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Abstract: This paper investigates the stability as well as communication properties of sampled-
data control and two event-triggered control schemes: deadband control and model-based event-
triggered control. After proposing a uniform representation, these schemes are compared by
deriving approximation error bounds with respect to the behavior of the continuous-time state-
feedback loop and by specifying lower bounds on the minimum inter-sampling times. The results
show that, under the conditions derived in this paper, the model-based approach guarantees the
best stability and communication properties which is also demonstrated by a numerical example.
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1. INTRODUCTION
1.1 Ewvent-triggered control

Traditionally, continuous controllers are implemented on
digital hardware by sampling continuous-time signals at
equidistant instants of time (sampled-data control). One of
the main reasons for applying this approach is a well estab-
lished theory for the analysis and the design of sampled-
data systems. However, to meet certain application re-
quirements, for example the reduction of computational
power, energy consumption or the information exchange
in networked control systems (Nair et al. [2007]), event-
triggered sampling has been investigated as a suitable
alternative to the time-driven paradigm. Event-triggered
control aims at adapting the communication among the
components of the feedback loop to the current needs.
By reducing the information exchange to the minimum
communication that is necessary to ensure the required
system performance, an overload of the digital communi-
cation network should be avoided.

In the literature, there are several approaches which show
that event-triggered control is able to significantly reduce
the computational and communication effort while only
slightly degrading the control performance, see e.g. Anta
and Tabuada [2010], Arzén [1999], Astrém and Bern-
hardsson [2002], Cervin and Henningsson [2008], Heemels
et al. [2008], Wang and Lemmon [2009]. Although the
basic idea of all these approaches is the same, namely,
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to sample a system only if certain event conditions are
satisfied, their implementations vary. However, as an event
usually forces a jump in certain continuous state vari-
ables, event-triggered control can be generally character-
ized as a hybrid, in particular, impulsive system (Lunze
and Lamnabhi-Lagarrigue [2009], Donkers and Heemels
[2010]).

This paper considers two different implementations which
have been published as deadband control and model-based
event-triggered control and compares these schemes with
sampled-data control by using a continuous-time control
loop as a common reference system.

Deadband control has been proposed by Otanez et al.
[2002]. Here, the event generating mechanism compares
the current plant state x(t) with the plant state x(tx)
sent over the network at the previous event time tj. A
communication is invoked, whenever the difference x(t) —
x(ty) reaches an event threshold é:

l(t) — ()] = e (1)

At the new event time ¢ := ¢ 1, the current measurement
x(t) is transmitted and a new deadband is established
around the value x(t). A similar scheme has been studied
by Donkers and Heemels [2010], where besides a deadband
for the output y(t), an additional deadband for the input
u(t) has been used.

Astrém [2008], Lunze and Lehmann [2010], and Garcia
and Antsaklis [2011] presented a model-based approach to
event-triggered control. In contrast to the previous scheme,
the event generator evaluates the current plant state a(t)
in comparison with the state xs(t) that a model of the
continuous-time state-feedback loop has according to

J(t) — as(1)]| = e (2)
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with ¢t := t;. Thus, an event does not indicate a large
evolution of the system variables but a large deviation of
the plant state from a desired reference behavior.

1.2 Contribution of this paper

In order to elaborate the relations between sampled-
data control and the two event-triggered control schemes
considered, this paper

(1) proposes a uniform representation of sampled-data
control (SDC), deadband control (DBC) and model-
based event-triggered control (MBETC), and

(2) uses this representation to derive and compare the
respective bounds on the approximation error with
respect to the behavior of the continuous-time state-
feedback loop and on the minimum inter-sampling
time (Theorems 1, 2, 3 and Corollary 4).

The paper is organized as follows. The uniform repre-
sentation is proposed in Sec. 2. Section 3 presents the
analytical results which are evaluated in Sec. 4 by means
of a numerical example.

