
R. L. Weaver1 

Yih-Hsing Pao 
Fellow ASME 

Department of Theoretical 
and Applied Mechanics, 

Cornell University, 
Ithaca, N.Y. 14853 

Axisymmetric Elastic Waves 
Excited by a Point Source 
in a Plate 
The response of an infinite elastic plate to dynamic loading is presented by the 
method of superposition of normal modes, a method particularly appropriate in the 
intermediate and far field. The method is compared with the method of integral 
transforms. Explicit expressions are given for the case of loading by a concentrated 
vertical step force. These expressions are evaluated numerically over a range of 
distances from 4 to 40 plate thicknesses. The numerical results are compared with 
qualitative stationary phase analyses and with the exact results of generalized ray 
theory. 

1 Introduction 

The propagation of waves in an infinite elastic plate has 
been studied since 1889 when Rayleigh [1] and Lamb [2] 
established the frequency equation for the dispersive waves 
based on the theory of elasticity. Since then there have been 
numerous contributions, notably those of Mindlin [3] on the 
dispersion relations and approximate theories and Miklowitz 
[4] on transient waves. 

Most of the transient solutions are derived by applying 
double or triple integral transforms. The inverse trans
formation integrals are then evaluated either by the calculus 
of residues plus the method of stationary phase [5-7], or by 
the method of generalized rays [8-12]. As can be seen from 
the text by Miklowitz [4], the evaluation of these integrals in 
the first approach involves the understanding of the intricate 
behavior of dispersion relations for real as well as complex 
wave numbers. So far very little quantitative information 
about the wave motion at intermediate range (10-100 times 
the thickness of the plate from the source) or far range (100 
times the thickness or longer) are available. 

As for the application of the method of generalized rays, 
earlier results [8-10] were confined to epicentral response or 
wave motion very close to the source and epicenter. Only 
recently numerical results were reported for wave motion in 
near range (0 to 10 thickness from the source) [11, 12]. 

The theory of generalized rays is an exact method, as 
distinguished from the geometric ray theories. It becomes 
extremely cumbersome, though, for a receiver-source 
separation of greater than 10 plate thicknesses because a very 
large number of generalized ray integrals must be evaluated 
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numerically. The paper by Ceranoglu and Pao [12] showed 
that 1586 ray integrals were calculated and summed at a range 
of six plate thicknesses over a duration of 10 transit times (one 
transit time is the time for the dilatational wave to cross the 
plate thickness once). Although all these ray integrals are 
assembled and calculated automatically by using one large 
computer code, it is not very practical when long time and far 
field results of wave motion are desired. 

In this paper, we present another approach, the method of 
expansion in eigenfunctions, known also as the method of 
expansion in normal modes. This method, usually applied to 
finite bodies, is discussed in the Treatise (Sections 124-128) by 
Love [13]. A comprehensive treatment of the method can be 
found in the text (Section 5.17) by Eringen and Suhubi [14] 
and an application to finite bodies in the work of Reismann 
[15]. The method gives precisely the same expressions as can 
be obtained by integral transforms. The resulting expressions, 
as shown by numerical results in this paper, are particularly 
suitable for calculating intermediate and long range wave 
fields. 

Since the concept of normal modes is well defined for a 
body bounded in all directions, we determine the normal 
modes of a thick, circular plate with a finite radius in free 
vibration in Sections 2 and 3, and formulate the solution of 
forced vibration of the plate by the method of normal mode 
expansion in Section 4. By letting the radius of the plate 
approach infinity, we then obtain, in Section 5, the solution 
for the transient waves in an infinite plate. Evaluation of the 
resulting integral expressions by the method of stationary 
phase is discussed in Section 7. Numerical evaluations are 
presented in Section 8. Throughout this paper, we consider 
only axially symmetric waves. 

As discussed in Section 6, the method of normal mode 
expansion is easily applicable to surface forces as well as 
buried forces in a plate. Our interest in a solution for buried 
sources stems from developments in acoustic emission. With 
the advent of increasing sophistication in acoustic emission 
techniques, theoretical results for the dynamic response of a 
structure such as a large plate over a wide range of times and 
positions are needed to locate and to characterize the buried 
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Fig. 1 Axisymmetric force in a thick plate 

sources of emission. Of particular interest is the identification 
of those aspects of measured responses that are affected by 
the geometry of the plate, the source characteristics, or the 
receiver characteristics. This identification cannot be ac
complished without a detailed theoretical analysis and 
numerical results. 

2 Basic Equations 

We consider an infinite elastic plate bounded by two 
parallel surfaces free of tractions at z = ±h (Fig. 1), z = 0 
being the midplane of the plate. The circular cylindrical 
coordinates r, d, z will be used to describe the response of the 
plate to an axisymmetric time-dependent force distribution. 

The linear elastic wave equation is 

L(u)= (A + /x) V(V'U) + juV2u = p i I -F(x ,0 (2.1) 

where u(x,/) is the time-dependent displacement at position x, 
and F(x,0 is an externally applied body force density, usually 
taken equal to zero for t < 0. p is the mass density, and X and 
fi the Lame' constants of the isotropic plate material, p, X, and 
H being assumed independent of x and t. The operator L is 
defined as L = (X + / i )VV« + ixW2. In the ensuing 
discussions we will consider only axisymmetric disturbances 
where all field quantities are independent of angular coor
dinate 0, and the d component of displacement is zero. 

The boundary conditions at the two parallel surfaces are 

ozr = ozz=0 at z=±h (2.2) 

In addition to these boundary conditions, there are also the 
initial conditions 

u(x,0) = ii(x,0) = 0 (2.3) 

In many cases where the applied force is confined to the 
surfaces at z = ±h, one may consider the equivalent problem 
obtained by setting F to zero but employing inhomogeneous 
time-dependent boundary conditions for the stresses at z = 
± h. As shown later, the case of surface loading can be treated 
as a special case of a general class of plate problems for
mulated by equations (2.1), (2.2), and (2.3). 

Before considering the case of forced motion, we discuss 
first the free vibration of an elastic plate, F = 0 in equation 
(2.1). We will investigate the simple harmonic motion of the 
plate, that is, solutions with time dependence exp(-;W) for 
some real w. This time-dependent factor will be suppressed 
throughout the following. 

