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of Elastic Plates

A set of kinematical and intrinsic equilibrium equations are derived for plates
undergoing large deflection and rotation but with small strain. The large rotation
is handled by means of the general finite rotation of a frame in which the material
points that are originally along a normal line in the undeformed plate undergo only
small displacements. The unit vector fixed in this frame, which coincides with the
normal when the plate is undeformed, is not in general normal to the deformed
Dplate average surface because of transverse shear. The arbitrarily large displacement
and rotation of this frame, which vary over the surface of the plate, are termed
global deformation; the small relative displacement is termed warping. It is shown
that rotation of the frame about the normal is not zero and that it can be expressed
in terms of other global deformation variables. Exact intrinsic virtual strain-dis-
placement relations are derived; based on a reduced two-dimensional strain energy
Sfunction from which the warping has been systematically eliminated, a set of intrinsic
equilibrium equations follow. It is shown that only five equilibrium equations can
be derived in this manner, because the component of virtual rotation about the
normal is not independent. These equilibrium equations contain terms which cannot
be obtained without the use of a finite rotation vector which contains three nonzero
components. These extra terms correspond to the difference of in-plane shear stress
resultants in other theories, this difference is a reactive quantity in the present theory.

Introduction

This paper focuses on geometrically nonlinear analysis (i.e.,
small strain with possibly large deflections and rotations) of
plates—solids with one small dimension and without initial
curvature. We note that if all three dimensions of a flexible
body are comparable, and if the body is undergoing small-
strain deformation, then the displacement field in addition to
rigid-body motion must be small, If, however, one or two
dimensions of the body are small relative to the other(s), then
even if the strains remain small the body can undergo large
deflections.

Previous Work. Whenever a theory is formulated which
is independent of any displacement or rotational variables, it
is called an ‘“‘intrinsic’’ theory. The earliest development of
plates of an intrinsic nature is the work of Synge and Chien
(1941). Therein, with the aid of series expansions in powers
of a small thickness parameter, approximate theories are de-
rived from three-dimensional elasticity. Sanders (1963) refers
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to this work as being ‘‘completely general’’ but also points out
its being discussed and criticized in the literature. A quite recent
intrinsic development is the work of Simo et al. (1989a, 1989b).
They formulated a shell model in which finite deflections and
rotations are taken into account. Their formulation regards
the shell as a Cosserat surface, with an extensible director in
the latter work, which is used in lieu of enforcing the usual
plane stress assumption; thus, three-dimensional constitutive
models can be employed, as done by Koiter and Simmonds
(1972). L

Some intrinsic theories are strictly two dimensional. That
is, they provide no information about the three-dimensional
behavior of the plate. Furthermore, they may rely on a two-
dimensional constitutive law but not consider how to obtain
such a law. For example, Reissner (1974) developed linear and
nonlinear two-dimensional theories of shells in this manner.
This was also the case when Ericksen and Truesdell (1958) -
formulated elegant theories for thin shells and curved rods
without attempting to deduce them from the three-dimensional
theory of elasticity. See Naghdi (1972) for an extensive review
of this kind of approach, in which the constitutive relations
are deliberately left out of consideration because they are un-
necessary for the description of strain and the derivation of
equilibrium equations. This approach appears to have origi-
nated with the Cosserats (1909) and is able to account for
transverse shear and normal strains and rotations associated
with couple stresses.

Writing plate/shell equations in a compact and concise form,
even when finite deflections and rotations are considered, was
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first suggested by Reissner (1950). Simmonds and Danielson
(1970, 1972) also developed a general theory of shells which
allowed large deflections in which the rotation was represented
with a finite rotation vector. Other recent developments in
shell theory are exemplified by Reissner (1982, 1986), Pie-
traszkiewicz (1979, 1989), Libai and Simmonds (1983), and
Axelrad (1986). All of these more recent works develop the
theory in terms of displacement of the reference surface and
finite rotation of a frame. For the historical development as
well as the state of the art in the development of two-dimen-
sional plate/shell theories until 1972, the reader is referred to
the review paper of Koiter and Simmonds (1972). For com-
putational aspects of the problem, the reader should consult
works by Noor et al. (1989a, 1989b).

Present Approach. The purpose of the present investiga-
tion is to find an appropriate set of equations for geometrically
nonlinear two-dimensional plate analysis when the plate under-
goes large displacements and rotations. Although the use of
finite rotation vectors is rather common in plate/shell analyses,
the present work attempts to refine the current understanding
of the kinematics of rotation—including the ‘“drilling rota-
tion.” A complete analysis of plates and shells includes the
treatment of surface kinematics, surface equilibrium, and
modeling. The term modeling refers to the determination of
an appropriate two-dimensional constitutive law (from three-
dimensional theory) and accurate three-dimensional distribu-
tions of displacement, strain, and stress throughout the plate
in terms of surface (two-dimensional) deformation quantities.
Modeling is an inherently approximate process.

