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ABSTRACT
Modern applications in robotics such as teleoperations an

haptics require high performance force actuators. Pneuma
actuators have significant advantages over electrical motors
terms of force-to-mass ratio. However, position and force contr
of these actuators in applications that require high bandwidth
not trivial because of the compressibility of air and highly non
linear flow through pneumatic system components. In this p
per, we develop a detailed model of a pneumatic actuator syste
comprised of a double acting cylinder and a proportional serv
valve to be used in position, force or hybrid position and forc
control.

NOMENCLATURE
R Ideal gas constant
Cv Specific heat at constant volume
Cp Specific heat at constant pressure
k Specific heat ratio
P Pressure of gas
V Volume of gas
ρ Density of gas
T Temperature of gas
ṁ Mass flow rate
rresponding author.
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ṁen Mass flow rate entering to the controlled volume of gas
ṁex Mass flow rate exiting from the controlled volume of gas
Q̇ Heat transfer rate to the controlled volume of gas
hen Enthalpy of the gas entering to the controlled volume of g
hex Enthalpy of the gas exiting from the controlled volume o

gas
ven Velocity of the gas entering to the controlled volume of ga
vex Velocity of the gas exiting from the controlled volume o

gas
E Total energy of the controlled volume of gas
U Internal energy of control volume of gas
W Work delivered by the controlled volume of gas to the env

ronment
Pca,Pcb Static pressure of chamber A and chamber B of t

cylinder
Aa,Ab Effective area of piston at chamber A and B of the cylin

der
Ta,Tb Static temperature of chamber A and chamber B of t

cylinder
Pa Pressure of the ambient air
Pu Upstream static pressure
Pd Downstream static pressure
Ps Pressure in the reservoir tank
Ts Temperature in the reservoir tank
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INTRODUCTION
Modern existing and emerging new applications in robot

ics require high performance force actuators or hybrid force an
position actuators with high force output per unit weight. Com
pared to traditional geared electrical motors and hydraulic actu
tors, pneumatic actuators have several advantages [1] in these
plications beside their being low cost and clean-operation. Pne
matic actuators can also provide static high force output for
long duration without additional cooling systems as in the cas
of direct drive electrical motors.

However, position and force control of these actuators i
applications that require high bandwidth is difficult because o
the compressibility of air and the highly nonlinear flow through
pneumatic system components. Due to these difficulties, ea
use of pneumatic actuators had been limited to simple applic
tions that require only positioning at the two ends of the pis
ton stroke. With the increasingly in-depth understanding of th
thermodynamics and flow characteristics [2], linear position con
trollers have been developed [3, 4] around the operating point
the mid-stroke. More recently, nonlinear control laws for force
control have been developed using feedback linearization tec
niques [5,6], or Lyapunov stability arguments [7].

To study the control aspects of pneumatic actuators for a
plications in precision position control, force control and hybrid
position and force control, we developed a simple pneumat
testbed that consists of a double acting cylinder with rods an
proportional servo valve connected by tubes. In this paper, w
derive a detailed model of the pneumatic actuator system.

BACKGROUND
In this section, we briefly introduce some background

knowledge on basic pneumatics, mainly on the dynamics of
controlled volume of gas and on the steady flow of an ideal ga
through a cross section.

Dynamics of a Controlled Volume of Gas
Consider a controlled volume of gas which is charged from

a reservoir and discharged to an ambient air. We assume that
gas is perfect, and the pressure and temperature of the contro
volume are homogeneous.

For a controlled volume of gas, the energy equation from th
first law of thermodynamics can be written as

Q̇+ ṁen

(
hen+

v2
en

2

)
− ṁex

(
hex+

v2
ex

2

)
= Ė +Ẇ. (1)

The gas entering to the chamber comes from a reservoir. Sin
the gas in the reservoir has zero velocity, its enthalpy is repr
2
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sented by the stagnation enthalpyh0,

hen+
v2

en

2
= h0 = CpT0, (2)

whereT0 is the temperature of the gas in the reservoir. Similarl
since the velocity of the gas of the controlled volume is ver
small compared to the exiting velocityvex, the enthalpy of the
exiting gas is represented by that of the controlled volume,

hex+
v2

ex

2
= h = CpT., (3)

whereT is the temperature of the controlled volume.
The total energy of the gas consists of three components:

kinetic energy, the potential energy and the internal energy. T
rate of change in kinetic and potential energies of the controlle
volume are assumed small in comparison to the rate of change
the corresponding internal energy and are therefore ignored. F
an ideal gas, the internal energy is given by