The problem of plane harmonic waves [1, 2] and circular-
crest harmonic waves [16] in an infinite plate has been 
exhaustively examined [3, 17, 18]. We shall, however, repeat 
some of the results which are needed for ensuing discussions. 

In addition to the boundary conditions at z = ±h, we have 
the condition that u be regular at r = 0. The boundary 

conditions at large r will be considered in Section 3. The 
harmonic solutions to equation (2.1) are then, for any K 

(1) Antisymmetric modes 

u,.= (B sin az — C/3 sin /3z) K/O(W) 
(2.4) 

uz = (Ba cos az + CK2 cos (Sz)J0(i<r), 

where 

B / C = 2 K 2 / 3 sin/3/Z/(K2 - /32)sin ah, (2.5) 

and o) satisfies 

Ra{w,K) = (K2 - /32)2sin ah cos @h 

+ 4a/3(c2 cos ah sin (3h = 0. (2.6a) 
(2) Symmetric modes 

ur = (A cos az + D(3 cos I3z) xJ^Kr) 
(2.7) 

uz = ( — aA sin az + DK sin (5z) Jo(i<r) 

where 

A/D=-2K1Pcosl3h/(Kl - /32)cos ah (2.8) 

and a> satisfies 

RS(O),K) = (K2 - &2)2cos ah sin )3h 

+ 4a(5K2 cos I3h sin ah = 0. (2.66) 

In the preceding 

a2 = u2/c2 - K2, P2 = u2/c2 - K2 (2.9) 

where cp and cs are the dilatational (p) and shear (s) wave 
velocities. The first of the foregoing results describes an 
antisymmetric motion because the vector displacement field is 
antisymmetric upon reflection through the midplane z = 0. 
The second describes a symmetric displacement field. 

Equations (2.6a,b) are the same as the classical frequency 
equations for straight-crest waves (plane strain) derived by 
Rayleigh in 1889 and analyzed by Lamb, giving frequency oi 
as an implicit transcendental function of K, or vice versa. 
Equations (2.4)-(2.9) for real K determine the mode shapes of 
free waves in an infinite plate, up to an arbitrary scale factor 
associated with each mode. 

The behavior of the solution of equations (2.6) for complex 
as well as real values of « has been extensively investigated [3]. 
For the present purposes, it will be sufficient to seek solutions 
for real wave numbers K. Figure 2 shows the CO(K) dependence 
as determined numerically for moderate and small values of 
real K for the case of a glass plate of Poisson ratio, v, equal to 
0.21. Note that the dispersion relation is displayed by many 
branches on the u> — K plane. 

In the following, the branches will be ordered by numerals 
m = 1,2,3,4, . . . , with odd integers for antisymmetric 
modes (dashed lines labeled by A-, in Fig. 2) and even integers 
for symmetric modes (solid lines labeled by S,). They will also 
be referred to by their symmetry type and their order as given 
by the magnitude of their cutoff frequencies. Thus m = 1 is 
for the first antisymmetric branch A,, and m = 2 for the first 
symmetric branch Sx, both starting at origin. The m = 5 
designates the third antisymmetric branch, A3, with K ranging 
over real values from zero to infinity and w/ws ranging from 
3.0 to infinity, the us( = wcs/2h) being the frequency of the 
lowest thickness shear mode [3]. 

The concept of distinct branches is somewhat artificial in 
that the branches are continuosly connected from one to 
another by paths amongst complex values of K. The existence 
of a multitude of branches indicates that at given K, there are 
an infinite number of modes of wave propagation of the plate 
at different frequencies. At K = 0, a = w/cp, and (3 — oi/cs 

the wave normal is along the x-axis and the modes are called 
simple thickness modes [3], 

Figures 3(a) and 3(b) show the radial group velocities cs — 
du>/dn implied by the dispersion curves of Fig. 2. Note that the 
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Fig. 2 First eight branches of dispersion relation for Rayleigh-Lamb 
waves in a plate (c = 0.21). (Glass plate: 2h = 0.960 cm, cp = 0.576 
cm/jtsec, c s = 0.349 cm/^sec.) Erratum: the scale of the horizontal axis 
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Table 1 Maximum and minimum group velocities (v = 0.21) (cos = ircs/2fi) 

Branch 

Ai 

M 
Az 

A, 

S\ 

S2 

Si 

Maxima 

cg/cs 

0.99 
1.17 
0.14 
1.26 
0.79 

1.59 
0.21 
1.55 
0.97 
1.55 

w/o)s 

0.93 
1.80 
3.04 
4.12 
4.22 

0.00 
1.61 
2.63 
2.95 
5.01 

Minima 

cg/cs 

-
0.68 

0.71 

0.77 

0.49 

0.70 

0.93 
- 0 . 6 

ii)/b)s 

-
3.01 

5.73 

4.69 

1.55 

4.38 

3.53 
- 7 . 0 

first symmetric branch (St in Fig. 3(6) and first antisymmetric 
branch {A\ in Fig. 3(a)) have asymptotic group velocities 
equal to the Rayleigh surface wave speed in a half space (slope 
of line OR in Fig. 2). Thus the modes lying on these branches 
at large K are essentially Rayleigh surface waves. All other 
branches have asymptotic group velocities equal to the shear 
wave speed (slope of line OS in Fig. 2). At no point does any 
group velocity rise above the dilitational wave speed (slope of 
line OP in Fig. 2). 

The maximum and minimum values of group velocities for 
each branch are listed in Table 1. In addition to the points 
indicated here, all branches have asymptotic stationary values 
of group velocity at infinite frequency, at, for S, and A,, the 
Rayleigh wave speed cg/cs = 0.9127 and for other branches 
at the shear wave speed cg/cs = 1.000. The physical 
significance of these values will be discussed in Section 7. 

3 Normal Modes of a Large Circular Plate 

The expressions in equations (2.4) and (2.7) are the modes 
of free wave propagation in an infinite plate. When the plate 
is bounded by a cylindrical surface r = R, additional 

restrictions on the wave number K will be imposed by the 
boundary conditions at r = R. The familiar boundary 
conditions of a traction-free surface (<v = arz = 0) or a rigid 
surface (ur = uz = 0), however, cannot be satisfied by these 
solutions [3, 19]. On the other hand, these solutions can be 
made to satisfy a rigid-smooth boundary condition, that is, 

ur = orz=0 at r=R (3.1) 

The condition (3.1) can be shown to restrict K to a set of 
discrete real irrational numbers, 

K = K„=y„/R, « = 1,2, . . . (3.2) 

where y„ are the roots of the radial frequency equation 

•/o(7„) = --MY*,) = 0. (3.3) 
For large n, the roots K„ are nearly uniformly spaced and 

AK=K„+, -K„SIT/R (3.4) 

Hence, as we shall see later, the spacings of the roots are 
infinitesimally close when R approaches infinity. 

