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In this paper, the trajectory of bevel planetary gear trains has been studied. The

parametric equations of trajectory are derived. It is shown that the trajectory gen-
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erated by a tracer point on the planet of a bevel planetary gear train is analogous
to that of a spur planetary gear train. Two cases, gear ratio equal to one and two,
are presented in detail including the geometric description, plane of symmetry, extent
of trajectory, number of nodes (cusps) and their locations. The criteria for the

existence of cusps are verified algebraically, and interpreted from geometrical point

of view.

1 Introduction

In the theory of Kinematics of Mechanisms, trajectories
generated by planetary gear trains form an important family
of curves, known as Epitrochoids or Hypotrochoids, depend-
ing on whether the gearing is external or internal (Lawrence,
1972; and Hunt, 1978). If the tracer point is on the pitch circle
of the planet gear, the curves are called Epicycloids or Hy-
pocycloids. Knowledge of planar epicyclic curves dates back
to two thousand years ago, when ancient astronomer Hip-
parchos (180-125 B.C.) used epicycles to describe the paths of
planets. Throughout the history of science and technology,
these curves also found applications in mechanics, optics, ar-
chitecture, mechanisms, etc. (Brieskorn, 1986; Jensen, 1965;
Pollitt, 1960; and Spragg and Tesar, 1971).

In this paper, the geometry of trajectories generated by a
tracer point on the planet of bevel planetary gear trains is
studied. This study serves as a precursor to the workspace
analysis of a new class of gear-coupled, three DOF (Degrees
Of Freedom), four-jointed wrist mechanisms. Before further
discussion, it is helpful to review briefly the trajectories gen-
erated by a spur planetary gear train because of the analogy
between them.

Figure 1 shows a one-DOF spur planetary gear train, which
consists of three links, two turning pairs, and one gear pair.
The input link of the system is the carrier (link 2). The sun
gear is fixed to the ground (link 1), while the planet (link 3)
revolves around the sun gear as the carrier rotates. Let the
radii of the sun and planet gears be r; and r,, respectively.
Then, the length of the carrier, 5, is equal to r; + r,. Let the
distance from the tracer point to the center of the planet gear
be /; and let the initial position be as shown in Fig. 1 (zero
phase angle). Then the position of the tracer point can be
described by the following parametric equations:

X= 12C02+ lgC[(l + rs/rp)ﬁz]
V=550, + Ls[(1 +ry/r,)0,] )]
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Fig.1 The limacons trace by planar planetary gear trains (n = 1), where
I, = 0.7, 1, and 1.4 for tracer points a, b, and c, respectively

where 6, is the inclination of OO’ (link 2), and where ¢ denotes
the cosine function and s the sine function.

Let the radii of both gears be one, and the lengths of /; for
tracer points a, b, and ¢, be 0.7, 1.0, and 1.4, respectively.
Then the trajectory traced by point ¢, which lies outside the
pitch circle of the planet gear, has a node, while the trajectory
traced by point b, which lies on the pitch circle of the planet
gear, has a cusp, as shown in Fig. 1. The curve is called a
limacon when ry/r, = 1, and is called a cardioid when r,/1p
= ly/r, = 1. The geometric properties of limacons and car-
dioids can be found in McCarthy (1945), or Butchart (1945).
For other ratios of ry/r, and £/r,, see Lawrence (1972), for
the shape of curves.

2 Parametric Equations of the Trajectory

Figure 2 shows the schematic of a bevel planetary gear train.
The trajectory generated by a tracer point on the planet geat.
lies on a sphere centered about point O, the common apex of
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the pitch cones formed by the sun and planet gears. The link
coordinate systems are defined according to the D-H (Denavit-
Hartenberg, 1955) convention. The origin of each coordinate
system is located at the center O. However, they have been
sketched away from the center for the reason of clarity. The
(XYZ), coordinate system is fixed to the base link with the
:X,-axis pointing out of the paper and the Z;-axis pointing along
the first joint axis, We have chosen the stretched out, joint
axes coplanar configuration of the mechanism as the reference
position, and define all the positive X-axes to be pointing out
of the paper. The joint angle 6; is the angle measured from
X;_1 to X-axis about the positive Z;_-axis. The directions of
the Z-axes are chosen in such a way that twist angles, o, and
043, are less than = and greater than zero. The twist angle o; is
the angle measured from Z;_, to Z~axis about the positive X~
axis. Let o, and a, denote the cone angles of the sun gear and
planet gear, respectively, and let n = sin a,/sin o), be the gear
ratio, then,