Although the framework derived in this paper can be used
to develop a modeling approach, that is not the main focus.
The variational-asymptotical method of Berdichevsky (1979)
is a viable possibility for modeling. This method allows one
to calculate asymptotically correct two-dimensional strain en-
ergy and three-dimensional displacement, strain, and stress
fields. Atilgan and Hodges (1992) applied this method to cer-
tain anisotropic plates. Only two assumptions were made re-
garding deformation: (1) strain is small compared to unity; (2)
the wavelength of the deformation is long relative to the thick-
ness of the plate. The first assumption allows them to treat
only geometrically nonlinear behavior. The second leads to a
hierarchy of approximations to general three-dimensional non-
linear theory, the first approximation being a Kirchhoff-like
theory and the second analogous to Reissner-Mindlin theory.
Although their analysis is applicable to laminated plates, their
strain energy is asymptotically exact only if the plate is ho-
mogeneous with monoclinic material symmetry about its mid-
plane. This way, there is no elastic coupling in the three-
dimensional strain energy between transverse normal and
transverse shear strains or between in-plane and transverse
shear strains. Their resulting strain energy is the same as that
obtained for nonlinear shell theory by Berdichevsky (1980),
when appropriately specialized for homogeneous plates, and
is the starting point for the plate deformation analysis herein.

We first develop a displacement field which is valid for any
plate. Then we identify relevant two-dimensional intrinsic strain
measures. Compatibility equations and global strain-displace-
ment relations are then developed. A description of finite ro-
tation for the plate is adopted which gives new insight into the
relationship between drilling rotation and the other kinematical
variables. After determining the virtual strain-displacement
relations, the nonlinear intrinsic equlibrium equations are
found. Finally, these equations are compared with published
plate equations.

Three-Dimensional Displacement Field

A plate is a flexible body in which matter is distributed about
a planar surface so that one dimension is significantly smaller
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Fig. 1

Schematic of plate deformation

than the other two. Throughout the analysis, Greek indices
assume values 1 or 2; Latin indices assume values 1, 2, and 3;
and repeated indices are summed over their ranges. In this
section, we develop a general expression for the three-dimen-
sional displacement field. This will later lead naturally to a
general requirement of equality of the two intrinsic inplane
shear strain measures.

Let us introduce Cartesian coordinates x; so that x, denotes
lengths along orthogonal straight lines in the midsurface of
the undeformed plate, and x; = A{ is the distance of an ar-
bitrary point to the midsurface in the undeformed plate; See
Fig. 1. Here # is the thickness of the plate, a constant, and
—1/2 = ¢ < 1/2. Let b; denote an orthogonal reference triad
along the undeformed coordinate lines. The position vector
from a fixed point O to an arbitrary point is

T(1,%2,8) =X b + AEby =1 (x1,%5) + At m

Covariant and contravariant undeformed base vectors both
reduce to b; since the coordinate system is Cartesian. The
position vector to the midsurface is also the average position
of points along the normal line, at a particular value of x, and
X2, SO that

1/2
r= S fde=(E). )
—-1/2

The angle brackets {( ) are used throughout the paper to denote
the integral through the thickness.

Now consider the deformed state configuration. The particle
which had position vector £ (xy, X, {) in the undeformed plate
now has position vector R{x;, x5, {). We consider the set N
of material points along a typical line normal to the unde-
formed plate, parallel to bs;. During deformation of the plate,
Nundergoes a displacement which can be described as a small
deformation superimposed on a possibly large rigid-body dis-
placement and rotation. The rigid-body displacement and ro-
tation of NV vary over the surface of the plate. For the purpose
of describing the global deformation in generic terms, we in-
troduce a frame B (kinematically a rigid body) whose position
and orientation vary over the plate. At any arbitrary point in
the deformed plate, the points belonging to N are seen in B
to be displaced only very slightly form a straight line fixed in

‘B. This small displacement is termed warping.

To facilitate a mathematically simple description of the de-
formation, we introduce another orthonormal triad B; (x|, x3)
fixed in the frame B. We call B; the deformed plate triad,
whose orientation relative to b; can be specified by an arbi-
trarily large rotation. The orientation of B; is coincident with
b; when the plate is undeformed and must be defined in terms
of the plate deformation. Rotation from b; to B; is described
in terms of a matrix C(xy, X;) the elements of which, C;;, are
the direction cosines
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Bi=Cijbj Cij=Bi'bj. (3)

Now, we can write the position vector from O to any point
in the deformed plate (Fig. 1) as

R(x1,x2,0) =R (x1,Xx2) + h{B3 (x1,x2)
+AW; (x1,%2,)B; (x1,x2)  (4)

where hw; is the warping displacement field. The displacement
field implied by Eq. (4) accounts for all possible deformations,
but it is not yet well defined because the warping is measured
in a translated and rotated frame B. The position (R*) and
orientation (B;) of this frame must be defined in order to make
the field unique. Thus, it is necessary to identify six dependency
relations between R* and the triad B;; in all but one case these
relations will lead to equations which the warping must satisfy.

First, in order for Eq. (4) to be analogous to Eq. (1), R* is
defined as the average position of points parallel to the vector
B; corresponding to particular values of x,; and x, in the plate.

