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Abstract

The accuracy in negative-order norms is examined for a local-structure-preserving local
discontinuous Galerkin method for the Laplace equation [Li and Shu, Methods and Appli-
cations of Analysis, v13 (2006), pp.215-233]. With its distinctive feature in using harmonic
polynomials as local approximating functions, this method has lower computational com-
plexity than the standard local discontinuous Galerkin method while keeping the same order
of accuracy in both the energy and the L? norms. In this note, numerical experiments are

presented to demonstrate some accuracy loss of the method in negative-order norms.
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1 Introduction

A local-structure-preserving (LSP) local discontinuous Galerkin (LDG) method was intro-
duced in [12] for the Laplace equation. The method is based on the standard LDG method for
the second order elliptic problems [3], and its distinctive feature is to use harmonic polyno-
mials (polynomials which satisfy Au = 0, the Laplace equation) to approximate the solution
inside each mesh element. Using this local-structure-preserving discrete space significantly
reduces the size of the final algebraic system and therefore the overall computational com-
plexity. Meanwhile, the method keeps the same order of accuracy in both the energy and
the L? norms as the standard LDG method (see [3, 12] and section 2). This work is among
the series of developments in [6, 10, 11] to design discontinuous Galerkin (DG) methods with
better cost efficiency for certain differential equations. Such efficiency is achieved by incor-
porating the a priori knowledge of the exact solutions into the choice of local approximating
functions in DG formulations, and it is mainly due to the flexibility of these methods in using
various local discrete spaces. Some other examples of DG methods utilizing this flexibility
include [17, 8.

The objective of this note is to investigate the accuracy of the aforementioned LSP LDG
method in negative-order norms. With harmonic polynomials as local approximations, the
standard duality argument can not be applied to obtain the error estimates in negative-order
norms for the LSP LDG method. On the other hand, negative-order norm error estimates
often contain the information on the oscillatory nature of the error, which can be used to
enhance the accuracy of the numerical solutions. In fact, a local post-processing technique
was applied to finite element solutions of elliptic problems in [2] and to DG solutions of
hyperbolic problems in [7, 15], and it filtered out the oscillation in the error and enhanced
the accuracy in the L? norm up to the order of the error estimates in negative-order norms.
The success of this technique relies only on a negative-order norm error estimate of the nu-
merical solution and a local translation invariance of the mesh. Based on this, we apply the

post-processing technique of [2, 7, 15] to the numerical solutions of our LSP LDG method.



By examining the accuracy of the post-processed solutions, we indirectly study the accuracy
of the method in negative-order norms. Numerical experiments indicate that the LSP LDG
method for the Laplace equation, though having lower computational complexity while keep-
ing the same order of accuracy as the standard LDG method [3] in commonly used norms,
has some accuracy loss in negative-order norms. Mathematical understanding of this result
is yet to be established.

The rest of this note is organized as follows. In section 2, both the standard and the LSP
LDG methods are reviewed for solving the Laplace equation. Computational complexity
and error estimates in the energy and the L? norms are also briefly discussed. In section 3,
numerical experiments are presented to indicate some accuracy loss of the LSP LDG method

in negative-order norms. Concluding remarks are given in section 4.

2 Numerical methods

In this section, the standard [3] and the LSP [12] LDG methods will be reviewed for the

Laplace equation

. ou
—Au=0 inQ, ulr,=9gp, %’FN =gy -n, (2.1)

where 0 C R? is a bounded domain with n being the outward unit normal along the domain
boundary I' = ['y UT'p, I'y and I'p are disjoint, and |['p|ge-1 > 0. Though these methods
can be formulated for general space dimension, they are presented here only for d = 2.