612 6
where 9,-,~ is the magnitude of the angular velocity of link i
with respect to link j. In what follows, we shall use 6, to denote
f;,-1 for brevity.

Integrating Eq. (2), yields

03 =no,+0, &)

where 6; = 03, and 6, = 6, are the joint angles associated
with links 3 and 2, respectively, and 6, is a phase angle. For
the configuration shown in Fig. 2, the phase angle 0, is equal
to zero.

The position vector P of a tracer point P, located on the
Zs-axis and one unit length away from the origin as shown in
Fig. 2, can be expressed in (XYZ), frame as

@

c02 - S02C'O[2 S0250l2 5036‘013
P= S02 092C(X2 - C02S012 — C03SO£3
0 Soip Ccoly [&s 2

C0,50:503 + 5050030005003 + SOa505C03
= s02S03Sa3 - C02C03C(X25013 - C028a26a3 (4)
et C93S01250£3 + Ccanpcory

where 05 is re_lated to 8, by Eq. (3). The point P will trace a
curve as 6, varies from —« to =.

3 Effect of the Phase Angle
We shall discuss the effect of the phase angle 6, on the
trajectory of P, Let 6, = 0, then §; = nf,, and Eq. (4) becomes
cl,5(ndy)sa3 + s0,c (nhy) cazsas + shosopcos
88,5 (n0;)s03 — ¢ (n8,) cansay — chosaco 5)
—c(nby)sasas + concas

P=

Now suppose 6, # 0, then the new position vector P’ becomes

0,5 (10 + 6,,) 5003+ 50, (RO, + 0,) capsa + s850c05

80,5 (ny+ 0,)S013 ~ €0y (1 + 0, ) corpSats — chrSorcars
—c(nby+0,)s0503 + Cacon

P'=

©®

Replacing the parameter nf, in Eq. (6) by nf, — 6,, and 6, by
6, — 0,/n, yields,

03

Fig. 2 A bevel planetary gear train
c(0p,/n)  s(0,/n) O
P"=| —s(6,/n) c(8,/n) 0
0 0 1

cl,8 (ndy)sas + 50, (1) copson + s0x50aca3
X | §0,8(ny)sa3 — clyc(nby)copsa — chyscpco
—c(ndy)saysas + cancon

=R(—0,/n,2))P ®)

where R denotes a rotation matrix.

Equation (8) shows that adding a phase angle has the effect
of rotating the original vector and, hence, the trajectory about
Z,-axis an angle —0,/n. Note that the shape of the trajectory
is not changed under orthogonal transformation.

4 Geometry of the Trajectory, Gear Ration = 1

A geometric description of the parametric equations can help
us to visualize the trajectory of P. Since §, only affects the
orientation of the trajectory, we may assume 6, = 0 without
loss of generality. For n = 1, Eq. (5) reduces to

C02502SO£3(1 + COlz) + 50230126'013
(1 - 6'202)5013 — czﬁzcazsoq — C02Sozzcoz3 (9)
— O Saasas + concon

P=

4.1 Geometric Description. Eliminating 6, from the
second and third equations in Eq. (9), yields

B\ ks KB ks
2 =3 a4 =0
<z+2k,> o |77 ek K
where

ki=coy+1

(10)

ky= —2concon(l + cap) — cons’o

ky =S asas 7

k= Ponas(l + con) + o (Copcias — o)

Equation (10) represents a cylinder with a parabolic directrix

in the Y-Z plane and with its elements parallel to the X-axis.
The coefficient of y, (ki/k;), is always positive. Therefore,