From Fig. 2 we notice that for each value of K = K„, there 
are an infinite number of values of a), designated co„,„. The 
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index m corresponds to the order of branches and the o),„„ are 
the roots of Rayleigh-Lamb equation 

^ ( " W O = 0 m,n = l,2,3, . . . (3.5) 

When a and (3 are calculated from equation (2.9) for each K„ 
and co„,„, the displacement vector of equation (2.4) represents 
a principal antisymmetric mode of vibration of a thick plate 
with finite radius R, and that of equation (2.7) a principal 
symmetric mode. 

Since the two amplitudes B, C in equation (2.4) and A, D in 
equation (2.7) bear a constant ratio, we choose, according to 
equations (2.5) and (2.8) 

B = 2K2 J3 sin 0h 

C = (K2-(32)sina/i 

for the antisymmetric modes, and 

A = -2/<2/3cos(3/! 

(3.6) 

D = (K2 - 0 1 ) cos ah (3.7) 

for the symmetric modes. When all K'S are appended with the 
subscript n, and all a's, /3's, and co's are appended with double 
subscripts mn, the principal modes are expressed by 

u,„„ (x) = Um„ (x)f + Wmn (x)i (3.8) 

In the foregoing, we have for antisymmetric modes (m = 1,3, 
5, . . .) 
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Fig. 4 The Airy phase of the normal displacement at r = 80 h. 

260 2 8 0 

Ua
m„ = Pmn[2K2, sin f3lmh sin am„z 

- (K2„-Pi„)sin um„h sin Pm„z]K„J(,(K„r) 

W%„ = K2„[2a„,„Pmn sin j3,„„h cos a,„„z 

h cos 0m„z]Jo(.K„r), 

and for symmetric modes (m = 2,4,6,.. .), 

U%„ = fimn[-2i<l cos 0mnh cos amnz 

+ («« - / 3 L ) C O S umnh cos Pmnz]KnJ&(K„r) 

(3.9) 

W%n = "I [2a,„„ft„„ cos /3m„h sin am„z 

+ ( K2n ~ /3m«)COS «,„„// s in ft„„Z]/0(K«''). 

As in equation (2.9), a and (3 are determined by 

32 

Jmn 
= ,.,2 °>mn/cs Kn-

(3.10) 

(3.H) 

When properly normalized by a constant, u,„„ (x) are also 
called the normal modes of the vibrating plate. 

Restoring the time factor exp( —r«0 and superposing all 
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normal modes, we can express the general motion of the freely 
vibrating plate, 

oo Co 

«(*>')= E E>W</m,.(iOr+»'™(x)£]e-''W (3.12) 
m - 1 n - 1 

The circular plate is free of stresses on the two flat surfaces 
(equation 2.2) and is rigidly and smoothly constrained at the 
circumference (equation 3.1). The complex coefficients, Amn, 
are to be determined from the hitherto unspecified initial 
conditions. 

4 Forced Vibration of a Large Circular Plate 

In this section, we present the formal solution of the motion 
of a finite plate under the excitation of a time-dependent body 
force F(x, /). The motion is governed by equation (2.1) with 
boundary conditions (2.2) and (3.1), and initial conditions 
(2.3). The solution is a special case of a general class of 
solutions for elastodynamic equations derived by the method 
of eigenfunction expansions [13-15]. We summarize this 
method in the following subsection and present the solution 
for the circular plate in the next one. 

4.1 Method of Eigenfunction Expansion. A linear dif
ferential operator L is self-adjoint in a vector space S of 
vector functions defined in a volume fi with respect to the 
inner product 

( u , v ) = [ w\dV (4.1) 

if for all u and v in 5 

( v L ( u ) d K = ( u«L(v)tfK (4.2) 

Restricting the space S to suitably continuous functions that 
satisfy homogeneous boundary conditions on the boundary of 
fl, one finds that the operator L defined by equation (2.1) is 
self-adjoint (and so is its generalization to anisotropic and 
inhomogeneous media) for the following boundary con
ditions: 

At each point of the boundary, let e, be three mutually 
perpendicular directions. The self-adjoint boundary con
ditions are 

e>[«,u + 6,T]=0, ( ;=1 ,2 , 3) (4.3a) 

T being the surface traction on the boundary associated with 
the field u. The a, and b, may take any values as long as they 
are not both zero at the same point of the boundary. Traction-
free boundary conditions, for example, may be represented by 
a, = 0, b, = 1 for all /. Rigid-smooth boundary conditions 
may be represented by a, = 1, b, = 0 for the rigid normal 
direction e, = n, and by a, = 0, bj - 1 for the smoothly 
sliding directions e, = tangent directions. We may express 
these boundary conditions symbolically as 

B(u, T) = 0 on boundary. (4.36) 

Let u = u(m) (x) exp( - ium t) be the solution of equation 
(2.1) without the body force F, satisfying the boundary 
conditions (4.3), that is, 

L(u("'))=-pa)2,u(m) in fi (4.4) 

and 
B(u(m),T(m)) = 0 o n boundary (4.5) 

The u(m) are then the eigenfunctions of the operator L, and u>m 

the eigenvalues. For self-adjoint boundary conditions, the 
eigenfunctions form an orthogonal set with the weighting 
function p. 

p\i^'U^dV=0 mj±n (4.6) 

and all eigenvalues co}„ can be shown to be real and non-

negative [13]. The norm of the eigenfunctions is given by 

M ( m ) = f pu(m)«u('")c?K (4.7) 

Since the eigenfunctions form a complete set [14], any 
arbitrary functions in the space S can be expanded in a series 
of these orthogonal eigenfunctions. This enables one to solve 
the inhomogeneous equation (2.1) when F ^ 0. Let 

»(*'<)= Du (""(x)<7,„(/) (4.8) 
m 

where qm (t) are time-dependent coefficients. Substituting the 
series into equation (2.1), multiplying (inner product) by 
u (n) (x), integrating the product over the entire volume 0, and 
invoking the orthogonality conditions (4.6), we find 

M<"0 [ ^ ~ +C°"'{t)q"'(t)] =F<"" (t) (4'9) 

where (. 
F<m> (t) = \ u(m> (x)-F(x, t)dV (4.10) 

With quiescent initial conditions equation (2.3), we set 

<7m(0) = <7„,(0) = 0. (4.11) 

The general solution of equation (4.9) is then 

q,At)=^~^\oFl>">(T)sinun,(t-T)dT (4.12) 

Substitution of the foregoing into equation (4.8) completes 
the solution of equation (2.1) with boundary conditions (4.3), 
and initial conditions (2.3). 