R* (xlixl) é (ﬁ(xl’x2,§)>

=r(x,X2) +u” (x1,%2) )

In order for this definition to hold, the warping must satisfy
these three equations

(wi(x1,%2,$)) =0. ©

Equation (4) is still indeterminate until three additional de-
pendency relations are placed either on B; or on R*. Consider
now the inner product of this vector and B, one obtains

B, ({RY = h{iw,). M

To set the direction of B, so that it is parallel to ({R), we
simply require the warping to satisfy the two equations

(§we) =0. ®

Now only one more dependency relation is needed to make
Eq. (4) determinant. Recall that the amount of rigid-body
translation of the normal line element is determined by the
first three relations, Egs. (6); the direction of B; is determined
by the fourth and fifth, Eqs. (8). However, the direction of
B, (i.e., the amount which B must be rotated about B;) is not
yet settled. It is clear that we are free to set this rotation so
that

B;*R>=B;-R] ®

where () , denotes differentiation with respect to x,. The cor-
responding relations which the warping must satisfy, so that
these relations hold, are identically satisfied because of Egs.
(6). Now the displacement field is well defined and unique,
assuring continuity of deformation. This final relation will be
written quite simply in terms of generalized strain measures,
defined below.

Note that the triad B; is not exactly the same as the triad
(A,, N) used in Reissner (1974), Simmonds and Danielson
(1972), and Libai and Simmonds (1983), unless the average
surface of the deformed plate is the image of the midsurface
of the undeformed plate. Also note that R* is the position
vector from O to the points of the querage surface of the
deformed plate and is not in general equal to R(x;, x4, 0).

Global Deformation Analysis

After identifying the set of intrinsic strain measures which
appear in the two-dimensional energy, compatibility equations
and plate strain-displacement measures are finally developed
in terms of the displacement of the average surface and rotation
of B. We then develop a set of relationships that give variations
of intrinsic strain measures in terms of virtual displacements,
which are independent of the displacement or rotational vari-
ables chosen. :

Two-Dimensional Strain Measures and Strain Energy. The

strain field derived from the above displacement field can be
put into very simple form if, similar to the one-dimensional
development in Danielson and Hodges (1987), we introduce
the generalized (two-dimensional) strain measures analogous
to those of Reissner (1974), Simmonds and Danielson (1972),
and Libai and Simmonds (1983) such that

R:; = Ba -+ EagBﬁ + 2‘)’:3]33 (10)
and components of the curvature vectors such that
B; o= (—KosBs X By + K,3B3) X B,. an

It is clear from Eq. (10) that the sixth dependency relation,
Eq. (9), reduces to

€12=€21. (12)

It is important to note that no assumptions were made which
in any way [imit the validity of this condition. It is completely
general and valid for all plates.

Note that R} X R} is normal to the average surface of the
deformed plate and is not in general parallel to B; unless the
Kirchhoff hypothesis is adopted which constrains 2y, = 0.
We will henceforth use the term normal to refer to B; (although
it may only be approximately normal to the deformed plate
average surface). .

The presence of the warping variable w; in R, while ac-
counting for all possible deformations, creates practical dif-
ficulties. Indeed, for one to use a strain field containing w; is
tantamount to using three-dimensional elasticity. To be a true
plate theory, the warping must be eliminated. There are several
options for elimination of the warping, the most common
approaches being based on asymptotical methods. A variety
of such methods are referred to in Reissner (1974) and Libai
and Simmonds (1983).

For example, the variational asymptotical method of Ber-
dichevsky (1980) was applied to plates by Atilgan and Hodges
(1991). Therein, the warping is eliminated in a systematic way.
The three-dimensional strain energy per unit volume is ex-
pressed in terms of the three-dimensional strain field. The
strain field is in turn expressed in terms of €1y, 2¢y2, €32, #K1,
h(Ky + Ka), hKy, 2v13, and 2ys3, each of which is taken to
be O(e). Here € and h// are the small parameters and / is the
wavelength of the deformation pattern. An asymptotical anal-
ysis leads to a hierarchical approximation for the two-dimen-
sional strain energy, where the first approximation is classical
theory; the energy is O (ue?) and is independent of the transverse
shear strains 2vy.3;. Here, p represents the order of the material
constants. Each succeeding approximation is of a higher power
of A/l than the last, but no higher powers of ¢ are retained,
which is appropriate for geometrically nonlinear theory. They
carried out the analysis through the second approximation,
where their resulting strain energy is asymptotically correct to
O (pe*h?/1%y for homogeneous monoclinic plates. The trans-
verse shear strain measures turn out to be O(eh/f).

Rather than repeat that entire analysis here, we will simply
state the results in symbolic form and build the present analysis
on them. Atilgan and Hodges (1991) showed that the approx-
imate two-dimensional strain energy derived from the above
displacement field can be put into very simple form if the
reference surface of the deformed plate is shifted. The position
of this new surface is denoted by R(x;, x;) where

R=R"—12B;z(e11,2€10,€20,K 11, K12+ K21,K ) (13)
and where z is a dimensionless function of O(e), the form of
which is not important in the present context. This also implies

a shifted displacement vector such that R = r + u. Then, use
of a transformed transverse shear strain 2v,; defined as

R Ry=2,43 14
allows the asymptotically correct two-dimensional strain

energy to be expressed to O(p.e2h2/12) for homogeneous
monoclinic plates independent of the derivatives of the two-
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dimensional strain measures. This new position vector will
change ¢y, 2¢p,, and ey, only by terms of order €2, but the
curvature components are unaffected. In Atilgan and Hodges
(1991) expressions for the warping and strain fields are given
in terms of these measures.