We start with a mesh 7, = {K} for the domain 2, with the triangular or rectangular
element being denoted as K, the edge as e, the diameter of K as hg, and the meshsize of
T, as h = maxger, hx. We further denote the union of all interior edges as &;, the union of
boundary edges in I'p (resp. I'y) as Ep (resp. En), and € = & UEH UEN. With an auxiliary

variable g, (2.1) can be rewritten as

q=Vu, —-V-q=0inQ, wulr, =¢gp, q-nlr, =gn-n. (2.2)



Based on [3], a general LDG method for (2.2) can be formulated as: finding (up,qy) €
(Vi, My,), such that

/ qp - rdx = —/ upV - rdx + / Upr - Ngds, / qn - Vudx = / vqy - ngds (2.3)
K K 0K K oK

for any (v,r) € (V, M},) and K € 7;,. Here nk is the outward unit normal of K, (V;,, M},)
is a discrete space pair to approximate (u, q), and (uy, qp,) are the so-called numerical fluxes,
which are single-valued and approximate (u,q) along €. To finalize the scheme, one needs
to specify (un, Q) and (Vi, My).

The LSP LDG method in [12] employs the same numerical fluxes as the standard LDG

method in [3]. That is, for an interior edge e € &,

an = {{an}} — Cufun] — Ciz[an], ap = {{unt} + Cia - [us]. (2.4)

Here the standard notations are used for the average {{-}} and the jump [-]: given e =

Kt N K~ €&, and with n* = ng+ and (vE,r%) = (v,1)|g+, we define on e
ol =@ +0v7)/2, e =" +1r7)/2, [v]=v"n" +vn", [rf]=r"-n"+r -n".
And for a boundary edge e € 0K, with (v, r") = (v,1)|g

+ +
an :{ q, Cll(uh gD)n fore € &p, ﬁh:{ gp foree &p, (2.5)

gN for e € En, u fore € Ey.

The parameters C1; and Ciq in (2.4)-(2.5) can be chosen edge by edge, and their values may
affect the accuracy and stability of LDG methods as well as the matrix structures in the
final algebraic system [3].

We now turn to the choice of the discrete spaces (V},, M},). For the standard LDG method

in [3], (Vi, M) = (ViF, M§) = (VTP MPSTP) s taken, with

vESTP . — Ly e LX(Q) s ulx € PM(K),VK € T,},

M = {q e [LA): dlx € [PHE))", VK € To},



where P¥(K) is the set of polynomials of the total degree at most & on K. For the LSP
LDG method in [12], we use (Vi, M) = (VF,MF) = (V;P25P MEEP) with

VRSP — Ly e L3(Q) s ulg € PY(K), Aulg = 0,VK € T,},

Myt = {q e [L2(Q)]: qlx € [PHE)), V- qlx =0,VK € T,.}.

Another choice, (VF, MF) = (th’LSP,Mﬁ’LSP), is also considered in [12] with MQ’LSP =
Mi’STD. In both cases, the approximating functions in V}, for the LSP LDG method are
piecewise harmonic polynomials, and such functions satisfy the Laplace equation exactly in
each element K.

With (2.4)-(2.5), qp in (2.3) can be solved locally in terms of uy, so the size of the final
algebraic system of the LDG method depends only on the dimension of V;,. By incorporating
the a priori knowledge of the exact solution to the discrete space V}, the LSP LDG method
results in a smaller linear system especially when polynomials of higher degrees are used,
and therefore has lower computational complexity. More specifically, the dimension of the
local-structure-preserving space th’LSP on each element K € 7}, is 2k + 1 which depends
on k linearly, whereas the dimension of the standard polynomial space th’STD on K is
(k 4+ 2)(k 4+ 1)/2, which depends on k quadratically. Indeed, this local-structure-preserving

. . k,LSP
approximating space V)" o

can be used in any of the DG methods discussed in [1] to provide
high order numerical methods for the Laplace equation with low computational complexity.
The actual cost efficiency of such methods certainly needs additional investigation.

The reduction of the computational complexity discussed above does not compromise the
overall accuracy of the LSP LDG method when it is measured in the L? norm and the energy
norm. In fact, with the meshes {7}, being regular [4] and for the sufficiently smooth exact
solution u, one can establish the error estimate ||Vu — qu|z2() = O(h*) for both standard

and LSP LDG methods (see [3, 12]) with Cy; = O(1/h) or O(1). If the full elliptic regularity

is further assumed for the adjoint problem of (2.1)