4.2 Transient Motion of a Circular Plate. The normal 
modes given in equations (3.8)-(3.10) are for a circular plate 
bounded by z = ± h and r = R. The boundary conditions are 
specified by equation (2.2) and equation (3.1). It has already 
been demonstrated that traction-free and rigid-smooth 
boundary conditions are self-adjoint. Thus, the boundary 
conditions for the present circular plate are self-adjoint. 
According to equations (4.6) and (4.7) the normal modes 
u,„„ (x) of equation (4.8) are orthogonal, 

2 x J -h L lpU"m ( x ) ° U w («)]«*•& = W M ( , W , ) <4-13) 
where <5,„„ is the Kronecker delta. 

The transient motion of the plate that is quiescent at t = 0 is 
derived from equations (4.8), (4.10), (4.12), 

"('•.2.0= E E l^»n,n(r,z)Q^(t) (4.14) 

m = I n = 1 1V1 

where 

Q(m„) , t \ - p('»») (r)sin co,„„ (t-r)dr (4.15) 
^ «„„ Jo 

and 

F (m">(/)=27rf ( Y(r,z,tyvLmAr,z)rdrdz (4.16) 

The body force ¥(r, z, t) has not yet been specified but for 
the present problem it must be axially symmetric; the normal 
modes u„,„ (r, z) are given by equation (3.9) when m = 1, 3, 5 
. . . , and by equation (3.10) when m = 2, 4, 6 

The normalization constant MKmm) can be analytically 
evaluated in this case, 

M<"'"> =2TT] h ] o [pumn (r, z)-u,m, (r, z)]rdrdz (4.17) 

The part that depends on r can be evaluated by applying the 
integral formula [formula 11.4.2, reference 20] 
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C* 1 ((MK„R))2 " = 0 
JHK„r)rdr=-R2\ (4.18) 

J° 2 l{J«KnR))2 V=\ 

where K„R are the roots of JQ (KR) = —J\ (KR) = 0. The z-
dependent parts are common integrals. The final results are 
presented in the following, for sufficiently large R that 
(J0(K„R))2 = {J[(K„R))2 « 2/(TTK„R) and for M<f "> defined 
by 

M<"'"> =RMgm). (4.19) 

For /« odd (antisymmetric modes) 

M<T" = — [B2(u2h/c2
p +(a2- «2)sin 2a.h/2a) 

K 

+ C2K2(u2h/c2- (P2 - K2)sin 2/3A/2/3) 

+ 4BCK2 sin a/) cos /3/z] (4.20a) 

and for in even (symmetric modes) 

M(m„) = J? [A2(w
2h/cl -(a2- «2)sin 2oth/2a) 

K 

+ D2K2(u2h/c2+ d32-K2)sin2/3/!/2/3) 

+ 4/IDK 2 cos a/i sin /3/7]. (4.20b) 

In the foregoing, K must be understood as having index n and 
A, B,C,D, a and /3 as having indices m and n.A,B,C, andZ) 
are defined in equations (3.6) and (3.7). 

5 Transient Waves in an Infinite Plate 

We return to the original problem as posed in Section 2 of 
an infinite plate excited by a body force F(x, f). The solution 
can be constructed directly from that of a finite plate, as given 
in the preceding section by letting the radius R approach 
infinity. Physically, this means that we are ignoring the 
reflection of waves from the edge at r = R, or considering 
only the time span before the waves generated by the source 
reach the reflecting edge. Hence, it is immaterial what type of 
boundary conditions are imposed at the edge. 

For some applications one need not take the limit R — °°, 
as long as R is large enough that reflections from the outer 
boundary do not arrive within the times of interest. If R is 
taken merely large, but not infinite, one is left with a sum over 
discrete modes instead of the integral, equation (5.1). The 
integral is a more convenient form for numerical and analytic 
study, as one need not solve the transcendental equation (3.3) 
and because one may employ FFT techniques for its 
evaluation. The integral form is also more generally ap
plicable to very late times or very large distances, without the 
restrictions r < R, t < (2R — r)/cp. Nevertheless, as the 
numerical evaluation of integrals is always an approximation, 
the sum form, with R t oo, may be more accurate for 
numerical work. 

5.1 General Solutions. As R approaches infinity, the 
normalization constant Mu"") that contains a factor R~l 

becomes infinitesimal. Thus each mode in the sum of 
equation (4.14) contributes an infinitesimal amount to the 
total amplitude. But in the same limit, the number of modes 
indexed by n for each value of in is increasing because the 
spacing between two successive roots, AK = TT/R in equation 
(3.4), approaches zero. Therefore, in the limit as R — oo, the 
summation over the index n of equation (4.14) is replaced by 
an integration over the continuous wave number K. The in
tegration is carried out for each branch, indexed by in, from K 
= 0 to K = oo. 

Replacing first \/M(mn) in equation (4.14) by A/C/TTM^'"', 
taking the limit AK — 0 while R -~ oo, and then dropping all 
subscripts n, we obtain 

where 

Q<'"» (t; K) = —!— [ ' F<"'» (r,K)smlum(KW-T)]dT (5.2) 

F<'")(/;K) = 27r( f F(r, z, t)-um (r, z\ n)rdrdz (5.3) 
J - h JO 

Note that the normal modes u„, (r, z; K) in the foregoing are 
the same as those given in equations (3.6)-(3.10) except that 
the discrete wave numbers K„ are replaced by a continuous 
variable K. For each value of K, there is still a discrete set of 
values for us, and hence also for a and ;8, each indexed by the 
subscript in. On the other hand, for each in, u varies con
tinuously with K as governed by the Rayleigh-Lamb equations 
(2.6) 

Ra(u„n K) = 0 m = \, 3 , 5 , . . . 