1.8 Preliminaries
The plant is given by the linear state-space representation

x(t) = Ax(t) + Bu(t) + Ed(t), z(0) =z, (3)
where the state € IR"™ is assumed to be measurable. The
input is denoted by u € IR™ and the unknown disturbance
by d € IR!, which is assumed to be bounded according to

[d(®)]] < dmax,
where || - || is an arbitrary vector norm or the induced

matrix norm. With the state-feedback controller wu(t) =
—Kcrx(t), the continuous-time state-feedback loop

zor(t)=(A— BKcr) zor(t) + Ed(t), x(0) =xo(4)

A

results, where xcr(t) denotes the state of the continuous-
time control loop. If A is Hurwitz, the state xcr(t) is
bounded according to ||zcr(t)|| < ZeTmax With

TCTmax=Max HeAtH “|@ol| —I—/ HeATEH d7dmax- (5)
0
The discrete-time model of plant (3) subject to the distur-
bance d(t) = d(k) = d is given by
x(k+1)= Apx(k) + Bpu(k) + Epd(k), x(0)=xo
with tp = kT, Ty the fixed sampling period, and
Ts Ts
Ap=eAT By = [ eA%Bda, Ep= | ¢AYE da.
0 0
Applying controller u(k) = —Kprx(k), the closed-loop
system
:EDT(IC + 1) = (AD — BDKDT) :EDT(k) + EDd(k) (6)
~—_—
Ap
results (xpr(0) = o) with pr(k) denoting the state of
the discrete-time control loop.

In the following, it is assumed that K = Kcr = Kpr
holds and K is designed so that the continuous-time
control loop (4) is stable (A is Hurwitz) which likewise
holds for the discrete-time control loop (6). Moreover,
the continuous-time state-feedback loop (4) is used as a
reference system to evaluate the sampled-data and the
event-triggered control schemes and, therefore, should

have the desired disturbance attenuation properties.

2. UNIFORM REPRESENTATION FOR SYSTEMS
WITH SAMPLING

2.1 Structure

¢ d(t)

Plant

Event |
generator | .

Control input|©({
generator

Fig. 1. Uniform structure

In order to compare sampled-data control, deadband con-
trol and model-based event-triggered control, this section
firstly proposes a uniform representation for these three
schemes. The structure is depicted in Fig. 1 which consists
of the

e the plant,

e the event generator (EG) which invokes a sampling
event whenever certain event conditions (see e.g.
Egs. (1), (2)) are satisfied,

e and the control input generator (CIG) which pro-
duces the control input w(t) by means of a model
description of the controller function.

Ounly at event times (sampling times) ¢ (kK = 0,1,2,...)
determined by the event generator, the state information
x(ty) is sent from the event generator towards the control
input generator. This is indicated by the dashed lines
whereas the solid lines indicate continuous-time signals.

Second, the behavior of each scheme is described by an
impulsive system of the form
z(t) = Az(t) + Ed(t) if h(x,t) #0 (7)
z(t}) = Gz(ty) if h(x,t) =0. (8)
The flow equation (7) holds between the event times ¢, and
the jump equation (8) describes the state jumps which
occur whenever the event condition h(x,t) = 0, which
implicitly defines the event times ty, is satisfied. Here,
x(t}) is used to indicate the jump of the state z(t) by
defining the limit from above at event time ¢; according
to @(t)) = limgye, x(s).

2.2 Sampled-data control

Sampled-data control with periodic sampling is the tra-
ditional control implementation on digital hardware. It
generally consists of the plant, a sampler, a controller and
a zero-order hold. In order to meet the structural require-
ments shown in Fig. 1, the controller and the zero-order
hold have to be merged in the control input generator. The
components can be described as follows.
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Control input generator. Between two consecutive
sampling times (¢ € [tg, tr+1)), the control input generator
produces the control input w(t) by means of the following
controller model

2s(t) =0, () = =(t) (9)

u(t) = —Kas(t) (10)
with @ the state of the control input generator. At event
time ti, the state xs is updated with the current plant
state x(tx) which is communicated over the network by the
event generator. As the model state xs(t) is held constant
between two consecutive events, the control input w(t) is
constant as well.

Event generator. For periodic sampling, a clock invokes
a sampling whenever
t—tp =T (11)

holds (¢ > ). The time ¢, at which this happens, denotes
the new event time ¢;,. This is depicted in Fig. 2, where
the dashed line indicates the behavior of the model state
@s(t). The model state is updated at the sampling instants
tr (k=0,1,2,...) with the current state information ()
and is held constant between two consecutive sampling
times.