§(ny)c (0, —0,/n)saz +c(nby)s (0, ~0,/n)cazsos + 5 (02— 0,/n)scaca;

P ” =
— c(nﬁz )Sa2SQ’3 + Caco

Equation (7) can also be written as:
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$(n6,)s(0,—6,/n)s03— ¢ (nby) (82~ 0,/n) cazsas — c (0, — 6,/n)sczcon @)

MARCH 1993, Vol. 115/ 165

Downloaded From: https://mechanicaldesign.asmedigitalcollection.asme.org on 06/29/2019 Terms of Use: http://www.asme.org/about-asme/terms-of-use



166
Downloaded From: https://mechanicaldedign.asmedigi

P Zmax 'Pymin z
|
!
|
I
Pxmip Xmax
i
X R
Y
Prode
Pzmin PYmin
Oy =m/2 and O3 =Tt/2
Fig. 3 Intersection of a parabolic cylinder and a unit sphere

the directrix parabola is convex to the positive Y-axis direction.

The z-coordinate of the apex is located at
_k
%= "0,

=%ca3(1+coz2) (11)
The sign of z, depends on a3. If 0 < o3 < 7/2, then the apex
is located above the X-Y plane; if 7/2 < a3 < 7, then it is
located below the X-Y plane. The y-coordinate of the apex,
which is also the maximum y-coordinate of the cylinder, is
given by

o1 — coz)

12
45(13 ( )

Ya=So3+
Summing the squares of the x, y, z components of Eq. (5),
yields x> + »* + 22 = 1. Hence, the trajectory of point P is
the intersection of the cylinder and a unit sphere. Figure 3
shows a typical parabolic cylinder and its intersection with a
unit sphere.

4.2 Extrema, Nodes, and Cusps. For the planar motion,
the geometry of epitrochoids has been described in several
aspects: axes of symmetry, extent of the curve, number of
node(s) or cusp(s) and their location(s), etc. Similar geometric
characteristics can also be used in the spherical motion. Since
elements of the cylinder (Fig. 3) are parallel to the X-axis, the
intersection of the cylinder with a unit sphere centered at origin
is symmetric with respect to the Y-Z plane. The extend of the
trajectory can be found by solving the extreme values of its x,
¥, and z coordinates.

Extrema of z

The extreme values of z can be found by equating the derivative
of the z-component in Eq. (9) to zero, i.e.

dz
— =S02SC¥25013 =0

db,

From the above equation and the second-order derivative of
z, we conclude that at 6, = 7 and 6, = 0, zreaches its maximum

(13)
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Zmax and minimum z.,,, respectively, as shown in Fig. 3. Sub.
stituting 6, = = into Eq. (9), yields

0
Pra= | S{ea—o3) (14)
c(op—o)
Substituting 6, = 0 into Eq. (9), yields
0
Pn=| —S(aat o) (15)
c(oy+oa3)

Note that the two vectors with extreme values of z lie on the
Y-Z plane, the plane of symmetry for the trajectory. Equations
(14) and (15) imply that, the angle \//z, measured from P, a0
P, .. in the clockwise direction, is given by

Yy =2(7— o) (16)
We note that the angle ¢, is a function of o, only, and ¢, =
x when oy = 7/2.
Extrema of x

The extreme values of x can be found by equating the first
derivative of the x-component in Eq. (9) to zero, i.e.

dx
2u06202+u1002—u0—0 17
d02
where uy = saz + capSas, and u; = sopcos.
The solutions of Eq. (17) are
o g =N ud+ 8ud ;
6,=cos | —————— (18)
4u0
There will be four extreme values of x, if
_ .2 2 ~
1 Swsl 19
41{0
1t can be shown that Eq. (19) is satisfied if
o a
fswst (200)
or
p=o3<T—Qp (20B)