Rs(am,K) = 0 /w = 2 ,4 ,6 , . . . (5.4) 

In the final expressions (5.1)-(5.3), u,„ (/•, z\ K)/M£m) (K), 
where M<J"' (K) is given by equation (4.20), represents the 
spatial variation of the mode indexed by the branch number, 
in, and the radial wave number K. F ( m ) (t, K) represents the 
generalized time-dependent force acting on the mode (m, K), 
and Q{m) (t,n) is the time-dependent response of the am
plitude of the mode. The total plate response in (5.1) is 
represented as a superposition of the response of each normal 
mode. The choice of receiver location and the choice of 
loading here find their expression through the "receiver 
function" u„, and through the "source function" Q. 

It is particularly revealing to note that the modal factor 
depends on the source character and location via the integral 
of Fim) in equation (5.3). Thus if the force ¥(r, z, t) is or
thogonal to a mode u (m) (r, z, K), or more simply, if the 
simple point force acts at a node of the mode in question, that 
mode is not excited by the force; analogously, a string plucked 
at its midpoint is not excited into any even harmonics. 

5.2 Waves Generated by a Stationary Concentrated 
Force. For the remaining part of this paper, we consider a 
vertical, stationary, concentrated force at (0, 0, z0), the time 
dependence being a Heaviside step function. We thus express 
F ( x , 0 a s 

n*,t) = Q0i-
LKz-z0)H(t)z (5.5) 

where Q0 is the magnitude of the applied force. Substituting it 
into equation (5.3), we find 

F^(t,K) = H(t)f„,(z0,K) (5.6) 

where, for antisymmetric modes, 

fm Uo> K) = QoK2[2a,„(5,„ sin (3,„h cos a,„z0 

+ (K2-/32,)sin a mh cos /3,„z0] w = l , 3 , 5 , . . . (5.7a) 

and for symmetric modes, 

fm (Z0,K) = Q0K
2[2ct,„l3m cos 13,„h sin a,„z0 

+ (K2-j32,)cosa,„/isin/3,„z0] m = 2 ,4 ,6 , . . . , (5.76) 

The time function in equation (5.2) can then easily be in
tegrated, 

Q("° U, «)=/,„ (z0, K) -1— [I-cos u(K)t]H(t) (5.8) 

To summarize, the final result for transient waves in an 
infinite plate with thickness 2h, which is excited by a con
centrated vertical force being placed suddenly at t = 0, r = 0, 
and z = ZQ is 
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u(r,z,t) = 

"(0 E rVmUo.K) M(, 
m=l j 0 TrM,„(K) 

u„,(r,z; K) f 1-cos wm(K>/ 

Wm(f) 
rfx. (5.9) 

For the double transform technique equation (2.1) is re-
expressed as decoupled scalar equations for the displacement 
potentials 4> and i/< involving the force potentials / and g, 
where 

In the foregoing, the/,,, (K) are given in equation (5.7), and the 
modes for the mth branch are 

u,„ (r, z; K) = U,„ (r, z\ K) r+ Wm (r, z\ K)Z (5.10) 

where the U,„ and Wm functions are given in equations (3.9) 
and (3.10). The Mm (K) equal M^"' in equation (5.1) and are 
given by equation (4.20). The co,„ are related to K by equation 
(5.4). These equations form the basis for the stationary phase 
analysis and for the numerical evaluations. 

6 Transient Response by Integral Transforms 

The standard procedure for the analysis of the axi-
symmetric response of a plate to dynamic loadings entails the 
performance of two integral transforms on the equations of 
motion, one on the time variable, the other on a spatial 
variable. This procedure is thoroughly discussed by Miklowitz 
(Chapter 7, reference [4]) for a line load and plane strain. We 
will not present the analogous procedure for the axisymmetric 
case but will describe it and then compare it with the method 
of eigenfunction expansion. 

0.08 

u = V<£+ V X V X(i/-z) 

F = V / + V X V X fez). 

(6.1) 

(6.2) 

Similarly equations (2.2) are rewritten as coupled boundary 
conditions on 4> and i/<. A Fourier (or Laplace) transform in 
time and a Hankel transform in radial position r are per
formed on these rewritten equations. The resulting coupled 
inhomogeneous ordinary differential equations for the double 
transforms of 4> and \j/ may be solved and the inverse double 
transforms performed to obtain the actual displacement 
potentials, u is then constructed from (6.1). 

If the inverse Fourier transform is performed before the 
inverse Hankel transform and evaluated by means of contour 
integration and the theory of residues, the resulting expression 
for u resembles (5.9), and must necessarily be identical to 
equation (5.9). Alternatively, one may do the inverse Hankel 
transform first, also by residues, and directly obtain the 
spectrum of the response. The transient solution would then 
be obtained by numerical inverse Fourier transformation. 

•S 0.06 
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Q o 

0.00 
1.0 2.0 3.0 4.0 

DIMENSIONLESS FREQUENCY (2hu>/7rCs) 

1.0 2.0 3.0 
DIMENSIONLESS FREQUENCY (2 

4.0 
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Fig. 5(a) Antisymmetric modes 
Fig. 5 Modal factor/group velocity 

Fig. 5(b) Symmetric modes 
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Fig. 6(b) Second symmetric branch (S2) 
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T I M E (microseconds) 

Fig. 6(c) Third symmetric branch (S3) 

Fig. 6 Normal displacement due to individual symmetric branches 
(r= 10 cm) 

One can with reason claim that the method of integral 
transforms is more versatile in that with it one has two options 
of evaluating the inverse transforms. One option leads 
directly to the solution by the method of normal modes, and 
the other yields the same transient solution as well as the 
spectrum of the transient response. The practical value of this 
aspect of the double transform method is, however, limited, 
because evaluation of the spectrum requires the location of all 
complex roots of the Rayleigh-Lamb function as well as the 

real roots. Furthermore, for buried forces the method of 
integral transforms requires the decomposition of the force 
into force potentials / and g which is tedious, if not very 
difficult especially in the case of nonaxisymmetric loads. The 
method then requires the solutions of the ordinary differential 
equations in z. These solutions are very complex in the general 
case of buried distributed forces. Miklowitz's applications of 
the integral transform method have been confined to those 
loads representable by inhomogeneous boundary conditions 
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Fig. 7(b) Second antisymmetric branch (A 2) 

Fig. 7 Normal displacement due to individual antisymmetric branches 
(r = 10 cm) 

such as vertical surface forces where the procedure is much 
simplified. 