“ o(t)

a(t)

t t t3 ty ts t6

LT

Fig. 2. Periodic sampling

Behavior of sampled-data control. In the time in-
terval [tx, tx+1), plant (3) and control input generator (9),
(10) lead to the state-space model

() =(0 7o) (29)+ (8 aw

il:(tk) B (il:k )

xs () xr )’
where xj is used to denote the plant state x at event
time tg. Next, this behavior is used to get an impulsive

system description of the form (7), (8). By introducing
the difference state

 za) =2l =) (12)
and by applylr;gA t(}tl)e stite t;an_stormatf(r;)
(o) =(o 7)) o

the impulsive system model
(fbi((tt)) )- <g 3) (Z?(tt)) )+ (o o it —u 27

(14)
(2) (8 (2) -t

is obtained (k =0,1,2,...; t_1 := —T}) which holds for all
times t > 0.

2.3 Deadband control

Deadband control as proposed by Otanez et al. [2002]
uses the event condition (1) for invoking a communication
between the event generator and the control input genera-
tor. Moreover, it uses a zero-order hold for producing the
continuous-time input u(t) between two consecutive event
times which leads to the following system description.

Control input generator. Due to applying a zero-
order hold strategy, the control input generator can be
described by the same controller model (9), (10) as applied
by sampled-data control.

Event generator. Due to the fact that z(t) = xs(t)) =
xs(t) holds (Eq. (9)), event condition (1) can be rewritten:
l(t) — as(t)]| = €. (15)
The time ¢, at which this condition is satisfied, denotes the
new event time ¢;1;. Note that, in general, this sampling
does not occur equidistantly in time as shown in Fig. 3.
The corresponding deadbands, which depend on the state
information x(tx), are indicated by the grey regions.

ThA

a(t;)

TN

| Lol

t b bty Ul

4_ L
V-

Fig. 3. Deadband sampling

Behavior of deadband control. The deadband control
loop can be described by the impulsive system model

(5o )=<3 13)(2?((3 J+(o )10 ies0ire
(1)

<Zj((;§))> - (g ?) (£k>= if [|za(t)|| =€Vt =0,

where ty denotes the time instance of the initial event
(k=0).

2.4 Model-based event-triggered control

An alternative event-triggering scheme has been proposed
by Lunze and Lehmann [2010] which extends deadband
control by incorporating a more involved model in the
control input generator. The next paragraphs summarize
the components of this scheme.

Control input generator. The control input generator
produces the control input w(t) by means of a model of
the undisturbed continuous-time state-feedback loop (4)
according to

&s(t) = Azs(t), xs(t)) = z(ty)
w(t) = —Kz(t), tE€ [tr tirt)
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Event generator. The event generator determines the
event times t; (k = 1,2,3,...) by comparing the measured
state x(t) with the model state xs(t), see Eq. (2). However,
in contrast to deadband control, the model state xs(t)
refers to a desired system behavior (Eq. (17)) which
generally varies between two consecutive event times as
depicted in Fig. 4 by the dashed lines.

""" oL

Fig. 4. Model-based event-triggered sampling

Note that event condition (2) requires a continuous-time
access to the time-varying model state xs(t). In order not
to send this information continuously from the control
input generator to the event generator, the event generator
has to include a copy of model (17). This makes the scheme
computationally more demanding compared to deadband
control which simply stores the previous state information
x(tr) until the next event time.

Behavior of model-based event-triggered control.

In the time interval [tg,tx4+1), plant (3) and control input
generator (17), (18) result in the state-space model

(wsu:)):( )

By applying state transformation (13), this model leads to
the impulsive system of the form

(:bA(t)> <A O><wA(t))+<§)d(t), if [lza (t)]|6

x5 (t) O A xs(t)
( = ), if [|[za(t)]| =€Vito =0.

(zfs((tt)>> - (3 _iK> (2%) (o)
x(tr) @y,

Lk

)6

O1 L
In contrast to the previous schemes, the state xa(t) is
only affected by the exogenous disturbance d(t) and does
not depend on the model state x4(t) of the control input
generator.

2.5 Discussion

The previous investigation shows some remarkable analo-
gies of the control schemes considered:

(1) Deadband control can be seen as an event-triggered
realization of sampled-data control.

(2) Model-based event-triggered control extends dead-
band control by generating exponential inputs instead
of piecewise constant input signals.