U = CvρVT. (4)

Using the ideal gas law,

P = ρRT, (5)

the internal energy can be rewritten as

U =
(

Cv

R

)
PV. (6)

So, the rate of change of the total energy of the control volume

Ė = U̇ =
Cv

R
d
dt

(PV) =
Cv

R
(ṖV +PV̇). (7)

The rate of the work done by the controlled volume of ga
to the environment is

Ẇ = PV̇. (8)

By substituting Eqs. (2), (3), (7) and (8) into Eq. (1), we hav

Q̇+Cp(ṁenT0− ṁexT) =
Cv

R
ṖV +

(
Cv

R
+1

)
PV̇. (9)
Copyright c© 2004 by ASME
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From the relationships among the three constants,Cv, Cp andR,

Cp = Cv +R, and

k =
Cp

Cv
,

(10)

we have

Cv

R
=

1
k−1

, and

Cp =
k

k−1
R.

(11)

By substituting Eq. (11) into Eq. (9), the energy equation can a
ternatively be expressed as

Q̇+
k

k−1
R(ṁenT0− ṁexT) =

1
k−1

ṖV +
k

k−1
PV̇. (12)

Eq. (12) states how the pressure of the controlled volume of g
varies as a function of the entering and exiting flow rates which
in practical pneumatic systems, are usually regulated by the ser
valves.

As in Richer and Hurmuzlu [1], we take into account differ-
ent thermal characteristics of charging and discharging process
of the controlled volume. It is experimentally found [8] that the
temperature of the controlled volume lays between the theore
ical adiabatic and isothermal curves. When, the controlled vo
ume is being charged, the temperature is closer to the adiaba
curve; and when the controlled volume is being discharged, th
process is closer to the isothermal situation.

If the process is considered to be adiabatic, i.e.,Q̇ = 0, then
from Eq. (12), the rate of change of the pressure is

Ṗ =
RT
V

(kṁen
T0

T
−kṁex)−k

P
V

V̇. (13)

If the process is considered to be isothermal, i.e.,T = T0 =
constant, the rate of change of the total energy is

Ė = U̇ = CvṁT = Cv(ṁen− ṁex)T. (14)

Then from Eqs. (7) and (14), we have

Ṗ =
RT
V

(ṁen− ṁex)− P
V

V̇. (15)

By comparing Eqs. (13) and (15), the dynamics of the con
trolled volume can be described as

Ṗ =
RT
V

(kenṁen−kexṁex)−kw
P
V

V̇, (16)
3
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Figure 1. Flow passage

whereken∈ [1, kT0
T ], kex∈ [1,k] andkw ∈ [1,k], depending on the

actual heat transfer characteristics during the process.

Steady Flow of an Ideal Gas
Consider a compressible fluid passing through a duct

shown in Fig. 1. At some sectionA12 where the velocity is uni-
form across the section and the static pressure isP2, the flow rate
of the fluid is given by

ṁ= ρ2A12v2, (17)

whereρ2 is the static density,A12 is the area of the cross section
andv2 is the velocity.

In this study, we define the total pressure as the pressure
the local isentropic stagnation state. This is the hypothetical sta
reached at any point in a flowing gas by isentropically slowin
the gas to zero velocity. Then, the total pressure is given by [9

P1

P2
=

(
1− k−1

2kRT1
v2

2

) k
1−k

, (18)

whereP1 andT1 are the total pressure and temperature. The ise
tropic process relatingP1 andP2 determines the relationship be-
tween density and pressure as

ρ2

ρ1
=

(
P2

P1

) 1
k

, (19)

and the relationship between temperature and pressure as

T2

T1
=

(
P2

P1

) k−1
k

. (20)

From the ideal gas law given by Eq. (5) and the relationsh
between density and pressure given by Eq. (19), we have

ρ2 =
P1

RT1

(
P2

P1

) 1
k

. (21)
Copyright c© 2004 by ASME
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Figure 2. Flow rate as a function of pressure ratio

From Eq. (18), the local velocity can be obtained as

v2 =

√√√√2kRT1
k−1

[
1−

(
P2

P1

) k−1
k

]
. (22)

Then, from Eqs. (17), (21) and (22), the flow rate can be rewri
ten as

ṁ=
A12P1√

T1

√√√√ 2k
(k−1)R

[(
P2

P1

) 2
k

−
(

P2

P1

) k+1
k

]
. (23)

Equation (23) is strictly valid at any point in a flowing gas. It
shows that if the total pressure and temperature and the cro
section area are constants, the flow rate is a function of the ra
of the static pressure to the total pressure,P2

P1
, as shown in Fig. 2.