The two-dimensional strain energy functxon is a quadratic
form

U= U(€11,2612,622,2713,2’)’23,](11,K|2+K21,K22)- (15)

This way the plate elastic law can be put into a form so that
the conjugate stress resultants denoted by Nyj, Nyp, Nag, Oy,
My, M, and M22, are linear functions of €11 2612, €22 270(3’
K1, K12 + K3, and K. The quantities N;, and Ny, are the
in-plane stretching stress resultants, N, is the in-plane shear
stress resultant, Q, are the transverse shear stress resultants;
M, and M,; are the bending moment resultants and M, is the
twisting moment resultant, all expressed in the B; basis. This
is physically equivalent to the energy functional suggested in
the first two lines of Eq. (34) of Reissner (1986) (these two
lines do not consider the effects of laminations which are not
parallel to the plane of the undeflected plate).

We note that a materially nonlinear theory would require
the retention of higher-order terms in ¢. This would, in general,
introduce terms which involve the difference K, ~ K3,. How-
ever, these terms do not enter a geometrically nonlinear plate
theory because they contribute terms to the strain energy that
are of higher order than quadratic in e (a more precise statement
is given below). Apparently, the difference K|, — K5, shows
up in a physically linear theory only by consideration of couple-
stress elasticity, such as in Reissner (1972).

Compatibility Equations. It is well known that the 11
quantities €;), 2€y2, €22, 2743, Kap, and K3 are not independent.
First, it is clear that the kinematics of the deformed plate
reference surface can be expressed in terms of at most six
independent quantities: three measures of displacement, say
u-b;, and three measures of the rotation of B (since the elements
of Ccan be expressed in terms of three independent quantities).
In Simmonds and Danielson (1972) and Reissner (1974), ap-
propriate compatibility equations are derived by first enforcing
the equalities

Rp=Ry Bip=B. (16)
These two vector equations lead to six independent compati-
bility equations equivalent to a form of those found in Reissner
(1974) specialized for plates. These equations are rewritten here

for convenience in the present notation.
First, from the B; component of Eq. (16a) we obtain

(A +e)Kin— (1 +e)Ky =22, — 2vis2 tenn(Kn—Kn). (17)

Next, from the B, components of Eq. (16a) we obtain two
equations, for & = 1 and 2, respectively,

(1 +e)Ki3— €12Kn3 = €12,1 — €112~ 273K + 2v23K
(A +en)Kn+enKiz=eni— €22~ 2v13Kn + 2v;3K1;. (18)
Finally, from the three components of Eq. (16b) we obtain

Ki12— Ko 1+ K13Kp — K1pKy3 =0
Ky, —Kipp+ KKy — Ky Ki3=0

Ky, — K32+ Ki1Kp — KoKz =0. (19)

Equations (17)-(19) are similar to those of Reissner (1974) when
specialized for plates. Equations (18) can also be derived by
enforcing €12, = €21,0¢

There are now 11 quantities which are related by six com-
patibility equations. This means that these strain measures can
be determined in terms of only five independent quantities—
not six.

We have established above that the strain energy is a function
only of the sum K, + Kj;. To take advantage of this, we
introduce a twist measure
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2K12=K12 +K21. (20)

Now the individual twisting curvatures can be expressed in
terms of 2k, as

= K1)+ (1 +€)2kp

Koo 2y1— 2732t en(Ky
2 2+
€11+ €2
Ky = 2y130— 2y e (Ko — Kip) + (1 + €2) 212 .

2+611+€22

The difference of these can now be found such that

Kip— Ko 2y —2v3pt+enn{Kon— Kiy) +xiaen —622)
2 24 € +exn

(22)

This difference is clearly O(es/f?), and one can show that it
contributes terms that are O(ue*h*/I?) to the strain energy.
Retention of such terms is inappropriate in a physically linear
theory.

Clearly, Eqgs. (18) can be solved for the in-plane curvatures
K3 and K,;. Now, using these expressions for K;; and K3,
along with Eqgs. (21), one can rewrite the three Eqgs. (19) entirely
in terms of the eight strain measures €1, 2¢12, €22, 2Y13, 2V23,
K1, 215, and K. This confirms that only five independent
measures of displacement and rotation are necessary to define
these strain measures as we will demonstrate conclusively below
by deriving such measures.

Global Displacement and Rotation Variables. There is no
unique choice for the global deformation variables. For this
reason, the importance (not to mention the beauty) of an
intrinsic formulation is widely appreciated. On the other hand,
for the purpose of understanding the displacement field more
fully, for actual computational algorithms, and for easy de-
rivation of virtual strain-displacement relations, Hodges (1990),
which are needed below for the intrinsic analysis, it is expedient
to introduce a suitable set of displacement measures.

The displacement measures we choose are derived by ex-
pressing R in terms of r plus a displacement vector so that

R(x1,x3) =1(x1,X3) +u{xy,X3)
=xaba + u,'b,'.