The components of these schemes are summarized in
Tab. 1.

10

Table 1. Components of sampled-data control
and the event-triggered control schemes

Scheme CIG EG
S0c 1 Bas. (9), (10) =T
MBETC | Egs. (17), (1) | 12 =Ml =e¢

3. STABILITY AND COMMUNICATION
PROPERTIES

3.1 Comparison to the behavior of the continuous-time
control loop

The stability analysis is carried out in this section by com-
paring the behavior of sampled-data control, deadband
control and model-based event-triggered control with the
behavior of the continuous-time state-feedback loop (4).
The analysis exploits the fact that both the sampled-data
and the event-triggered control schemes can be described
by the state-space model

z(t) = Ax(t) — BKx4(t) + Ed(t),
(see Egs. (3), (10)), where the model state xs(t) is gen-
erated in different ways by the respective control input

generator (Tab. 1). Using relation (12), the model can be
rewritten as

z(0) =z

&(t) = Az(t) + BKza(t) + Ed(t), x(0) = xo. (19)
Hence, the difference
e(t) =x(t) — zcr(t)
between the state @(t) of control loop (19) and the state

xcor(t) of the continuous-time state-feedback loop (4) is
given by

e(t)=x(t) — cr(t) = Ae(t) + BKxa(t), e(0)=0.
Since A is assumed to be Hurwitz, the approximation error
e(t) is bounded according to

le(t)] = \ / Al =T) K, (r)dr

< [ |eABK] ar mpxestl - 0)
0

if the difference state xa(t) is bounded by

m?xH:BA(t)H < ZAmax- (21)

Consequently, as the continuous-time state-feedback loop
is assumed to be stable, a bounded approximation error
also implies the stability of the sampled control loops. In
the next sections, the upper bound xamax is derived for
the three schemes considered.

8.2 Sampled-data control

Theorem 1. Under the assumption ||Ap| < 1, the dif-
ference e(t) = x(t) — xcr(t) between the state x(t) of
the sampled-data control loop (3), (9)—(11) and the state
xcor(t) of the continuous-time state-feedback loop (4) is
bounded from above by

[e()]| < emax,SDC = TAmax -/0 HeATBKH dr  (22)
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with
Ty 4 -

s = [ AT a7 (ANt + [ Bldm) (23)
0

and
HED || Armax

w0 Tmax = max || Ap|[ - ol + T2

Proof. Assuming that || Ap|| < 1 holds, an upper bound
ZDTmax Of the state &(t;) can be determined by means of
the discrete-time evolution of pr (k) given by

k—1
|lepr (k)] = || Ahzo + > AL/ Epd

=0

< max [|Ap|| - 2o + > 1A || Ep | dinax
3=0

”EDH (gmax _
1—[lAp]
(Eq. (6)). Using this state bound, an upper bound on

max; ||xa(t)]] can be determined by considering the so-
lution of Eq. (14) leading to

:m]?XHAIBH : ||wOH + DTmax

max [[#a (t)|| = max

/ o Alt—7) (Az(ty,) + Ed(r)) dr

which can be overapproximated by Eq. (23). a

Note that the upper bound on the approximation error
depends implicitly on the disturbance d(t) and the sam-
pling period Ty since the bound xamax depends on these
variables. The theorem shows that the sampled-data con-
troller is capable of emulating the continuous-time state
feedback with arbitrary precision by accordingly choosing
the sampling period Ts.

3.3 Deadband control

Using deadband control, the state xa(t) is bounded ac-
cording to event condition (15):

H:EA(t)” < € = ZAmax-

However, in contrast to sampled-data control which op-

erates with a fixed inter-sampling time Ty (Eq. (11)), a
minimum inter-sampling time

Tmin - mkin {thrl - tk} = argmtin {H:EA(t)”

e}
has to be specified when dealing with event-triggered
control schemes.

Theorem 2. The deadband control loop (3), (9), (10), (15)
has the following properties:

e The difference e(t) = =(t) — xcr(t) between the
state x(t) of the deadband control loop and the state
zcor(t) of the continuous-time state-feedback loop (4)
is bounded from above by

le(t)]| < emax.pBC = é~/ |leA™BK|| ar. (25)
0

(24)

e The minimum inter-sampling time T, > Tope is
bounded from below by Tppc given by

11

(26)

t
A7 ar- : }
e dr=— .
{ /0 H | Al (zcTmaxtemax,DBC)+| E||dmax

Proof. The first property follows directly from Eq. (20)
and the fact that event condition (15) holds.