The critical pressure ratio,Pcr, at which the maximum flow
rate is achieved can be obtained by setting the derivative of E
(23) equal to zero. It is

Pcr =
(

2
k+1

) k
k−1

, (24)

and the maximum flow rate at this critical pressure ratio is

ṁmax=
A12P1√

T1

√√√√ k
R

(
2

k+1

) k+1
k−1

. (25)

MODELING
The basic components of a typical pneumatic actuator co

sists of chambers, servo valves, connecting tubes and necess
sensors to measure position, chamber pressure and force.
study the control aspects of pneumatic actuators for applicatio
4
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Figure 3. Schematic diagram of a pneumatic actuator system for posi-

tion and/or force control

in precision position control, force control and hybrid positio
and force control, we developed a simple pneumatic testbed.
schematic diagram of the system is as shown in Fig. 3. The s
tems consists of one double acting pneumatic actuator, one 5
3 way proportional servo valve, two tubes connecting each cha
ber of the actuator to the valve, two pressure sensors to mea
the chamber pressure and one range sensor to measure the
tion of the piston. For the force control applications, there w
be additional force sensors installed.

Actuator
For the double acting pneumatic actuator, the piston a

rod carry external weight for positioning and they bear extern
forces coming from the interaction with the environment. T
force that moves the piston-rod-load and that counteracts the
ternal forces are produced by the regulation of the pressure
the two chambers of the cylinder. The dynamics of the press
of each chamber is governed by Eq. (16). The the origin of
piston displacement,xp, be at the mid stroke of the piston. Then

Ṗca =
RTa

Va
(ken1ṁen1−kex1ṁex1)−kw1

Pca

Va
V̇a

=
RTa

Va0 +Aa(L
2 +xp)

(ken1ṁen1−kex1ṁex1)

−kw1
Pca

Va0 +Aa(L
2 +xp)

Aaẋp

(26)

is the equation for the dynamics of the pressure for chambe
whereVa0 is the inactive volume at the end of stroke of chamb
A and admission ports, andL is the piston stroke. The equatio
Copyright c© 2004 by ASME
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Figure 4. Schematic diagram of piston-rod-load assembly

for the dynamics of the pressure of chamber B is

Ṗcb =
RTb

Vb
(ken2ṁen2−kex2ṁex2)−kw2

Pcb

Vb
V̇b

=
RTb

Vb0 +Ab(L
2 −xp)

(ken2ṁen2−kex2ṁex2)

+kw2
Pcb

Vb0 +Ab(L
2 −xp)

Abẋp

(27)

whereVb0 is the inactive volume at the end of stroke of chambe
B and admission ports.

When chamber A is being charged, chamber B is being d
charged. Therefore,̇men1 > 0, ṁex1 = 0, ṁen2 = 0 andṁex2 > 0.
Similarly, when chamber B is being charged, chamber A is b
ing discharged. Therefore,̇men1 = 0, ṁex1 > 0, ṁen2 > 0 and
ṁex2 = 0.

Figure 4 shows the schematic diagram of the piston-rod-lo
system. The equations of motion for the piston-rod-load asse
bly can be obtained from the Newton’s Second law as

(M +ML)ẍp +bpẋp +Ff p +FL = PcaAa−PcbAb−PaAr (28)

whereM is the mass for of the piston and rod,ML is the mass of
the external load,bp andFf p are the viscous damping coefficient
and the Coulomb friction between the piston and the cylind
wall, FL is the external force acting on the piston,Pa is the ambi-
ent air pressure andAr is the cross section area of the rod.

Flow Through an Orifice
The geometry of an orifice affects the flow rate through it i

a very complicated way since it directly influences the characte
istics of the flow process. The flow rate equation (23) is strictl
correct provided that the total pressure, total temperature a
static pressure are known at some area in the restriction acr
which the velocity is constant. However, none of these quantiti
are practically measurable. In practices, we would like to rela
the flow rate through a nozzle, an orifice or a valve to upstrea
and downstream states such as pressure and temperature.