Equation (20) is the condition for the trajectory to have four
extreme values of x. The position of P with extreme values of
x-coordinates can be obtained by substituting the solutions of:
6, from Eq. (18) into Eq. (9). However, they are no longer in.
a simple form. There are two pairs of P, and P, . when .
Eq. (20) is satisfied, and X, = — Xinax fOr each pair of extreme.
positions. The angle, y,, between P, and P, '

i 1S given by
ll/x= 2 sin” l(xmax) (21)

Points of intersection at the Y-Z plane

Equating the x-component in Eq. (9) to zero, we obtain the
points where the trajectory intersect the Y-Z plane:

80,[c0,505(1 + cay) + sopcas] =0
Hence,

,=0o0r w (224)

0,=cos ™| — —2E%
2= .S'Ol3(1 + Caz)
Equation (224) implies that the trajectory intersects the Y-Z

plane at least twice at the locations where the extreme values
of z occur. Equation (22b) yields two real solutions if

or

(22b)
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Fig. 4 Spherical limacons generated by bevel planetary gear trains (n
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X% Projection

-1

o 0
X-2 Projection Y-Z Projection

SoCay
—_—_ls - — < 2.
Sag(l + cay) ( 3
It can be shown that Eq. (23) is satisfied when
o o
?2 Sm=T— -2—2 24)

We note that Eq. (24) is identical to Eq. (20), which means
that whenever there exist four extreme values of x, the trajec-
tory intersects the plane of symmetry four times. When Eq.
(24) is satisfied, two additional points of intersection can be
found by substituting cos 8, from Eq. (22b) into Eq. (9). Since
the y and z components of P depend only on cos §,, we conclude
that the two additional points of intersection is a double point.
This means the trajectory intersects itself and the node lies on
the plane of symmetry as shown in Fig. 3. The coordinates of
the node are

0
Sty
Coy

2%

Proge =

which is function of o3 only.

Inequality (20) or (24) implies that whenever the twist angle
oy is greater than the cone angle of the planet gear (o, = o
= ®,/2) and less than its supplement, the locus of point P will

[ | T T
1 - = -
ol X_| ol Y| 0(2:71-/2
0(3:7T/4
. 4 . i 4
| 1 | 1 | . | L I L I
' %2 Projection (e) 1y projction
| T I T ] : T T T i
= = 1B .
ol X_] ol y_| 0(2:7T/2
0(3:71’/5
. . i .
1 A | L I | L t L i
T k2 projectton (f) T vez Projection |
T T T T T i ! T l
il 1 L i
ol x_| ol Y_| 0(2:27T/3
0(3:27T/3
-1 — -1 -
| L 1 L | s | L L

o 0
X-Z Projection Y-Z Projection

(Continued)

intersect itself similar to the spur planetary gear train shown
in Fig. 1. The equal sign results in a critical case where the
node degenerates into a cusp. Therefore, the location of the
cusp can also be expressed by Eq. (25). we have shown that
the criterion for the existence of a cusp is similar to the planar
case: the tracer point lies on the pitch cone of the planet gear
or its mirror image about the origin.

Extrema of y

The extreme values of y can be found by equating the first
derivative of the y-component in Eq. (9) to zero, i.e.

d
G _ 0,12¢0,505(1 + coty) + scrycors] = 0

26
@, (26)
Hence,
6,=0or (27a)
or
_ SoiaCols
0= "o 27b
2708 ( 2.S‘a3(1+ca2)> @70)

Equation (27a) implies that two extreme values of y occur at
the same locations where the extreme values of z occur, and
they are given by Eqgs. (14) and (15), respectively. If the 6,’s
derived from Eq. (27b) are real, then two additional points
for extreme values of y exist. It can be shown that the y and
z-coordinates of these two extreme points are given by Egs.

*(12) and (11), respectively. Since the y and z components of

P in Eq. (9) depend only on cos 6,, the two extreme points
have the same y and z coordinates, but different values of x.