This allows the determination of the strain measures e,z and
2y,3interms of Cand the derivatives of u, Introducing column
matrices u = Iu1 wusl’, e = |100]7, &= 10107, 4

23)

= |enen 2713J and v, = | e exn 2723J , we use Egs. (lo)a
(13), and (14) to determme
lutYa=Cley+Uy) (24)

where C is the matrix of direction cosines from Eq. (3).

As rotation measures Rodrigues parameters, Kane et al.
(1983), allow the compact expression of C. Euler’s theorem
shows that any rotation can be represented as a rotation of
magnitude © about a line parallel to a unit vector e. Defining
p; = 2e-b; tan (©/2) and arranging these in a column matrix

|1 2 p3| 7, the matrix C is simply

C= 7 (25)
0
14—
4
where here and throughout the paper ( ) is the antisymmetric
matrix whose elements are ( Y=~ Oz = (), hs =

- (O

However, in the present context it is expedient to work in
terms of the direction cosines of By and a rotation about B;.
Clearly this is also a general way to represent finite rotation.
Let us denote the Kronecker symbol by §;;, the direction cosines
of B3 by

ansactions of the ASME



0;=C3;— 3 (26)

and the angle of rotation about B; by ¢;. Hodges (1987) has
shown that the Rodrigues parameters can be uniquely expressed
in terms of #; and ¢; as

p=p301—292
' 2+,
_path+26,
2= e,

pr=2 tan (%) @7

The three rotational parameters §; are not independent. They
satisfy the constraint

0 +05+(1+6;)°=1. (28)
Recall that Eq. (9) affects only the choice of B, and reduces

2+ 03) (a1 — ty 5+ Oytas 2 — 0oz 1) — O3t 1 + Ohus 2+ 0182 (up0— 11 1)

= [—0i0,(1+u ) +(2+6;— t9%)“2,1 — Oy143,1(2 + 63)]cos ¢

246,
_2+6,— D+ u1,1) = 0105uz,1 — 01143,1(2 + 03)]sin @5
246,
L= 010x(1 + uz2) + 2+ 05— 0D)uy 5 — 0113 2(2 + 83)]c0s ¢
€21 =
2+ 06,
+ [(2+ 85— 65)(1 + u52) — 6182141 » — B33 2(2 + 03)]sin ¢y
2+ 6,

(30)
2y =011+ uy 1) +0x1 + (1 +63)u3
2ya3 =012+ (1 +ugz) + (1 +83)uy ;.

These expressions explicitly depend on sin ¢; and cos ¢5. It
is evident that one can choose ¢; so that ¢;; = ¢, yielding

(€2))

tan ¢3=

to €12 = €. The above characterization of finite rotation will
allow this choice to be easily expressed in terms of ¢;.

When Eq. (27) is substituted into Eq. (25), the resulting
elements of C can be expressed as functions of ¢; and ¢,

(2+8;— 0D)cos ¢3— 0,0, sin ¢,

C,=
= 240,
(2+ 05— 03)sin ¢y — 0,6 cos ¢y
C12:
2+0,

C]3= — 0, cos ¢3—02 sin b3
— (24 63— 0%)sin ¢3— 0,6, cos ¢,

Cy=

2+6,
(2+ 63— 0)cos ¢3+ 6,0, sin ¢,
C22 =
240,
C23 = 01 sin (1)3 — 02 COS ¢)3
Cy =0,
C32= 02
Cy=1+8,. 29

This representation reduces to those of Reissner (1982, 1986)
when considering small, finite rotations. There is an apparent
singularity in the present scheme when 63 = —2 (i.e., when
the plate deforms in such a way that B is pointed in the opposite
direction of b;). This should pose no practical problem, how-
ever, since 6, and 6, = 0 for that condition, and none of the
kinematical relations become infinite in the limit as §; — —2.

When these expressions for the direction cosines are sub-
stituted into Eq. (24), explicit expressions for the strain meas-
ures can be found as

_ [2+0:— 0D +uy,1) — 0105051 — 81143,1(2 + 03)]cos s

1+€11

2+ 05)2+ 03+ uy g + Uy p— 01143 — Oguz 2) — 01y 1 — O31p2— 010, (uy 2+ 1z1)

1+6;
N [=616,(1 +u 1) +2+6;— 0%)“2,1 — Oyu3 12+ 03)]sin ¢3
246,
! [— 0105112+ (2+ 03— 0D)(1 + 1p2) — 05132 (2 + 65)]c0s @5
+622=
2+0;
12+ 05— 012 = 0105(1 + 1 5) — 0113 (2 + 03)]sin ¢y
2+86;

Journal of Applied Mechanics

It is now clear that once the functions u;, u,, us, 6;, and 6,
are known, the entire displacement field is determined. Because
of this, one should expect that a variational formulation would
yield only five equilibrium equations—not six. Indeed, five
intrinsic equilibrium equations are derived below from Eq.
(15).

For small displacement, we note that the rotation about the
normal reduces to

1
b3 =3 (uz,1 — U 5) (small deflection, small strain)  (32)

as expected.