Topc = arg mtin

The second property results from the fact that the mini-
mum inter-sampling time is given by

t
/e At =7)(Ax(ty) + Ed(r))dr
tr
e A(t - 7-) H dT(HAH (Ichax‘i‘emax,DBC)'i_HEHdmax)

Thin=arg rntin {
(cf. Egs. (16), (24)). If the upper bound

[

>

t
e Al =) (Ax(t;) + Ed(r)) dr

tr

is set to €, with zcrmax given by Eq. (5), then the lower

bound Tppc < Tmin can be obtained by Eq. (26). |

This theorem shows that deadband control is likewise able
to mimic a continuous-time state feedback with arbitrary
precision. However, instead of the sampling period Tj, the
event threshold e has to be chosen accordingly.

Moreover, it shows how the communication depends on
the disturbance magnitude dy.x which contrasts with
sampled-data control, where the sampling frequency is
chosen with respect to the time constants of the plant.
Note that the bound Tphpc on the minimum inter-sampling
time can also be chosen arbitrarily by accordingly choosing
the event threshold e.

3.4 Model-based event-triggered control

Theorem 3. (Lunze and Lehmann [2010]) The model-
based event-triggered control loop (2), (3), (17), (18) has
the following properties:

e The difference e(t) = x(t) —xcr(t) between the state
x(t) of the model-based event-triggered control loop
and the state zcr(t) of the continuous-time state-
feedback loop (4) is bounded from above by

le()]l < emax,MBETC = é-/ HeATBKH dr. (27)
0

e The minimum inter-sampling time Ty, is bounded
from below by TyseTc given by
(28)

- ¢
TMBETC = argmtin {/ HeATH dr =
0

Interestingly, the approximation error bounds (25) and
(27) are identical. This shows that the approximation
guarantee epyax obtained by using event-triggered control is
not affected by the way of producing the control input w(t)
between two consecutive event times and only depends on
the event threshold e.

e

| E||dmax

However, the input generation affects the inter-sampling
times. Comparing bound (28) with bound (26), it can be
seen that deadband control always has a smaller bound
on the minimum inter-sampling time than model-based
event-triggered control.
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3.5 Summary

Corollary 4. The comparison of sampled-data control,
deadband control and model-based event-triggered control
brings about the following relations:

(1) Model-based event-triggered control is superior to
deadband control in terms of providing a larger bound
on the minimum inter-sampling time TyprTc >

Tppc while guaranteeing the same approximation
error bound.
bot

Whenever the condition
t
arg min {/ eATH dr =
¢ 0
is satisfied with -

7 A

h— / He TBKH dr,

0

model-based event-triggered control is superior to
sampled-data control as it provides a larger bound on
the minimum inter-sampling time T\ipgrc > Ts while
guaranteeing the same approximation error bound.

€max,SDC
h| El|dinax

(29)

Proof. The first property follows directly by comparing
Egs. (25), (27) with Egs. (26), (28).

The second property can be obtained by assuming that
the sampling time T5 and the event threshold € have been
chosen, so that emax,sDc = €max,MBETC holds. Inserting
Eq. (27) into relation (28) yields

€max,SDC }

T—argmin{/ He THdr:_i
t LJo h|| E||dmax

with A given by Eq. (29). As long as T > T} holds, model-
based event-triggered control guarantees a less frequent
communication while guaranteeing the same approxima-
tion error bound. This analysis can be simply adopted to

deadband control by replacing Eq. (28) by Eq. (26). O
4. NUMERICAL EXAMPLE
To illustrate the results, the stable scalar system
&(t) = —0.5x(t) + u(t) + d(t) (30)
is considered. With the controller u(t) = —1.5z(t), the
continuous-time state-feedback loop &cp(t) = —2zcr(t) +

d(t) results. The disturbance d(t) affecting system (30) is
assumed to be bounded according to |d(t)] < dmax = 1,
the sampling period Ty is set to Ty = 0.25 s and the
event-threshold € has been varied in order to adapt the
properties of the event-triggered control to the sampled-
data situation.

