ) 

where \ is the rate-independent bridging coefficient, and (3 is 
a modified creep coefficient. The assumptions that justify sim
plifying Eq. (1) to Eq. (2) are based on comparing the relative 
magnitudes of terms in the full bridging law and neglecting 
smaller terms. In summary, Eq. (2) neglects creep of the fibers 
in the intact portion of the composite, which is acceptable during 
crack growth studies since creep in the slip region adjacent to 
the matrix crack, and the short time {t < T) response of Eq. 
(1), dominate the shielding effect of the fibers. Further details 
of these assumptions and their validity is discussed fully by 
Begley (1997), Begley et al. (1997), and Begley et al. (1995b). 

3 Time to Initiate Crack Growth 

For a given crack geometry and load level, the crack tip stress 
intensity factor may be beneath the critical stress intensity factor 
of the matrix, implying that some time is required to relax the 
shielding effect of the fibers to the point that crack growth 
occurs. Such a situation would arise when a matrix flaw exists 
that spans multiple fibers, provided the load is beneath the 
critical stress to propagate the bridged matrix crack. Another 
example is the case of an overload, where the applied load on 
the composite decreases; during the peak loading, the matrix 
crack is driven to the length where Ktip = Kc for the peak load. 
If the load is subsequently decreased, Ktip falls beneath Kc and 
some time is required to decay the bridging tractions until crack 
growth occurs. 

In the following calculations, the crack is assumed to be 
stationary; thus, the problem is simply to calculate the evolution 
of the bridging stress over time. The bridging stress profile at 
a given instant in time was then used to predict the instantaneous 
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Fig. 1 Two calculations for the crack tip stress intensity factor as a 
function of time for three different loads and f = 0.3, B, = Em = EL = E 

value of the crack tip intensity factor. The geometry is a fully 
bridged center crack of length 2a in an infinite panel. The crack 
tip stress intensity factor as a function of time is shown in Fig. 
1 for several different cases. 

The curves compare the effects on the crack tip stress inten
sity factor of two different simplifications, for three different 
load levels. The solid lines were generated using the bridging 
stress profile generated by the solution of an integral equation 
derived using Eq. (2), the simplified bridging law. The dashed 
lines were calculated using the full bridging law and imposing 
a parabolic approximation for crack opening. (At high loads or 
for short cracks, the crack opening will be nearly parabolic; 
assuming the form of the profile allows the differential form of 
the integral equation to be reduced to a simple one-degree-of-
freedom differential equation.) It can be seen that at high loads 
the effect of the convolution integrals is negligible. As discussed 
by Begley (1997), even at lower loads the neglect of the convo
lutions is usually not significant. The discrepancy in Fig. 1 
between the two calculations for the lowest load is mostly a 

N o m e n c l a t u r e 

i, d = crack half length, crack tip ve
locity 

a,„ = 7r/4 (\EKC)2'3 = characteristic 
length scale for the composite 

B = creep coefficient of the fibers 
{if = {GflEf) + Baf) 

D = fiber diameter 
E„, = Young's modulus of the fibers 

and matrix 
EL = fE /+ (1 - /)Zs„, = rule of mix

tures composite Young's modu
lus 

E = composite modulus which ac
counts for orthotropy 

I = XPc/l = normalized total fiber 
strain at the crack plane 

e„ = normalized critical total strain 
to fiber failure 

Kc 

K, 

f = fiber volume fraction 
Kc = critical stress intensity factor 

for matrix crack extension 
= far-field applied stress inten

sity factor 
= \EKJl = Koo/Kc = normal

ized applied stress intensity 
factor 

(Kx\sym = asymptotic applied stress in
tensity factor at low crack 
speeds 

/ = (\EKc)
m = \Eamc = charac

teristic length scale for the 
composite 
EJ{\ -f)BEfE„, = charac
teristic relaxation time of in
tact composite 
dlpi = normalized steady-
state crack velocity 
asymptotic bridge length at 
low crack speeds 

T-

/3=BEfEL/2(l -f)E,„ = modified 
creep coefficient of the fibers 

8, 8 = total crack opening, total crack 
opening rate 

8„w = \al,c = total crack opening at 
steady-state matrix cracking 
stress (for the rate-independent 
case) 

Acr = \E28crll
2 = 8„/8,„c = normalized 

critical total crack opening gov
erning fiber failure 

\ = D ( l - f)2El/4f2
TEfE

2
L = rate-

independent bridging coefficient 
(8 = \a2) 

a, a = bridging stress, bridging stress 
rate 

o,m = [12f2TEfE
2
LK2/D(l -

f)E3
mVn = steady-state matrix 

cracking stress 
T = shear sliding stress at the fiber-

matrix interface 
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result of the inaccuracy of the parabolic form used to reduce 
the integral equation. 
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4 Constant Velocity Crack Growth: Small-Scale 
Bridging 

In situations where the length of the bridging zone is much 
smaller than the crack length, small-scale bridging is said to 
apply and the governing equations can be simplified from the 
general case. An example of such a scenario may occur in 
laminated CMCs, where cracks first appear in the 90 deg layers 
with fibers perpendicular to the loading direction. These cracks 
will advance into the adjacent 0 deg plies and arrest at room 
temperature; at loads much smaller than the matrix cracking 
stress, the bridging zone is much smaller than the total crack 
length. 