It is our contention that the integral transform method is 
analytically the more cumbersome and, for many ap
plications, the less versatile. It can further be criticized on the 
grounds that the use of the abstract quantities, the transforms 
of the displacement potentials, obscures the simple physics 
which is revealed in the method of explicit expansion in 
normal modes. 

7 Analysis by the Method of Stationary Phase 

Analysis of integrals such as equation (5.9) has in the past 
been confined essentially to far field asymptotic ap
proximations based on the method of stationary phase. One 

recognizes that at large r, (r >> h or t > > h/cp) the 
variation of the integrand with K is dominated by the rapid 
oscillations of the Bessel functions J0(.KT) and J^nr) in um and 
the function cos W,„(K)/. But if K = K0 is such that 
Idto/dd K=ISQ = r/t then the oscillations of the cosine function 

and the Bessel functions are in phase, whereupon in the 
vicinity of K0 the integrand is, for a short range in K, not 
rapidly oscillating. The displacement time trace at r is thus 
dominated by a sum of terms oscillating in time; each of them 
represents a simple harmonic wave train at a frequency such 
that ldco/d/cl = r/t. This is the basis for the well-known 
"group velocity analysis" [22] or "period-time of occurrence 
relations" [4], The relative strengths of these many con
tributions depends of course on the magnitudes of 
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fm (K)/Mm ( K) when evaluated at K = K0 . This analysis shows 
further that each such contribution is inversely proportional 
to (/ I92CO/3K2 l)1/2 and thus the points at which the group 
velocity is nearly stationary are expected to be the most im
portant. The actual point where 32CO/3K2 = 0 in fact con
tributes an amount proportional to (/33o/dK3)~1/3 and thus 
dominates at sufficiently large / [23]. The contributions from 
such points are called the "Airy phases." 

As an illustration, we consider the normal displacement uz 

at r and z = +h, the force Q0 of equation (5.5) being applied 
at the surface of the plate (z0 = + h), 

uz(r,h,t) = 

H(t) h \0f,Ah,< 
W,„(r,h; K) 1 - cos co,„ ( K)1 

" f f lU ) 
dK (7.1) 

,„=! "" *Mm (K) 

We separate out the r-dependence of Wm of equation (5.10), 
or equations (3.9) and (3.10), and rewrite the previous result 

uz(r,h,t) = H(t) X) uz„,(r,h,t)/w (7.2) 

where -

(2h/ir)2 cs. Figure 4(b) shows the case of the minimum group 
velocity for the first symmetric branch at o0 = 1.55 w,, K0 = 
1.24 (TT/2/0, cg0 = 0.49 cs, and o>o" = 3.37 (2h/w)2 cs. The 
former case may be called a "mode arrival," the latter a 
"mode disappearance." As shown in the foregoing one might 
expect curves of these forms to dominate the time traces for 
sufficiently large source-receiver separations. Wave packets 
with these shapes will be found in the general results shown in 
the next section. 

Stationary phase analysis of integrals such as the preceding 
has been employed at least since the time of Kelvin (1887) and 
indeed is the only analysis possible in the far field short of 
extensive numerical work. Practical difficulties exist with it 
however, chiefly describable by the following unanswered 
questions: How large must r and t be in order that the Airy 
phases are the major contributions? What are the appropriate 
expressions, different from equation (7.6), at those maxima 
and minima that exist at the end points, K = 0 or K = oo? 
Furthermore there exist points where oi" ~ o>'' ' = 0 where 
expression (7.6) is again invalid. There also exist points where 
to" = 0 and Z,„ « 0, where again the preceding expression is 
invalid. 

For convenience, we call Zm(h, K) of equation (7.3) the 
"modal factor." It depends on the loading function, r °> modal ractor. it depends on tne loading tunction, 

uzm (r, h, t) = J Q Zm (h, K)J0(KT)(1 - cos u,„t) dK (7.3) (Ji~
2fm (h, K), as well as the normal mode, U,„ (r, h; /c)/70("/•). 

and 
Z„ (h, K) =/„, (h, K)W,„ (r, h;K)/[Mm (K)O>}„ (K)J0(KT)] 

The integration may be separated into two parts. The time-
independent part yields the "statical deflection" for each 
branch corresponding to the long-time contribution of the 
step loading. The time-dependent part can be evaluated by the 
method of stationary phase, by noting that for large t and r, 

J0(K/-)COS usmt~(2irw)"'/2Re[e<<"-"*»<'~rM) + e;<"+u>«'~wM)] 

(7.4) 

Along each branch of the group velocity curves (Fig. 3), 
there might be more than one maximum and minimum point. 
Corresponding to each stationary point, there are a set of 
values for the wave number, frequency, and group velocity, 
which are designated as K0, w0, cg0 respectively, where 

Ct0 = (du/dK)t^ (7.5) 

Since the arrival time of this wave-train group at r is t0 = 
r/Cgo, the group with the maximum speed will be well 
separated from the group with the minimum speed on the time 
trace recorded at r. For time t around t0, the dominant value 
of the time-dependent part of the integral, equation (7.3), is, 
[22] the contribution from the modes near the stationary point 
in the group velocity curve, the "Airy phase." 

uzm~(2wK0r)~l/2Zm(h, K 0 ) ( t o6" r ' / 3 

A\(T)cos(oo0t — K0r+ir/4) (7.6) 

where 
T^cg0(t-ta)(t^"/ir^ (7.7) 

In the foregoing, COQ " = (d3o)/dKi)K=KQ and Ai is the Airy 
function. The preceding time trace may be described as a 
rapidly varying sinusoidal function of time with a slowly 
varying envelope of an Airy function. The strength of this 
contribution to the total displacement depends of course on 
the magnitude of the function Z,„ (a) at the point K0 . 