Although one can now find exact expressions for ey, 2¢,,
€22, 2713, and 2v,3 which are independent of ¢, such expressions
are rather lengthy and are not given here. Alternatiively, one
could leave ¢; in the equations and regard, say, Eq. (31) as a
constraint. This would allow the construction of a plate finite
element which would be compatible with beam elements which
have three rotational degrees-of-freedom at the nodes.

Expressions for the curvatures can also be found in terms
of C from Egs. (11).

K,=-C.CT (33)

where the column matrices K, = | — Ky Ko1 Ko | T, Using
the form of C from Eqgs. (29), the following expressions for
the curvatures result:

03,0,(01 cos ¢3+02 sin ¢3)

Kal = 01,0[ cos ¢3+ 02,0( sin ¢3 -

2+06,
0 o _0 i +0
Koy = — 01 Sin ¢35+ 0, o COS 3 — =2 (=01 sin ¢s+6; cos ¢)
’ ' 240,
010492_010201
Ko( = a+% 34
3=, 210, (34)

As before, ¢5 can be eliminated from these expressions so that
all six curvatures can be expressed in terms of five independent
quantities. Note that K,; does not appear in the strain field.
It will, however, appear in the equilibrium equations because
of its appearance in the virtual strain-displacement relations
derived below.

Virtual Strain-Displacement Relations. In order to derive
intrinsic equilibrium equations from the strain energy, it is
necessary to express the variations of generalized strain meas-
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ures in terms of virtual displacements and virtual rotations.
The variation of the strain energy can be written from Eq.
(15) as

U aU _ aU . U U

SU=——b¢)| +7— bejp+— bep + dyi3+ &
dery 11 der 12 e 22 FY Y13 Iva Y23
a eU au
—— 0K j+— 3§
aKu ut e K12+aK 0Ky (35)
It is obvious now that one must express ée;, . . . , 6Ky, In

terms of virtual displacements and rotations in order to obtain
the final Euler-Lagrange equations of the energy functional in
their intrinsic form. Following Hodges (1990), we introduce
measures of virtual displacement and rotation which are ‘‘com-

—  8g31~8g1 2+ K136G: + K238qy + (K12 — K21)8q3—

where eg &, vanishes when « = 8. This equation can be written
as four scalar equations

der1=8g1,1— K130@2 + K 1163 — 2713091 + €120
5612=E2,1 +K138q,+ K126g3 — 2’)’13@2— (1+€1)8¢3

Sea1 = 06q1,0— K230z + K1q3 — 223001 + (1 + e22)B3 10
Se3="5q2+ K23dq1 + Kby — 2v230%2 — €128¥3.
Now, by virtue of Eq. (12),
Oen = b€y @7

From this, one can solve for the virtual rotation component
about B; as

27135‘2;2 + 2723@1 (48)

oYy =

patible,”’ Kane (1968), with the intrinsic strain measures. For
the virtual displacement, we note the form of Eq. (24) and
choose

8q = Cbu. (36)
Similarly, for the virtual rotation, we note the form of Eq.
(33) and write -

¢ = —sCCT, 37

The bars indicate that these quantities are not variations of
functions. Using these relations it is clear that

su=CTsq (38)
and ~

C=-38yC. 39

Let us begin with the generalized strain-displacement rela-
tionship, Eq. (24). A particular in-plane strain element can be
written as

€ap=CH[C (€u+1q) — g, 40)
Taking a straightforward variation, one obtains
Beas = eRI0C (eq + 1 4) + Clu ). 30

The right-hand side contains u ., and éu , which must be elim-
inated in order to obtain variations of the strain which are
independent of displacement. These are needed to derive in-
trinsic equilibrium equations.

Premultiplying both sides of Eq. (24) by C7, making use of
Eq. (39), and finally using a property of the tilde operator
that, for arbitrary column matrices Y land Z, ¥Z = —ZY,
one can make the first term in brackets on the right-hand side
independent of u ,. After all this, one can obtain

8C (eq+U ) =8CCT (e +74)
= _W(ea'i_’)la)

= (€x+ 7). “2)

An expression for the second term in brackets on the right-

hand side of Eq. (41) can now be obtained by differentiating

Eq. (38) with respect to x,, and premultiplying by C. This yields

Cbu o =C(CT8q) =8¢ 4—C,CToq.

Now, recalling Eq. (33), one can simplify the second term on
the right-hand side so that

Cou ,=08q o+ Kodq (44)

Substituting Eqs. (42) and (44) into Eq. (41), one can obtain

an intrinsic expression for the variation of the in- plane strain
components as

Seug = €L18q o + KobG + (6u+72)50] (45)

60, MARCH

(43)°

2+611+622

It is now possible to write the variations of all strain measures
in terms of three virtual displacement and two virtual rotation
components as

Se11=08¢1,1 — K136q2 + K118G3 — 2y130% 1 + €120¥3
dex=08Ga+ K230, + K28Gs — 2v230Y — €120¥3

28€15=8G2,1 +8G1 2+ K1309, — K302 + (Kip+ Ka1 )93

- 2’)’13;5?2 - 2’)’233—\.[;1 +(enn— en)dys (49
with &y taken from Eq. (48).
Let us now consider the transverse shear strains
2ys=e3(C (en+ 1) —eg). (50)