The case being modeled here is a semi-infinite crack loaded 
with a far-field applied stress intensity factor, K„, growing at a 
constant speed, vss (Begley et al., 1997). The bridging law 
dictating material behavior in the bridged zone is given as Eq. 
(2). Fibers fail in the wake of the crack and the bridging zone 
size remains constant. The solution represents a steady-state 
configuration, as the zone of creeping fibers bridging the crack 
propagates with the crack tip. 

The length of the bridging zone depends on the crack growth 
rate, and is determined by a fiber failure criterion. Two failure 
criteria are presented here: a critical crack opening, A„ , and a 
critical total strain in the fiber, ecr. 

Figure 2 illustrates how crack velocity varies as a function 
of applied stress intensity factor K«, for the two cases. For both 
cases, there is a rapid increase in crack velocity as the applied 
stress intensity factor is raised above the matrix toughness. The 
figure demonstrates the existence of upper and lower bounds 
on the applied loading. The assumption of a finite crack tip 
stress intensity factor dictates that a minimum K„ exists, below 
which no crack growth will occur; this minimum is merely the 
matrix toughness. For applied loads above this value, fiber creep 
will decrease bridging tractions to drive crack growth, though 
perhaps at very small velocities. 

Since the simplified bridging law (given as Eq. 2) reduces 
to the appropriate rate independent bridging law in the limit of 
no creep, an upper limit exists. As the applied load increases 
towards the level at which bridging (without creep) is no longer 
effective enough to maintain Ktip = Kc, crack velocities tend 
toward infinity. Thus, the upper limit corresponds to load levels 
at which instantaneous matrix crack occurs. 

Fig. 2 Steady-state crack velocity as a function of far-field applied 
stress intensity factor for two fiber failure criteria and f = 0.3, E, = £m 
= £ , = £ 

Crack Length a/am 

Fig. 3 Crack velocity as a function of crack length for several values of 
applied load and notch sizes using the simplified bridging law 

One of the attractive results of the simplifying assumptions 
used in this analysis is that they allow closed-form asymptotic 
solutions when crack speeds are low. The asymptotic depen
dence of the bridging zone length and crack velocity on the 
applied stress intensity factor are summarized below for the 
case where fiber failure is governed by a critical strain criterion 
(Begley et al., 1997): 

( « - - 0 ) (3) 

These closed form solutions reveal a simple power law relation
ship between applied stress intensity factor and crack velocities 
that may be useful in comparing with experiments with very 
small bridging zones. 

5 General Time Dependent Crack Growth: Large-
Scale Bridging 

Obviously, cracks may not grow at constant velocity, and the 
bridging length may be comparable to specimen dimensions. 
For such cases, full large-scale bridging have been performed 
to predict crack length and velocity as a function in time (Begley 
et al., 1995b). Fiber failure was not incorporated into the analy
sis. The geometry being considered is a center crack of length 
2a in an infinite panel with a 'notch', or unbridged portion of 
matrix crack of lengths 2a0. Crack growth is assumed to occur 
with the condition that the crack tip stress intensity factor equals 
the matrix toughness. The numerical procedure is summarized 
by Begley et al. (1995b); one attractive aspect of the technique 
used is that the bridging law has exactly the correct form in the 
limit of small time increments. Hence, the bridging behavior 
near the crack tip, where fibers are responding nearly elastically, 
is captured accurately. The results of these analyses are summa
rized in Figs. 3 and 4. 

Crack velocities as a function of crack length are shown in 
Fig. 3 for several different values of applied nodes and several 
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different notch sizes. The curves start at different initial values 
of crack length, corresponding to the case where Ktip = Kc for 
the rate independent case. Thus, for these cases the initiation 
time discussed in section 3 is zero. All cases show that the 
crack will initially decelerate as the rate of decay of bridging 
tractions decreases. After the initial transient has finished, the 
crack accelerates monotonically, eventually becoming asymp
totically independent of initial notch size. 

The crack velocity as a function of crack length can be inte
grated to predict crack length as a function of time. Such results 
are shown in Fig. 4 for one of the notch sizes in Fig. 3 and 
the same load levels. The curves illustrate the large effect the 
deceleration transient will have on the overall crack growth; 
the larger the dip in the crack velocity curve, the larger the 
dwell time in Fig. 4. For laminates, critical crack lengths at 
which catastrophic cracks cross the specimen may be short, 
i.e., equal to the ply thickness, emphasizing the importance of 
solutions in the transient regime. 

6 Predicting Time Dependent Crack Growth in 
CMCs 

6.1 Crack Growth Initiation. For a given loading sce
nario, the first question to answer is whether or not crack growth 
starts immediately, or whether some time is required to decrease 
the shielding in bridged cracks. The answers lie in the rate-
independent behavior of CMCs, which has been extensively 
studied; provided the loading rate is high enough, the composite 
constituents will initially respond elastically. The upper limit 
on the applied loading, such that crack growth studies are appli
cable, is the steady-state matrix cracking stress, which repre
sents the load level at which matrix cracks will propagate across 
the composite catastrophically in a rate-independent manner. 