%

— A w = f n Q, WFD = 0, %’I‘N = O, (26)



namely, |[¢]|20 < Crl|fllr2@), V [ € L*(Q2) with a constant C, solely depending on Q and
|| - ||t.2 with ¢ > 0 being the standard Sobolev norm, then a duality argument can lead to the
L? error estimate ||u — up||r2(q) = O(RF*!) with Cyy = O(1/h). This estimate was given in
[3] for the standard LDG method. And it can also be established for the LSP LDG method
by following the general analysis in [1] based on the primal formulation of the scheme. With

the focus of this note in mind, we will not present the proof but mention that the duality

1,LSP _ ,1,STD 1,LSP
Vi =V, Vi

argument uses the fact of , which ensures that the discrete space can
be used to approximate the solutions of both the Laplace equation and its adjoint problem

(2.6). One can refer to [9] for the details of the proof.

3 Accuracy in negative-order norms

For many applications, numerical methods are regarded as being accurate if they are accurate
in commonly used norms such as the energy and L? norms. In certain applications (with

an example indicated below), one may also be interested in the accuracy of the methods in

fQ v(x)d(x)dz

ol with any natural

negative-order norms || - [|_sq, namely, [[v||_s0 = Supsece (@)
number s. The duality argument in [3] can be used to show the error estimates in negative-

order norms for the standard LDG method. However, such argument can not be applied

k,LSP
v

directly to the LSP LDG method in section 2 to get similar estimates, due to that V}

with & > 1 is not a suitable discrete space for the adjoint problem (2.6) of the Laplace
equation.

On the other hand, error estimates in negative-order norms often contain the information
on the oscillatory nature of the error, and this has been used to enhance the accuracy of
some numerical methods by a local post-processing technique, which was originally developed
by Bramble and Schatz [2] in the context of continuous finite element methods for elliptic
problems and later by Cockburn et al. [7], Ryan et al. [15], and Ryan and Cockburn [13] in
the context of DG methods for hyperbolic equations, and was also applied to LDG methods

for convection-diffusion equations [7] and for differential equations with even higher spatial



derivatives [16]. With a negative-order norm error estimate of the numerical solution and
a local translation invariance of the mesh, this local post-processing technique can filter
out the (possible) oscillation in the error and recover the accuracy in the L? norm, up to
the order of the error estimates in the negative-order norm. Note that a negative-order
norm of a function is no bigger than its L? norm, that is, ||[v]|_sq < [|v]jogq for s > 1.
When the error estimate in the negative-order norm for a numerical method is of higher
order than its L? error estimate, the post-processed solution will be of higher order accuracy
than the original numerical solution in the L? norm. Based on this, we next apply the post-
processing technique of [2, 7, 15] to the numerical solutions of our LSP LDG method. Instead
of aiming at enhancing the accuracy of the computed solution, we use this technique as an
indirect tool to study the accuracy of the method in negative-order norms. To facilitate our
understanding, the results for the standard LDG method are also presented.

We consider an example with the smooth exact solution u(z,y) = e cos(y) in Q = [0, 1]?
and the Dirichlet boundary condition. The numerical fluxes are taken as q = q* — Ci;[u],
@ = u~ for the interior edge e = Kt N K~ € &;, where (u™,q") is either (u|x+,q|x-)
or (u|lg-,q|x+). Such choice results in a smaller local dependence stencil and hence a
sparser matrix in the final system. Both the standard and the LSP LDG methods are
simulated on uniform rectangular meshes in quadruple precision. We then apply the local
post-processing technique of [7, 15] by convoluting the numerical solution in (V,¥, MF) with
the two-dimensional kernel K2(*+1:k+1 defined in [15]. The tensor product of a six-point
Gaussian quadrature formula in one dimension is used to compute the errors, and this sim-
plifies the post-processing step into small matrix vector multiplications of the pre-stored
matrices and the coefficients which represent the numerical solution in the neighboring mesh
elements [15]. Since the kernel K2(*+D#+1 inyolves a symmetric stencil, to avoid the bound-
ary effect, the errors before and after the post-processing step are computed in a sub-domain
Q. = [0.25,0.75]%. Alternatively, one can combine the one-sided post-processing technique

developed in [14] for errors in the whole domain .