Taking a straightforward variation and making use of Eq. (39)
with the above tilde identity, one can find the virtual strain-
displacement equation for transverse shear strains as follows:

2570y = €160 o+ Kab + (6-+7a) 0. 61
Explicit expressions for the variations of the shear strain com-
ponents are now easily written as
2670(3 = 353,0: + W& + eaﬁwﬁ - KaBSEB’ (52)
Finally, the variations of the curvatures are found. First,
taking the straightforward variation of Eq. (33), one obtains
8Ky = — 8C 4CT— C ,6CT. (53)
In order to eliminate 6C ,, we differentiate Eq. (37) with respect
10 X4 o
8y o= —8C CT—8CCE, (54)
In order to eliminate §C, we can use Eq. (39). Then Eq. (53)
becomes ~ ~ o~
8Ko= 00,0+ KoY — SV K, (55)
Using another tilde identity (¥Z = ¥Z — ZY) one can find
the following virtual strain-displacement relation:

8K = 5o+ KB (56)
In explicit form
oKy = Wu — K138+ K120¥3
8K = 82,5+ K238 — K518Y3
28Kk12= 0% 1,2+ 82,1 + K130%1 — Kosdho + (Ko — K11) 3, (57)

where 8¢5 should again be eliminated by using Eq. (48).

Intrinsic Equilibrium Equations

In this section, we will make use of the virtual strain-dis-
placement relations in the variation of the internal strain energy
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in order to derive the intrinsic equilibrium equations. Here we
define the generalized forces as

U _ o U_ . 18U _
36”_ 6622— 26612— 12
U aU 10U
—_— = — =M,y ——— =M,
6K11 1 6K22 z 2 6K12 12
1 U 1 oU
37=01 53—=0» (58)
2 dv13 2 3

If the influence of warping on the virtual work of body
forces and surface tractions is ignored, body forces and applied
tractions over the upper and lower surfaces of the plate can
be shown to have virtual work equivalent to that of applied
forces and moments distributed over the plate reference sur-
face. The virtual work per unit area can then be written as

W =58q.fi+8yim; 59

where 8y is given by Eq. (48). It is now possible to obtain
intrinsic equilibrium equations and consistent edge conditions,
as in Basar (1987), by use of the principle of virtual work and
the virtual strain-displacement relations derived in the previous
section. The equilibrium equations are

Nipi+ (Nip+9) 2 — K3 (Np— 1)
—Ki3Npy + QiK1 + QoK + f1=0
Nyp+ (Npp— ) 1+ K3 (N + )
+KisNu+ Q1K+ QK +,=0
Q11+ Q22— KiNiu— KppNpp — 200N + (K — Ko ) N+ f3=0
M+ My — QL +e11) — Oaern
+ 271311 + 2723 (Nip + ) — MpK 3 — MKy +my =0
Mo+ My — Qe — Qo1 +ex)
+2v13(Ni2— N) +2v23Np + M1 K3+ MpKos +my =0 (60)

where
2+e+ )= (Np—Nyden+Np(e—exn)
+ MKy — M Ky + My (K — Ky) + 3. (61)

When displacements and rotations are free along an edge, the
boundary conditions for a rectangular domain allow for spec-
ification of Ny, N — N, Q, My,, and M, on an edge where
Xx; = constant; similarly Ny, + 9, Ny, Oy, M}, and M,, can
be specified on an edge where x, = constant. We note that an
applied “‘drilling moment’’ m;, stemming only from tractions
on the upper and lower surface of the plate, is hard to physically
realize. It is retained in the equations for completeness, how-
ever.

The terms containing 9T stem from consistent inclusion of
the finite rotation of B although the nonzero rotation about
B; is expressed in terms of other kinematical quantities. Similar
terms are found in the shell equations derived by Berdichevsky
(1979, 1989) where only five equilibrium equations are derived.

In a mixed formulation, 9 can be shown to be the Lagrange
multiplier that enforces Eq. (48). To further understand the
nature of 91, one can undertake the following exercize:
Specialize the six equilibrium equations of Reissner (1974) for
plates, also setting P; = 0 and ¢; = €. The sixth equation
then becomes zeroth-order and can be solved for (N,; — Nyy) /2.
This shows that Reissner’s (N, — Nj,)/2 is the same as our 9,
and Reissner’s (N, +Npp)/2 is the same as our Nj,. Finally,
substitution of this sixth equation into the other five yields
our five equilibrium equations, Eq. (60).

A few investigators have noted an apparent conflict between
the symmetry of the stress resultants and the satisfaction of
moment equilibrium about the normal; for example, see Kraus

(1967). In reality there is no conflict, but one must be careful.
We show herein that the triad B; can always be chosen so that
€12 = €. If this relation is enforced strongly, there is only one
in-plane shear stress resultant, Ny,, that can be derived from
the energy. In that case the physical quantity associated with
the antisymmetric part of Reissner’s in-plane stress re-
sultants, while it is not available from the constitutive law, is
nevertheless available as a reactive quantity from the moment
equilibrium equation about the normal. However, it must be
stressed that the moment equilibrium equation about the nor-
mal is not available from a conventional energy approach,
in which virtual displacements and rotations must be inde-
pendent.