Typical trajectories

Figure 4 shows some trajectories generated from a few typical
bevel planetary gear trains. The shape of trajectory depends
on the twist angles, a; and «3. Generally, o defines the max-
imum range in the latitudinal direction of trajectory, while o5
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defines the position of the node (or cusp). When o« = «/2,
the angle ¥, between P, and P, . is equal to 7; when o3 =
w/2, the trajectory is symmetric about the X-Y plane. The
trajectory has a Fig. 8 shape if both sides of inequality in Eq.
(24) are satisfied as shown in Figs. 4(¢)-4(d). They are anal-
ogous to planar curves generated by a spur planetary gear train
(Fig. 1), which are called limacons. A limacon is defined as
the curve which has the form of r = ¢ — bsinforr = a —
b cos 6, where r and 6 are the parameters in polar coordinate
system, and a and b are two constants. In the spherical motion,
the third equation in Eq. (9) resembles the above relation. We
shall name the trajectories traced by a tracer point on a bevel
planetary gear train as spherical limacons. In summary, there
are three types of spherical limacons: (i} when the twist angles
do not satisfy Eq. (24), the trajectories become simply-con-
nected curves; (i) when one of the equality-sign in Eq. (24)
is satisfied, the trajectory has a cusp; (Jif) when the inequality
in Eq. (24) is satisfied, the trajectory has a node. Figures 4(e)
and (g) show two critical cases where the trajectories change
to spherical cardioids, while Fig. 4(f) shows an example for
which the left-hand-side of Eq. (24) is not satisfied.

5 Geometry of the Trajectory, Gear Ration = 2
For n = 2, Eq. (5) reduces to
56,[2(1 — 570)sc3(1 + co) +5 (03— 043)]
cB,[2(1 — *0;)sa3(1 + cay) — 5 (tr + @3)]
— € (20;) SosS0i3 + Ccancar

Note that cos(26,) = 2 cos> 8, — 1 = 1 — 2 sin’ 6.

P= (28)

5.1 Geometric Description. Eliminating 6, from the sec-
ond and third equations in Eq. (28), yields

+
V= -2—{ [Sots — Saacouy — so3(1 + corp) a2

and eliminating 6, from the first and third equations, yields

29

X =]T§ [sc3 + Saacor + scs(1 + cay) £ (30)
where ¢ = (copcas — T)/saxsa;.

Equations (29) represents a cylinder with a cubic directrix
in the Y-Z plane. Similarly, Eq. (30) also represents a cylinder
with a cubic directrix in the X-Z plane. The cubic curve is
called Tschirnhausen’s Cubic or I’Hospital’s Cubic. Hence,
we may consider the trajectory as the intersection of a cubic
cylinder and a unit sphere. From the two equations, it can be
concluded that the curve has two planes of symmetry, the X-
Z plane and the Y-Z plane.

5.2 Extrema, Nodes, and Cusps
Extrema of z

When the gear ratio is equal to two, the stationary condition
for z coordinate is

dz
— =28(20,)Scess0i3 =0 31
&, (20,)s0028013 (31
Considering the second-order derivative of z, we conclude that,
when 6, = —=/2 and 6, = /2, z reaches its maximum, Zyay.
Substituting them into Eq. (28), we obtain, for 8, = —7/2,
—5(0p— o)
Pooo™ 0 32)
c(op—a3)
and for 0, = ©/2,
s(op— o)
P, = 0 (33)
c(op— o) :
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Substituting 8, = 0 into Eq. (28), we obtain the minimum of
z
0
—s{ay+as)
C ( o+ 0[3)

Tmin (34)
and for 6, = 7

0
S(Ol2+013)
‘c(opt+oa3)

P

~ Zmin = (35)
Note that the two vectors with maximal values of z lie on the
X-Z plane, and are symmetric with respect to the Y-Z plane;
while the two vectors with minimal values of z lie on the Y.z
plane, and are symmetric with respect to the X-Z plane.