For a valve charging a chamber from a reservoir, the flo
process from a point in the reservoir tank to the exit of th
5
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valve may be considered isentropic if the orifice area decrea
monotonically. In this case, since there is no energy lost, t
total pressure and temperature at the exit section equal the t
pressure and temperature in the tank. Furthermore, if the tan
large enough for the velocity approaching the valve to be sma
the static pressure in the tank is virtually the same as the to
pressure. Then, the upstream (tank) static pressure,Pu, can be
taken as the total pressure at the exit section,P1 in Eq. (23).

It is not usually convenient to measure static pressure at
exit section of the orifice. If the orifice discharges to the a
mosphere, the exit static pressure will be equal to atmosphe
pressure provided that this is not lower than the critical pressu
corresponding to the total pressure in the tank. If the ambie
pressure is less than the critical pressure, the pressure at the
(presumed to be the minimum nozzle area) will be exactly cri
cal and the gas will continue to expand after it leaves the nozz
This is calledsonicor chokedcondition. Thus the curve of nozzle
flow vs. pressure ratio will follow the dashed line in Fig. 2.

If the nozzle is in a line, the static pressure at the throat w
not necessarily equal down stream static pressure. The reaso
simply that as the gas slows down after leaving the nozzle, so
of the kinetic energy is usually converted into pressure. The p
centage of recovery of the dynamic pressure at the throat depe
on the geometric design of the exit section of the nozzle. Us
ally if the downstream area increases abruptly at the exit secti
it can be assumed that all of the dynamic pressure is lost in
expansion process. If the orifice has abrupt area change at the
trance section, the flow separates from the orifice wall and form
its own nozzle after passing into or through the inlet section. T
minimum-area cross section area is thought of as the effect
area of the orifice.

To make the problem mathematically tractable for controlle
designs, we make the following assumptions for the flow throu
a valve.

Assumption 1. The P1 in Eq. (23) is equal to the upstream
static pressure if the approaching gas velocity is small.

Assumption 2. The T1 in Eq. (23) is equal to the upstream
static or total temperature,Tu, since the difference between them
is even less than the difference between static and total pressu

Assumption 3. TheP2 in Eq. (23) equal the downstream static
pressure,Pd, if recovery is negligible.

Assumption 4. TheA12 in Eq. (23) equal to the effective area
rather than the geometric or physical minimum orifice area. W
represent the effective area byCf A12 whereCf is called a dis-
charge coefficient.

Assumption 5. The correction term for the mass flow rate du
to the reduction of the average velocity at the exit than the ise
tropic value is lumped with the discharge coefficient,Cf .
Copyright c© 2004 by ASME
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Assuming that all the provisions of the assumptions 1-
holds, in the following we takeP1 = Pu andP2 = Pd. We also
assume that the gas is adiabatic everywhere in the valve and
flow is isentropic everywhere except across normal shock wav

During charging and discharging process, the pressure dr
across the valve orifice is usually large and the flow has to b
treated as compressible and turbulent; and the flow characte
tics changes dramatically depends on the ratio of the upstrea
pressure and the downstream pressure. WhenPd

Pu
= 1, the down-

stream pressure is the same as the upstream pressure and the
no flow through the orifice. When the downstream to upstrea
pressure ratio is greater than a critical valuePcr but less than1,
the flow is subsonic at the exit plane. As the difference betwee
the upstream pressure and the downstream pressure increa
the stream velocity at the throat increases till to the point whe
the flow reaches its critical regime. At this point, the velocity
of the gas in the throat is equal to the speed of sound calculat
at the throat and would never get larger even if the pressure d
ference increases. Further reducing the downstream pressure
not affect the flow state at the throat because the flow is choked
the valve. In this regime, the pressure of the jet leaving the nozz
is greater than the downstream pressure but stays constant,PcrPu.
The sudden reduction in the pressure causes the jet to expan
an explosive fashion. This situation is quite common and occu
when there is little load on the piston and when the downstrea
pressure is much smaller than the upstream pressure.