For k = 1,2,3, convergence orders in the L? norm are summarized in Table 3.1 for
numerical solutions before and after the post-processing procedure. The non-negative p; (k)

with i,k = 1,2, 3 are defined as

0, fork=1, 1, for k =1, 1, for k=1,

pi(k) =41, fork =2, pa(k) =< 1, for k =2, ps(k) =40, fork =2,
0, fork =3, 0.4 ~ 0.5, fork =3, 0, fork =3.

(3.7)

The more detailed errors and convergence orders are reported in Tables 3.2-3.5. Here the
LSP LDG method T uses (th’LSP, Mﬁ’LSP) as the discrete space, and the LSP LDG method
IT uses (th’LSP,ﬁZ’LSP). In addition, (u,q), (up,qn), and (Puy, Pqp) represent the exact
solution, the numerical solution, and the post-processed numerical solution, respectively. We
take C1; = 1/h and 10. Based on the numerical results and [7], for £ = 1,2, 3, we conclude

that

(1) for standard LDG approximations in (th’STD, Mi’STD), the post-processing technique
enhances the accuracy of (up,qp) from (k + 1,k) to (2k,2k) in the L? norm. This
is consistent to the error estimate for u, in negative k-th order norm, namely, ||u —
up||-r.0 = O(h?*). Such estimate was not stated explicitly yet it is a direct consequence
of Lemma 2.4, Lemma 3.3, and Lemma 3.6 in [3]. The accuracy enhancement after the

post-processing step also suggests ||q — qn||_r.ao = O(h%).

(2) for LSP LDG approximations in either (V;"**" M*F) or (VFF5F Mﬁ’LSP), the post-
processing technique in general does not improve the accuracy order for wy, in the L?
norm, though the actual errors of the post-processed Puy are smaller. Such post-
processing step does improve the accuracy for q; by at least one order. These results

th’LSP in the negative k-th order norm is generally

indicate that the error for u; €
of the same order as its L? error, namely, ||u — up||_rq = O(AK*™*") with v > 0, and
the error for q; € MQ’LS P or Mz’LS P in the negative k-th order norm is of at least one

order higher than its L? error, namely, ||q — qn||_r.qo = O(R*), v > 1.



Table 3.1: The summary of the convergence orders of the LDG approximation (up,qp) and
the post-processed approximations (Puy, Pqy). p;(k) with ¢,k = 1,2, 3 are non-negative and

they are defined by (3.7).

Ci | Method |[u — unlloo | [[u —Pupllog | [la — anlloe | [la—Par|los
LSP LDG method | k+1 k-+1 k k+1+44, (k)

1/h | LSP LDG method Il k+1 k+1 k k+1
Standard LDG method k+1 2k k 2k
LSP LDG method | k+1 k-+1 ktp12(k) k+2

10 | LSP LDG method II k+1 ktl+pus(k) | ktps(k) | ktl4ps(k)
Standard LDG method k+1 2k+ps(k) k+p3(k) 2k+p3(k)

Compared with the standard LDG method, the LSP LDG method has some accuracy
loss when measured in negative-order norms. In practice, one can always apply the local
post-processing technique to the LDG approximations to reduce the errors and therefore to
enhance the resolution of the numerical solutions.

When Cy; = O(1), another relevant work is the superconvergence result in [5], which is
established for the LDG method in [3] when the numerical fluxes are suitably chosen, and
the finite elements with tensor structures are used on Cartesian meshes. It was proved that
lu — un||2@) = O(R*) and ||q — qul|z2() = O(h**2). These results are sharp, and the
estimate in qj is % order higher than that of the general LSP LDG methods. The numerical
experiments in this section with Cj; = O(1) are also on Cartesian meshes with the same
type of numerical fluxes as in [5], and the only difference is in discrete spaces. Numerically,
compared with the LDG method in [5], the LSP LDG method I is 1 order more accurate
in q, when £ = 1 and 2, and the LSP LDG method II is % order less accurate in q; when

k # 1, while the convergence orders in u;, are the same among all methods in this note and

in [5].
4 Concluding remarks

To certain extent, this note reports some negative finding for the LSP LDG method in [12]

to solve the Laplace equation, and the mathematical understanding of this result is yet to be