Consider first the sampled-data control loop (3), (9)—(11),
where Eqs. (22), (23) yield |e(t)] < emax,spc = 0.35.
Using event-triggered control, the same approximation
error bound results for the event threshold e = 0.47 (see
Egs. (25), (27)). However, the resulting minimum inter-
sampling times differ, i.e. Tppc = 0.18 s, TvBETC =
0.54 s. This shows that model-based event-triggered con-
trol has the same bound on the maximum approximation
error as sampled-data control while guaranteeing a larger
bound on the minimum-inter sampling time. In contrast,
deadband control might even cause more sampling events
compared to sampled-data control.

Similar results are obtained by considering the same
bounds on the minimum inter-sampling time, i.e. Ty =

12

Tosc = Tuperc = 0.25 s, which are obtained by us-
ing the event thresholds eppc = 0.72, émpeTc = 0.24.
The results are summarized in Tab. 2 which bring about
that, in this example, model-based event-triggered control
guarantees the best bounds on the approximation error
and the minimum inter-sampling time whereas the worst
guarantees are provided by deadband control.

Table 2. Approximation error bounds and min-
imum inter-sampling times

Sampling scheme & emax 1

SDC - 0.35 0.25 s
DBC 0.47 0.35 0.18 s
DBC 0.72 0.54 0.25 s
MBETC 0.47 0.35 0.54 s
MBETC 0.24 0.18 0.25 s

5. CONCLUSIONS

This paper was focussed on analyzing and comparing
sampled-data control, deadband control and model-based
event-triggered control. The analysis was carried out
by, firstly, proposing a uniform representation of these
schemes and by, secondly, deriving stability and com-
munication properties for each scheme. The results show
that model-based event-triggered control always provides
better guarantees than deadband control. This likewise
holds compared to sampled-data control as long as certain
conditions are satisfied.
REFERENCES

A. Anta and P. Tabuada. To sample or not to sample: Self-triggered
control for nonlinear systems. IEEE Transactions on Automatic
Control, 55(9):2030-2042, 2010.

K.-E. Arzén. A simple event-based PID controller. In Proc. of IFAC
World Congress, pages 423—428, Beijing, 1999.

K.J. Astréom. Event based control. In A. Astolfi and L. Marconi,
editors, Analysis and Design of Nonlinear Control Systems, pages
127-147. Springer Verlag Berlin, 2008.

K.J. Astrom and B. Bernhardsson. Comparison of Riemann and
Lebesgue sampling for first order stochastic systems. In Proc. of
IEEE Conf. on Decision and Control , Vol. 2, pages 2011-2016,
Las Vegas, 2002.

A. Cervin and T. Henningsson. Scheduling of event-triggered
controllers on a shared network. In Proc. of IEEE Conf. on
Decision and Control, pages 3601-3606, Cancun, 2008.

M.C.F. Donkers and W.P.M.H. Heemels. Output-based event-
triggered control with guaranteed Loo-gain and improved event-
triggering. In Proc. of IEEE Conf. on Decision and Control,
Atlanta, 2010.

E. Garcia and P.J. Antsaklis. Model-based event-triggered control
with time-varying network delays. In Proc. of IEEE Conf. on
Decision and Control, Orlando, 2011.

W.P.M.H. Heemels, J. Sandee, and P. van den Bosch. Analysis of

event-driven controllers for linear systems. Intern. J. of Control,

81(4):571-590, 2008.

Lunze and F. Lamnabhi-Lagarrigue. Handbook of Hybrid Systems

Control. Cambridge University Press, 2009.

Lunze and D. Lehmann. A state-feedback approach to event-based

control. Automatica, 46(1):211-215, 2010.

G.N. Nair, F. Fagnani, S. Zampieri, and R.J. Evans. Feedback control
under data rate constraints: an overview. Proceedings of the IEEE,
95(1):108-137, 2007.

P.G. Otanez, J.G. Moyne, and D.M. Tilbury. Using deadbands to
reduce communication in networked control systems. In Proc. of
American Control Conf., pages 3015-3020, Anchorage, 2002.

X. Wang and M.D. Lemmon. Self-triggered feedback control systems
with finite-gain Lo stability. IEEE Transactions on Automatic
Control, 54(3):452-467, 2009.

J.

J.