In this study, we ignore the effect of the connecting tube
on the pressure and time delays. Therefore, when the cham
is being charged from a reservoir, the upstream pressure is
same as the reservoir pressure and the downstream pressur
the same as the chamber pressure; and when the chamber is b
discharged to the ambient air, the upstream pressure is the sa
as the chamber pressure and the downstream pressure is the s
as the ambient air pressure.

In summary, when the chamber is being charged from th
reservoir, the flow rate is

ṁeni =





Cf
AvenPs√

Ts

√
2k

(k−1)R

[(
Pci
Ps

) 2
k −

(
Pci
Ps

) k+1
k

]
if Pci

Ps
≥ Pcr

Cf
AvenPs√

Ts

√
k
R

(
2

k+1

) k+1
k−1 if Pci

Ps
< Pcr

,

(29)
and when the chamber is being discharged to the ambient air,
flow rate is

ṁexi =





Cf
AvexPci√

Ti

√
2k

(k−1)R

[(
Pa
Pci

) 2
k −

(
Pa
Pci

) k+1
k

]
if Pa

Pci
≥ Pcr

Cf
AvexPci√

Ti

√
k
R

(
2

k+1

) k+1
k−1 if Pa

Pci
< Pcr

,

(30)
6
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Figure 5. Schematic diagram of spool dynamics

wherei = a for chamber A andi = b for chamber B,Aven is the
valve area for input path andAvex is the valve area for the exhaus
path.

Proportional Servo Valve Model
The valve areas,Aven andAvex are regulated by the movemen

of the valve spool which is commanded by the voice coil. Fig
ure 5 shows the schematic diagram of the spool inside the val
The equation of motion of the spool can be obtained from th
Newton’s Second Law as

Mvẍv +bvẋv +2kvxv +Ff v = Fvcoil, (31)

wherexv is the displacement of the spool,Mv is the mass of the
spool,bv andKv are the viscous damping coefficient and sprin
constant of the spool valve respectively,Ff v is the Coulomb fric-
tion, andFvcoil is the force generated by the voice coil. For th
proportional servo valve we used,Fvcoil is proportional to the
voltage command signalu, that is,

Fvcoil = kuu, (32)

whereku is a know constant.
As the spool position varies, it regulates the opening a

closing areas of the each port. From the geometry, we can obt
the valve areas,Aven andAvex, as functions of the spool displace-
ment,xv, as [1]

Aven(xv) =





0
if xv < pw−Rh

nh

[
2R2

harctan
(√

Rh−pw+xv
Rh+pw−xv

)

−(pw−xv)
√

R2
h− (pw−xv)2

]

if pw−Rh < xv < pw +Rh

nhπR2
h

if xv ≥ pw +Rh

(33)
Copyright c© 2004 by ASME
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Avex(xv) =





nhπR2
h

if xv <−pw−Rh

nh

[
2R2

harctan
(√

Rh−pw+|xv|
Rh+pw−|xv|

)

−(pw−|xv|)
√

R2
h− (pw−|xv|)2

]

if − pw−Rh < xv <−pw +Rh

0
if xv ≥−pw +Rh

(34)

wherepw is the half of the spool width,Rh is the radius of hole,
andnh is the number of active holes for an air path in the sleeve

These are very complicated non-analytic functions. For ad
vanced nonlinear controller design, it is required these function
to be analytic. We therefore, approximatedAven with

Āven = nhπR2
h

(
1+

eaen(t−pw)−e−aen(t−pw)

eaen(t−pw) +e−aen(t−pw)

)
, (35)

where

aen =
1

2nhπR2
h

dAven(xv)
dxv

∣∣∣∣
xv=pw

, (36)

andAvex with

Āvex = nhπR2
h

(
1+

e−aex(t+pw)−eaex(t+pw)

eaex(t+pw) +e−aex(t+pw)

)
, (37)

where

aex =
1

2nhπR2
h

dAvex(xv)
dxv

∣∣∣∣
xv=−pw

. (38)

Figure 6 shows the valve areas and their approximations
functions of valve spool displacement.

In summary, Eqs.(28), (26), (27), (29), (30), (35), (37) and
(31) completely describe the dynamics of the pneumatic actuat
system.

CONCLUSION
In this paper, we presented a detailed component-wid

model of a pneumatic actuator system that comprises of a doub
acting cylinder, a proportional servo valve, two connecting tube
and necessary sensors.
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