9



Table 3.2: Errors and convergence orders of the LDG approximation u;, and the post-
processed approximation Puy. C11 = 1/h. h is the meshsize with hg = 0.05.

||u — unllon ||u — Punlfog
h error \ order error \ order
LSP LDG method |
ho | 1.18e-04 1.18e-05 -

Pt ho/2 | 2.96e-05 | 2.00 | 3.27e-06 | 1.85
ho/4 | 7.40e-06 | 2.00 | 8.56e-07 | 1.94
ho/8 | 1.85e-06 | 2.00 | 2.18e-07 | 1.97
hg 1.32e-06 - 1.55e-07 -
P? ho/2 | 1.65e-07 | 3.00 | 1.99e-08 | 2.96
ho/4 | 2.06e-08 | 3.00 | 2.52e-09 | 2.98
ho/8 | 2.58¢-09 | 3.00 | 3.17e-10 | 2.99
ho 1.26e-08 - 8.11e-09 -
P3 ho/2 | 7.90e-10 | 4.00 | 5.07e-10 | 4.00
h0/4 4.94e-11 | 4.00 | 3.17e-11 | 4.00
LSP LDG method Il

ho 1.18e-04 - 1.27e-05 -
Pt ho/2 | 2.96e-05 | 2.00 | 3.39e-06 | 1.91
ho/4 | 7.40e-06 | 2.00 | 8.71e-07 | 1.96
ho/8 | 1.85e-06 | 2.00 | 2.20e-07 | 1.98
ho | 9.20e-07 - 7.56e-08 -
P? ho/2 | 1.15e-07 | 3.00 | 9.62¢-09 | 2.97
ho/4 | 1.44e-08 | 3.00 | 1.22e-09 | 2.98
ho/8 | 1.80e-09 | 3.00 | 1.53e-10 | 2.99
ho | 9.51e-09 - 5.24e-09 -
pP3 ho/2 | 5.93e-10 | 4.00 | 3.27e-10 | 4.00
ho/4 | 3.70e-11 | 4.00 | 2.04e-11 | 4.00
Standard LDG method

ho 1.18e-04 - 1.27e-05 -
Pl | hg/2 | 2.96e-05 | 2.00 | 3.39¢-06 | 1.91
ho/4 | 7.40e-06 | 2.00 | 8.71e-07 | 1.96
ho/8 | 1.85e-06 | 2.00 | 2.20e-07 | 1.98
ho | 9.20e-07 - 1.75e-08 -
P? ho/2 | 1.15e-07 | 3.00 | 1.13e-09 | 3.96
ho/4 | 1.44e-08 | 3.00 | 7.14e-11 | 3.98
ho | 6.80e-09 - 5.44e-12 -
pP3 ho/2 | 4.24e-10 | 4.01 | 8.55e-14 | 5.99
ho/4 | 2.64e-11 | 4.00 | 1.34e-15 | 6.00

10



Table 3.3: Errors and convergence orders of the LDG approximation u;, and the post-
processed approximation Puy. Cyp = 10. h is the meshsize with hy = 0.05.

|[u — up[loo ||u — Puploo
h error \ order error \ order
LSP LDG method |
ho | 1.24e-04 4.86e-06

Pt ho/2 | 3.19¢-05 | 1.96 | 5.66e-07 | 3.10
ho/4 | 8.11e-06 | 1.98 | 6.81e-08 | 3.06
ho/8 | 2.05e-06 | 1.99 | 1.53e-08 | 2.16
ho | 1.68e-06 - 1.73e-07 -
P? ho/2 | 2.52e-07 | 2.74 | 2.38e-08 | 2.86
ho/4 | 3.53e-08 | 2.84 | 3.14e-09 | 2.92
ho/8 | 4.71e-09 | 2.91 | 4.03e-10 | 2.96
hg 1.50e-08 - 9.72e-09 -
pP3 ho/2 | 1.08e-09 | 3.80 | 6.99e-10 | 3.80
ho/4 | 7.47e-11 | 3.86 | 4.79e-11 | 3.87
LSP LDG method Il