Typical plots of the foregoing expression are given in Figs. 
4 where the factor Z/(2irK0r)W2 has been replaced by unity and 
where the plate parameters have been chosen, v = 0.21, 2h = 
0.960 cm, and cs = 0.349 cm//xsec. The receiver is located a 
distance of-40 thicknesses from the source. Figure 4(a) shows 
the case OJQ ' ' < 0, i.e., the case of a maximum group velocity 
for the second antisymmetric branch at co0 - 1.805 u>s (ws = 
•KCS/2H), K0 = 0.94 (TT/2/I), CB0 = 1.17 cs and w,'0" = - 1.34 

It may become zero or infinite at certain values of K, a point 
not considered in the usual problems of stationary phase 
analyses. In Fig. 5 we show Zm(h) (divided by 
\cg\= \dco/di<\) as a function of u>/o>s for the first four 

branches of antisymmetric modes (Fig. 5(a)), and first four 
symmetric branches (Fig. 5(b)). These curves are dependent 
on the vertical location of the source (z0 = h) and receiver 
(z = h), the time function of the concentrated force (a step 
time function), but independent of the radial distance r and 
time t. It is interesting to note that values of the modal factor 
are zero, or nearly zero, at the maxima of group velocities of 
many branches (Fig. 3). These modes are thus much less 
significant then otherwise have been expected. 

The conceptual complexities required of a thorough pursuit 
of this method are many. Thus in the light of its approximate 
nature, we suggest that its value is chiefly for qualitative 
analysis, and in the initial interpretation of measured plate 
responses. This qualitative theory may be compared to the 
numerical results of the exact integral as given in the next 
section. 

8 Surface Response of a Plate Due to a Concentrated 
Force 

The integrals in equations (7.2) and (7.3) for the vertical 
displacement component, uz, have been evaluated by a 
numerical integration. The algorithm employed for the 
numerical integration entailed a conversion of independent 
variable from K to co and then an integration by Fast Fourier 
Transform techniques (FFT). Because the conversion of 
independent variable introduces an inverse factor of group 
velocity to the integrand and because FFT techniques do not 
allow for varying step sizes in the integration, the low group 
velocity ranges are not accurately computed by this technique. 
Integration for these ranges was done directly in the wave 
number domain with a trapazoidal rule. This algorithm was 
thought to be the most efficient and accurate for a not too 
large range in source-receiver distances. At very large 
distances where the integrand is in general a rapidly varying 
function of K (or co), the integral would probably be most 
efficiently and accurately evaluated by a method appropriate 
to the numerical integration of rapidly and sinusoidally 
varying functions [24]. The computing costs varied with the 
source-receiver distance but averaged about 1 dollar per 
integration. 
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Fig. 8(a) The long time response at upper (z = h) and lower surface 
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Fig. 8(b) Early time response in expanded scale 

Fig. 8 Vertical displacements at the surfaces of the plate, solid line 
forz = ft, dotted line forz = -h(r = 10cm) 

The ensuing plots are the calculated vertical displacement 
responses of the surface of a glass plate due to an excitation of 
a step vertical downward force of 352 g; that is Q0 = - 3.46 
N in equation (6.5), 

F= -346,000 (.dynes)i8(r)8(z-h)H(t)/2irr. 

The glass has Poisson ratio 0.21 which is calculated from a 
shear wave speed cs = 0.349 cm/^sec and a pressure wave 
speed cp = 0.576 cm//^sec. Material density is 2.3 g/cm3, and 

thickness of the plate is 0.96 cm. The values of these 
parameters were chosen to match the parameters of ex
perimental work being done by Sachse and Pao [25]. 

8.1 Contributions From Individual Branches. In Figs. 6 
and 7 we show um (r, h, t) of equation (7.3) at a distance of 
10 cm on the top surface of the plate (z = h) due to some of the 
lower branches. These plots can be qualitatively understood 
by the stationary phase analysis of the preceding section. 
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One clearly distinguishes, for instance, three major features 
in Fig. 6(a), the contribution of the first symmetric branch 
(m = 2). One feature is the early arrival of a relatively low-
amplitude and low-frequency component. The next feature is 
the sharp spike of very high frequency arriving at about 31 
/isec. Finally there is, in the neighborhood of 60 /xsec, an 
apparently exponentially decaying harmonic wave of a single 
frequency. 

The plot of group velocity versus frequency for the first 
symmetric branch (Fig. 3(a)) shows three stationary points. 
The first is at a large group velocity cg = cp and at low 
frequency. Associated with the point is a very low value for 
the modal factor (Fig. 5(b)). A group moving at this speed 
would arrive at / = 18.0 usee in Fig. 6(a) (marked by (5,)max). 

There is also a local maximum at infinite frequency, with cg 

= cR — 0.319 cm/usee associated with a nonzero modal 
factor. This occurs at R in Fig. 6(a) as the sharp Rayleigh peak 
(t = 31.4 /isec). Technically this peak ought to be of infinite 
height. A high-frequency cutoff in the numerical work where 
the modal factor Z has been set smoothly to zero above 2 
MHz, has eliminated the singularity. Finally there is a 
minimum in the group velocity at a moderate frequency. Thus 
one expects and finds a late contribution Airy phase like that 
in Figure 4(b), tailing off at the point (S^m,,, in Fig. 6(a) at t 
= 58.0 jtsec. Each of these features is qualitatively predictable 
by the methods of Section 7. 

The plot of displacement of the second symmetric branch 
S2 in Fig. 6(b) also shows three major features. One is a nearly 
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Fig. 9(b) The causal total response 
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Fig. 9(c) Exact result of generalized ray theory 

Normal displacement at the upper surface of the plate (r = 8h) 

constant frequency, very late large-amplitude component. 
Another is a high-frequency component confined to the times 
30 fisec-43 /xsec. The third is an early arrival of relatively low 
amplitude. These features also can be understood by con
sidering the group velocity curve in Fig. 3(b) and the modal 
factor in Fig. 5(b). The long time scale ringing for instance is 
due to the large amplitude, low group velocity region near the 
cutoff frequency at K - 0, and co = 1.65 cos. 

The results shown in Fig. 6(c) for the third symmetrical 
branch, S3, are similar to those of S2. 

The lowest antisymmetric branch (Fig. 7(a)) is of particular 
interest. It also has three main features. The first is a 
moderately low-frequency arrival approximately at the shear 
wave speed. There is also a sharp peak at the Rayleigh speed 
much like the same peak in Fig. 6(a). Finally there is an ex
tremely low-frequency high-amplitude disturbance at late 
times. The sharp peak marked by R is a Rayleigh wave 
corresponding to the high-frequency asymptotic minimum in 
the group velocity. The early arrival is due to the sole 
maximum in group velocity at (cg)max = 0.996 cs. The very 
large amplitude low-velocity disturbance corresponds to 
modes for which the group velocity is not stationary but for 
which the modal factor is immense. This is the low-frequency 
regime of flexural motion where the Germain-Lagrange 
bending theory would be valid [26]. 