Extrema of y
The stationary condition for y coordinate is found by letting

d ‘
a@)i=502[—652025a3(1 +cay) + dsas(1
2

+CO[2)+S(O(2+OZ3)]=0 (36)
The vectors with extreme values of y can be found by substi-
tuting the solutions of Eq. (36) into (28). There are at least
two and at most six solutions to Eq. (36). When 6, = 0 (or 8,
= 7), the curve reaches its minimal (or maximal) value of y,

Four additional solutions exist only if

g N ( o+ 013)
3 6s0i3(1 + cary) -
Equation (37) can be simplified as

o< s (o +o043) <

2sa3(1 + cay)

Points of intersection at planes of symmetry
(/) The X-Z plane

The points of intersection at the X-Z plane can be obtained
by equating the y component of Eq. (28) to zero, i.e.,

c0,[25%0,505(1 + Corn) — 8 (cp + 03)1=0
Hence,

0= —m/2 or /2 (39a)

or

1
. s(og+a3) \;3
§=sin"!| x| —=——|2 39b
2 l’ <2sa3(1 +ca2)> } (390)
Equation (39«) implies that the trajectory intersects the X-Z
plane at least twice at the locations where the maximal values
of z occur. Equation (39b) yields four real solutions if

s(cn+ o)
~2SO£3(1 +coy)

Since the denominator in Eq. (40) is always positive, the left-
hand-side of Eq. (40) is satisfied when

A3=T— 0y

(40)

41)

Substituting the relationship o, = o + o, into the right-hand-
side of Eq. (40) and after simplification, we obtain
S0+ ap—az) <.
Soy

Comparing it with

sin oy

sin o,
we conclude that the right equality sign of Eq. (40) is satisfied
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Trajectories generated by bevel planetary gear trains (n = 2)

o 0
X-Z Projection Y-Z Projection

when o3 = ap,. For a given oy, the function in Eq. (40) is a
monotonically decreasing function of a3 within the interval of
0 < a3 < =#. Hence, it follows that

42

satisfies the right-hand-side of Eq. (40). Combining Egs. (41)
and (42), we obtain

a3 =0

“3)

When Eq. (43) is satisfied, four additional points of intersec-
tion can be found by substituting sin 6, from Eq. (39b) into
(28). Since the x and z components of P depend only on sin
6,, we conclude that the four additional points of intersection
are two double points (nodes). When the equal sign in Eq.
(43) holds, the two nodes become two cusps.

Since Eq. (40) is a subset of Eq. (38), we can conclude that
Eq. (43) also satisfy Eq. (38). Thus, when the trajectory in-
tersects the X-Z plane six times, it has six extreme values of
y.

(ii) The Y-Z plane

The points of intersection at the Y-Z plane can be obtained
by equating the x component of Eq. (28) to zero, i.e.,

$02[2¢%0,505(1 + cory) + 5 (0 — 03)] =0

Oy <03ST— 0

Hence,

6,=0o0r 7 (44a)
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(Continued)

1
- slas—ay) \3
6,=cos™! — % )2 44b
2708 [* <2.S‘oz3(1+ca2)> } (440)
Equation (44a) implies that the trajectory intersects the Y-Z
plane at least twice at the locations where the minimal values
of z occur. Equation (44b) yields four real solutions if
0<-2 (a3 — o) <
2.5'0[3(1 + CC\CZ)
The right-hand-side of Eq. (45) can be simplified as
_ s(as+ap+a3)<
Soty -

@é3)

2.

Comparing it with
i
.1n % _,
sin o
we conclude that the right equality sign of Eq. (45) is satisfied
when a3 = m — «,. For a given o, the function in Eq. (45)

is a monotonically increasing function of a; within the interval
of 0 < a3 < w. Hence, it follows that

(X3S7l’—(¥p

satisfies the right-hand-side of Eq. (45). Hence, we can con-
clude that Eq. (45) will be satisfied if and only if
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(46)

Since the y and z components of P depend only on cos 8,, we
conclude that the four additional points of intersection are
two double points (nodes).