hg 1.24e-04 - 6.19e-06 -
Pt ho/2 | 3.19e-05 | 1.96 | 8.30e-07 | 2.90
ho/4 | 8.11e-06 | 1.98 | 1.07e-07 | 2.95
ho/8 | 2.05e-06 | 1.99 | 1.36e-08 | 2.98
ho | 9.30e-07 - 8.14e-08 -
P2 ho/2 | 1.17e-07 | 2.99 | 1.06e-08 | 2.94
ho/4 | 1.47e-08 | 2.99 | 1.36e-09 | 2.97
ho/8 | 1.84e-09 | 3.00 | 1.71e-10 | 2.99
ho | 9.67e-09 - 5.30e-09 -
pP3 ho/2 | 6.10e-10 | 3.99 | 3.33e-10 | 3.99
ho/4 | 3.83e-11 | 3.99 | 2.09e-11 | 3.99
Standard LDG method

hg 1.24e-04 - 6.19e-06 -
Pt ho/2 | 3.19e-05 | 1.96 | 8.30e-07 | 2.90
ho/4 | 8.11e-06 | 1.98 | 1.07e-07 | 2.95
ho/8 | 2.05e-06 | 1.99 | 1.36e-08 | 2.98
ho | 9.29e-07 - 1.42e-08 -
P? ho/2 | 1.17e-07 | 2.99 | 8.12e-10 | 4.13
h0/4 1.47e-08 | 2.99 | 4.84e-11 | 4.07
ho | 7.02e-09 - 5.09¢-12 -
pP3 ho/2 | 4.46e-10 | 3.98 | 7.68e-14 | 6.05
ho/4 | 2.81e-11 | 3.99 | 1.18e-15 | 6.03
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Table 3.4: Errors and convergence orders of the LDG approximation q; and the post-
processed approximation Pqy. Cj3 = 1/h. h is the meshsize with hy = 0.05.

|la — anllo.0 la — Panloe
h error \ order error \ order
LSP LDG method |
ho | 2.66e-03 5.51e-05

Pl | ho/2 | 1.35¢-03 | 0.98 | 1.44e-05 | 1.94
ho/4 | 6.82e-04 | 0.99 | 3.67¢-06 | 1.97
ho/8 | 3.42e-04 | 0.99 | 9.25e-07 | 1.99
ho | 7.44e-05 - 5.79¢-09 -
P? | ho/2 | 1.85e-05 | 2.00 | 2.89e-10 | 4.33
ho/4 | 4.63e-06 | 2.00 | 1.73e-11 | 4.06
ho/8 | 1.16e-06 | 2.00 | 1.08e-12 | 4.00
ho | 6.67e-07 - 2.70e-09 -
P3| ho/2 | 8.34e-08 | 3.00 | 1.69¢-10 | 3.99
h0/4 1.04e-08 | 3.00 | 1.06e-11 | 4.00
LSP LDG method Il

ho | 2.66e-03 - 5.52¢-05 -
Pl | ho/2 | 1.35e-03 | 0.98 | 1.44e-05 | 1.94
ho/4 | 6.82¢-04 | 0.99 | 3.67¢-06 | 1.97
ho/8 | 3.42e-04 | 0.99 | 9.26e-07 | 1.99
ho | 1.250-04 | - | 2.54e-07 | -
P? | ho/2 | 3.11e-05 | 2.01 | 3.18¢-08 | 3.00
ho/4 | 7.76e-06 | 2.00 | 3.97e-09 | 3.00
ho/8 | 1.94e-06 | 2.00 | 4.95e-10 | 3.00
ho | 9.94e-07 - 6.00e-09
P3| ho/2 | 1.24e-07 | 3.00 | 3.75e-10 | 4.00
ho/4 | 1.55e-08 | 3.00 | 2.35e-11 | 4.00
Standard LDG method

ho | 2.66e-03 - 5.52¢e-05 -
Pl | ho/2 | 1.35e-03 | 0.98 | 1.44e-05 | 1.94
ho/4 | 6.82e-04 | 0.99 | 3.67e-06 | 1.97
ho/8 | 3.42e-04 | 0.99 | 9.26e-07 | 1.99
ho | 1.24e-04 - 1.45e-08 -
P2 ho/2 | 3.10e-05 | 2.01 | 9.57e-10 | 3.92
ho/4 | 7.73e-06 | 2.00 | 6.24e-11 | 3.94
hg 7.92e-07 - 1.12e-11 -
P3| ho/2 | 9.91e-08 | 3.00 | 1.76e-13 | 5.99
ho/4 | 1.24e-08 | 3.00 | 2.76e-15 | 5.99
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Table 3.5: Errors and convergence orders of the LDG approximation q; and the post-
processed approximation Pqy. Ci; = 10. A is the meshsize with hy = 0.05.