For cracks created by load histories where the specimen or 
component is loaded monotonically beneath the matrix cracking 
stress, the transition to subcritical crack growth will be instanta
neous. Both cracks grown from a notch in a unidirectional com
posite and cracks tunneling into 0 deg plies in a laminate will 
arrest at the crack length at which Ktip = Kc. Therefore, any 
amount of fiber creep will decrease crack tip shielding and cause 
crack growth; initiation times for these cases are zero. The crack 
length at which Ktip = Kc with rate-independent behavior will 
be the initial condition used in the time dependent study. The 
rate independent behavior of both unidirectional CMCs and 

200 

Fig. 4 Crack length as a function of time calculated by integrating the 
curves in Fig. 3 

laminates is summarized by Cox and Marshall (1997), which 
can be used to identify relevant starting geometries for time 
dependent studies. 

Initiation times will not be zero for cracks created by an 
overload, where the load applied to the composite decreases 
after some maximum. For these cases, the starting crack length 
is the length created by the maximum load, where Ktip(amm) = 
Kc. If the load drops, Ktlv will fall below Kc, and the crack will 
remain stationary until fiber creep degrades shielding enough to 
cause crack growth. Obviously, such histories affect subsequent 
crack growth as fiber strains will accumulate. Further modeling 
and experiments are needed to discover the effect of creep prior 
to crack growth. 

6.2 Regime of Subcritical Crack Growth. Once crack 
growth has started, the relevant question to answer is when the 
cracks reach lengths that are undesirable. This is most likely 
the length at which the crack crosses the specimen, resulting in 
two halves of intact composite held together by creeping fibers. 
For laminates, the critical length at which cracks propagate 
unstably may be the 0 deg ply width, depending on the ratio of 
0 deg/90 deg widths (Cox and Marshall, 1997). 

Once the critical crack length has been identified, the models 
described in sections 4 and 5 can be used to estimate the amount 
of time required to reach this length. Noting that am in Fig. 3 
is on the order of a tenth of a millimeter for most CMCs, it can 
be seen that most (if not all) of the relevant crack growth for 
typical laminates occurs during the transient period of crack 
growth. Thus, the pertinent regions in Figs. 3 and 4 are the ones 
where the normalized crack length ala„, is less than 10 or so. 
For loads above 60 percent of the matrix crack stress, the time 
to reach a critical crack length is quite small, as the transient 
region becomes less and less pronounced. For such cases, matrix 
cracks quickly cross the specimen and composite rupture is 
governed by the rupture behavior of the fibers loaded uniformly. 

For loads significantly below the matrix cracking stress, ve
locities will may be quite small, implying that fibers have sig
nificant time to creep. Naturally, the fibers will exhibit a finite 
amount of creep ductility and for slower velocities, will fail 
during the subcritical crack growth. A transition exists then, 
between subcritical crack growth characterized by fiber failure 
in the wake of the crack (Begley et al , 1997) and fiber failure 
after the crack has reached critical dimensions (Begley et al., 
1995b). Experiments are needed to confirm this transition and 
evaluate the validity of the predictions presented here. 

6.3 Appropriateness of the Bridging Law and Single 
Crack Model. In general, bridging laws developed from cell 
models fail to capture certain aspects of bridging behavior. No
tably, the equation presented here does not account for the 
possibility of "reverse" slip, where the direction of relative 
sliding between the fiber and the matrix changes sign. This is 
most likely to happen in regions of the bridging zone that are 
unloading. For stationary cracks, this is most likely to be the 
case, and further calculations are warranted. For growing cracks, 
however, it has been shown that growth is dominated by the 
near-tip behavior of the bridging region (Begley et al., 1997; 
Begley et al , 1995b). Near the crack tip, bridging fibers will 
be loaded rapidly and will respond nearly elastically, or with 
the "short time" response of the bridging law. In this regime, 
both the possibility of "reverse" slip and the convolution inte
grals in Eq. (1) can be reasonably neglected.. 

It should be pointed out that a single crack model does not 
account for the stress redistribution that will occur if multiple 
matrix cracks occur near a stress concentration. Multiple matrix 
cracks are common, and a more realistic bridging law which 
incorporates the effect of overlapping slip zones would be more 
useful. Additionally, different weight functions used in devel
oping the integral equations could be used, to account for arrays 
of multiple cracks. 
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Despite the limitations on the bridging law outlined above, 
the results will be qualitatively consistent with more detailed 
analyses incorporating reverse slip and crack interaction. The 
essential features of the constitutive law for the bridging zone 
will not be changed by considering slip zone reversal or overlap; 
namely, that the bridging stress increases with opening and 
decays with time. Most importantly, the details of appropriate 
bridging laws always require empirical calibration, preferably 
with crack-growth data rather than micromechanical tests (Cox, 
1995). Regardless of the exact form of the bridging law, accu
rate predictions over a wide range of stress levels should be 
possible once the model is calibrated against experiments. 
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