A somewhat analogous situation arises in reducing Timo-
shenko beam theory to Euler-Bernoulli beam theory. Shear
deformation is suppressed, and thus the shear force resultant
is no longer available from the constitutive law. It must be
determined from the equilibrium equations as the derivative
of the bending moment. If the constraint of vanishing shear
deformation is further used to eliminate the virtual rotation,
the moment equilibrium equation cannot be derived from the
energy.

In a somewhat similar vein, not being able to obtain the
antisymmetric part of the moment stress resultants from de-
rivatives of the two-dimensional strain energy is a result of the
approximate dimensional reduction process in which it was
determined that, based on asymptotical arguments and geo-
metrically nonlinear three-dimensional elasticity, the antisym-
metric term K, — K>, does not appear in the two-dimensional
strain energy. When the foundation of the theory is broadened
so as to include couple-stress considerations, then Ky, — Ky,
could appear; see Reissner (1972, 1982).

For practical computational schemes, these equilibrium
equations need to be supplemented with additional sets of
equations. Any approach will require a set of constitutive re-
lations between the stress resultants Ny, Nyz, Naa, Q1, Oz, My,
Mi,, and My, and the strain measures €1, 2€12, €22, 27135 27235
K1, 2x15, and K5;; an example of such a set is given in Atilgan
and Hodges (1991). Finally a set of kinematical equations is
needed. The kinematical part of the analysis can be done in
two fundamentally different wasy: a purely intrinsic form
and a mixed form.

In the intrinsic form we have five equilibrium equations,
Eqs. (60); six compatibility equations, Eqgs. (17)-(19); and the
eight constitutive equations—a total of 19 equations. The 19
unknowns are the eight stress resultants, Ny, Ny2, Ny, Q15 Oz,
M, My,, and M,,; and 11 strain measures €1, 2€12, €22, 27135
223, Ki1, 2k12, and Ky, along with K13, K3, and Kj; — K.
The last three strain measures appear in the equilibrium equa-
tions but not in the constitutive law.

In the mixed form we use the same five equilibrium equations
and eight constitutive equations. We also need a set of strain-
displacement relations between the 11 strain measures ¢;;, 2¢;2,
€2, 2713, 2723, K11, 2K13, and Ky, along with K3, K33, and Ky
— K5, and the five global displacement and rotational vari-
ables uy, u,, us, 61, and 6,. One possible set of such equations
is as follows: use five of Eqs. (30), using either ¢, or €;; use
the six Egs. (34), with Eq. (20). There are also the two other
rotational variables 8; and ¢; which are governed by Egs. (28)
and (31), respectively. This way there are 26 equations and 26
unknowns. This mixed formualtion is capable of handling
boundary conditions on two-dimensional stress resultants and
displacement/rotation variables. At least in principle, one could
derive a displacement formulation by eliminating all the un-
knowns except the displacement and rotation variables.

Equations (60) and (61) contain terms which could be dis-
regarded because of the original assumption of small strain.
We will not undertake this simplification here, because it is
not necessary for using the equations in computational algo-
rithms. Therefore, our equilibrium equations and kinematical
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equations are geometrically exact; all approximations stem
from the reduction process used to obtain the two-dimensional
constitutive law.

Lest it be thought that the phenomena associated with the
drilling rotation not being independent affects only nonlinear
problems, Kanok-Nukulchai (1979) developed a linear shell
finite element including three rotations at each node. It was
shown that unless the constraint expressed in Eq. (32) is en-
forced on the rotation about the normal, the shell element
derived therein fails to converge to the exact solution. This
result would appear to confirm the present conclusion con-
cerning the importance of dealing properly with the rotation
about the normal.

Conclusions

Governing equations for the small-strain deformation of an
elastic plate are derived. Expansion of the displacement field
in terms of the normal coordinate is not needed; rather, the
warping of the line of material points normal to the plate is
determined by Atilgan and Hodges (1991), based on the var-
iational asymptotical method. The two-dimensional strain and
curvature measures which remain in the strain energy are the
same as those in Berdichevsky (1980). Global strain-displace-
ment relations, compatibility equations, and exact intrinsic
virtual strain-displacement (transpositional) relations are de-
rived from these measures. Intrinsic equilibrium equations are
then derived from the approximate two-dimensional strain en-
ergy function, making use of the transpositional relations. The
resulting intrinsic equilibrium and compatibility equations are
compared with others in the literature.

The following conclusions are drawn in this paper:

1 A full finite rotation must be permitted so that the dis-
placement field is fully specified. However, the rotation about
the normal is not independent, but rather is known in terms
of other quantities. Indeed, it can always be chosen, for any
plate, so that the two-dimensional in-plane shear strain meas-
ures are equal. This way, all the strain measures can be ex-
pressed in terms of five independent quantities: three
displacement and two rotation measures.

2 Equality of the surface in-plane shear strain measures leads
to only five independent virtual displacement and rotation
measures in an energy-based development. This implies that
only five equilibrium equations are obtainable in a displace-
ment-based variational formulation. Moment equilibrium
about the normal is satisfied implicitly. If one does not include
the full finite rotation, but rather sets the rotation about the
normal equal to zero, the correct equilibrium equations cannot
be obtained.
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