MEa3ET— 0y

Typical trajectories

Figure 5 shows some trajectories generated by bevel planetary
gear trains having gear ratio equal to two. The curves are
symmetric with respect to the X-Z and Y-Z planes. It should
be noted that, given an «y, the cone angle of the planet gear

is given by
Sou
op=tan" ! 2 .
coy+2

Except for Fig. 5(c), all the other figures satisfy Eqgs. (43) and/
or (46). In Fig. 5(b), o3 = «, the curve has two cusps; and
in Fig. 5(e), a3 = ™ — a, the curve also has two cusps. These
curves are called spherical nephroids. Note that when Eq. (43)
is satisfied, there will be a node or cusp on the Y-Z projection.
Similarly, when Eq. (46) is satisfied, there will be a node or
cusp on the X-Z projection. Table 1 shows the number of
nodes and cusps of the trajectories shown in Fig. 5, and their
relationship with Eqgs. (43) and (46). It is concluded that, Eq.
(43) or (46) should be satisfied for the existence of any nodes
or cusps.

6 Instantaneous Screw Axis

For a bevel planetary gear train (Fig. 2), given §,, the angular
velocity of link 3 with respect to the base link can be expressed
in the (XYZ), coordinate system as:

Yoy= 0,2, + 6,2,
= 0,(Z, +nZy)
nsfysory
— nclyson
1+ ncoy)

The magnitude of ', is equal to 92\/ 1+n?+2ncay, and its

direction is along the line of (Z; + nZ,). Hence, the line passing
through the origin and pointing in the direction of (Z, + nZ,)
is the instantaneous screw axis for the motion of link 3 with
respect to link 1. As #, varies from 0 to 2=, the locus of the
instantaneous screw axis form a screw cone with its vertex
located at the origin. Similarly, the angular velocity vector of
link 3 with respect to link 1 can also be expressed in the moving
coordinate system (XYZ), as:

= éz (470)

0
S0y
con+n

2

w3= 0, 47b)

Equation (47b) implies that the instantaneous screw axis is
fixed in the Y-Z plane of the carrier. Hence, it revolves around
the fixed Z,-axis as the carrier rotates about the first joint axis.

7 Summary

This paper discusses the trajectories of bevel planetary gear
trains. Parametric equations for the trajectory are derived us-
ing 3 X 3 rotation matrix. We have shown that the trajectory
generated by a tracer point on the planet of a bevel planetary
gear train is analogous to that of a spur-gear train. When the
gear ratio is equal to one, the trajectory is called spherical
limacon or spherical cardioid depending on whether the tracer
point lies on the outside or on the pitch cone of the planet
gear. When the gear ratio is equal to two and the tracer point
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Table1 The number of nodes or cusps and their relationship with Eqg,
(43) and (46)

Nodes | Cusps | ap < e <7 —az | ap < @3 < T — o
Fig. 5(a) | 2 0 )
Fig. 5(b) 0 2 az = ap
Fig. 5(c) Q 0
Fig. 5(d) 2 0 a3z =T -0 a3 =
Fig. 5(e) 0 2 =T |
Fig. 5(f) | 4 0 v Vi
Fig. 5(g) 3 0 a3 =T — o v
Fig. 5(h) | 2 0 N

lies on the pitch cone of the planet gear, the curve is a spherica]l
nephroid.
The geometric properties of these trajectories are investi-
gated, including the planes of symmetry, extent of curves;
number of nodes (cusps), and their locations. We have also
shown that the criterion for existence of cusps can be inter-
preted geometrically as the tracer point being on the pitch cone
of the planet gear or its image cone. From a geometric point
of view, the spherical limacon can be interpreted as the inter-
section of a parabolic cylinder and a unit sphere; and the
spherical nephroid can be interpreted as the intersection of
Tschirnhausen’s cylinder and a unit sphere.
This study is useful for a better understanding on the working
space and singular points of gear-coupled robotic mechanisms, |
The results has been applied to the study of orientational work:
space of three-DOF, four-jointed spherical wrist mechanisms
(Lin and Tsai, 1991). It has been shown that the location of
nodes and cups, plane of symmetry, cone angle, etc. have a
dominate effect on the workspace of such gear coupled robotic |
mechanisms.
It is also anticipated that this study can be helpful in the
development of spherical kinematics. -
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