Wave motion contributed by the second antisymmetric 
branch (A2, m = 3) is shown in Fig. 1(b). Its features can be 
interpreted, as in the case for S2, by the group velocity curve 
in Fig. 3(a) and modal factor curve in Fig. 5(a). The arrival 
times of various Airy phases C<42)max, (̂ 2)min> ar>d the arrival 
time of a shear ray are marked on the figure. 

8.2 Normal Displacement at 10 Centimeters. Finally, in 
Figs. 8(a) and 8(b) we show the vertical displacement at 10 cm 
on the top at z = h (solid lines), and on the bottom at z = —h 
(dotted lines). The sum in equation (5.9) has been truncated at 
the first 10 branches (m from 1-10), thus fairly accurately 
including effects up to a frequency of the cutoff for the 11th 
branch (u = 6o}s, f = 1.09 MHz). As the modal factors 
appear to be dropping steadily with increasing order of 
branches, the indicated "total" displacement can be expected 
to be fairly good even above 1.09 MHz. 

The upward displacement on top is of course the sum of 

contributions from each of the 10 branches at z = h as 
discussed in the preceding subsection. The upward 
displacement at z = —h is the sum of all the antisymmetric 
contributions at z = h minus the sum of all the symmetric 
contributions at z = h. Thus, amongst other effects, the sharp 
Rayleigh wave peak due to the symmetric and antisymmetric 
lowest branches appears on the top surface, but does not 
appear on the bottom surface. To show the details of the 
Rayleigh arrival, the early time response at both surfaces are 
enlarged in Fig. 8(b). 

8.3 Comparison With Response Based on Generalized Ray 
Theory. A particularly interesting phenomenon is exhibited 
in Fig. 9(a) for normal displacement at r = 8h = 3.84 cm due 
to the first symmetric branch. The response due to this branch 
alone is noncasual in the sense that there is disturbance before 
the arrival time of the P ray at 6.67 /*sec. Similar noncausal 
behavior also exists for higher symmetric branches. One is 
thus suspicious of numerical error. The noncausal result for 
individual branches is, however, real, because the total 
response from all branches can still be causal (Fig. 9(b)). 

Within the resolution of the numerical data, the noncausal 
parts of the second, third, and to a lesser extent, the higher 
symmetric branches have destructively interferred with those 
of the first branch, resulting in a correct result with zero 
response before the arrival of the .P-wave. The sum of the 
contributions from the first 10 branches, a causal response, is 
shown in Fig. 9(b). The noncausal behavior for individual 
branches is also present at r = 10 cm but is much less 
pronounced there. The noncausual results, though initially 
surprising, cause no conceptual difficulties since a "branch" 
as discussed in Section 2 is not a concept fundamental to the 
plate response. It is impossible in principle to either excite or 
build a receiver receptive to only modes on a given branch. 
Similar results are reported in a treatment of elastic wave 
scattering (section 8.3, reference [4]). 

In Fig. 9(c) we also show the exact result based on the 
generalized ray theory [11]. Its agreement with the result of 
normal mode theory appears good except for frequency 
components of the order of a megahertz or higher, as ex
pected. 

8.4 Response at 80/J. The total surface response at r = 80 h 
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is calculated from a sum of 10 branches and is shown in Figs. 
10(a) and 10(b). The distance is in the "intermediate range" 
(20 h < r < 200 h), and some of the features of the group 
velocity analysis should be identifiable. The arrival times of 
Airy phases traveling at some of the maximal and minimal 
group velocities are marked in the figure. 

The early part of the displacement at z = +h of Fig. 10(a) 
is shown enlarged in Fig. 10(d). In both figures, the modes of 
(̂ i)max a nd {Si)mm are, however, not clearly present because 

the corresponding modal factors are nearly zero. The late 
arriving groups such as (S2)min, and the groups near the 
branch cutoff frequencies, such as the part responsible for the 
long time-scale ringing in Fig. 6(d), are somewhat masked in 
Fig. 10(a) by the large-amplitude, low-velocity, low-
frequency, simple flexural response of the first antisymmetric 
branch. The presence of the higher frequency late-arriving 
groups would be more apparent in the output of a transducer 
with poor low-frequency response. There the group arrivals 
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would be somewhat more obvious, as would the long time-
scale ringing, due predominently to the cutoff frequency 
domain of the second symmetric branch. 

Comparison of these results with experimental results is 
problematic. Presently available experimental responses at 
large distances and long times are complicated by the presence 
of an unknown transducer transfer function [27]. Thus the 
voltage output of a pizoelectric transducer should not be 
compared directly with the displacement curves given here. 
Nevertheless a comparison has been made and the differences 
reasonably explained by some unknown linear transducer 
transfer function. Further work along these lines is ongoing. 

9 Conclusion 

In this paper, we have applied the method of expansion in 
normal modes to the solution of transient excitation of a thick 
plate, first to a plate with finite radius, then to an unbounded 
plate. The method of normal modes is chosen instead of the 
usual method of integral transform because it treats a buried 
force or moving force as easily as a surface force. 

The final results for plate displacement are expressed as a 
series of integrals, each being integrated over the radial wave 
numbers of one branch of the Rayleigh-Lamb spectrum. 
These integrals are evaluated numerically up through the 
tenth branch. 

Numerical results for the surface response of a plate at 
10.42, 4, and 40 plate thickness from the source are shown in 
Figs. 8, 9(b), and 10, respectively, the source being a vertical 
force suddenly applied at the surface of the plate. Some 
features of these responses are interpreted in terms of a 
stationary phase analysis and the group velocities of Rayleigh-
Lamb waves in the plate. Within the very large present ex
perimental uncertainties, the result at 40 plate thickness is in 
agreement with the experimental measurement. The result at 4 
plate thicknesses agrees very well with the exact results derived 
from the theory of generalized ray. We conclude that the 
method of normal modes can be applied effectively to analyze 
transient progressive waves in a plate at intermediate and far 
range. 
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