lla — anllog lla — Panlloe
h error \ order error \ order
LSP LDG method |
ho | 1.52e-03 2.98e-05

P! ho/2 | 4.11e-04 | 1.88 | 4.07e-06 | 2.87
h0/4 1.07e-04 | 1.94 | 5.32e-07 | 2.94
ho/8 | 2.74e-05 | 1.97 | 6.79e-08 | 2.97
ho | 5.10e-05 - 5.82e-09 -
P? ho/2 | 7.81e-06 | 2.71 | 3.20e-10 | 4.18
ho/4 | 1.10e-06 | 2.83 | 1.99¢-11 | 4.01
ho/8 | 1.47e-07 | 2.90 | 1.26e-12 | 3.98
ho | 4.96e-07 - 1.89e-09 -
pP3 ho/2 | 4.46e-08 | 3.48 | 7.45e-11 | 4.67
h0/4 4.21e-09 | 3.41 | 2.67e-12 | 4.80
LSP LDG method Il

hg 1.51e-03 - 3.00e-05 -
P! ho/2 | 4.11e-04 | 1.88 | 4.10e-06 | 2.87
ho/4 | 1.07e-04 | 1.94 | 5.36e-07 | 2.93
ho/8 | 2.74e-05 | 1.97 | 6.86e-08 | 2.97
ho | 1.246-04 | - | 2.71e-07| -
P? | hg/2 | 3.09e-05 | 2.01 | 3.48¢-08 | 2.96
ho/4 | 7.71e-06 | 2.00 | 4.41e-09 | 2.98
ho/8 | 1.93e-06 | 2.00 | 5.54e-10 | 2.99
ho | 9.90e-07 - 6.07e-09 -
pP3 ho/2 | 1.23e-07 | 3.00 | 3.82e-10 | 3.99
ho/4 | 1.54e-08 | 3.00 | 2.40e-11 | 3.99
Standard LDG method

hg 1.51e-03 - 3.00e-05 -
P! ho/2 | 4.11e-04 | 1.88 | 4.10e-06 | 2.87
ho/4 | 1.07e-04 | 1.94 | 5.36e-07 | 2.93
ho/8 | 2.74e-05 | 1.97 | 6.86e-08 | 2.97
ho | 1.246-04 | - | 1.260-08| -
P? ho/2 | 3.08e-05 | 2.01 | 7.38e-10 | 4.09
ho/4 | 7.68e-06 | 2.00 | 4.66e-11 | 3.99
ho | 7.84e-07 - 1.05e-11 -
p3 ho/2 | 9.78e-08 | 3.00 | 1.58e-13 | 6.05
ho/4 | 1.22e-08 | 3.00 | 2.43e-15 | 6.03
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established. In many applications when it is sufficient to have schemes which are accurate
in commonly used norms such as the energy and the L? norms, this LSP LDG method is
still competitive due to its low computational complexity.

In the end, we want to mention that such post-processing technique was also applied
to the locally divergence-free DG approximations for time-dependent Maxwell equations in
[6]. This is another example of local-structure-preserving DG methods. Numerical results
in [6] suggest that using local-structure-preserving discrete spaces in DG frameworks does
not necessarily lead to accuracy loss in negative-order norms. In fact, the accuracy order
of the numerical solutions in [6] was enhanced from k + 1 to 2k + 1 in the L? norm by the
post-processing technique, same as what occurs to the standard DG approximations. This
indicates that such local-structure-preserving DG approximations have the same (2k + 1)-st
order of accuracy in negative k-th order norm as the standard DG approximations [7] when

solving the Maxwell equations. Mathematical justification for this is still an open problem.
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