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Three new theorems based on the generalized Carleson operators for the periodic Walsh-type wavelet packets have been established.
An application of these theorems as convergence a.e. for the periodic Walsh-type wavelet packet expansion of block function with

the help of summation by arithmetic means has been studied.

1. Introduction

Wavelet packet expansions have wide applications in engi-
neering and technology. The Walsh-type wavelet packet
expansions play an important role in signal processing,
numerical analysis, and quantum mechanics. A family of
nonstationary wavelet packets considered the smooth gen-
eralization of the Walsh functions having some of the same
nice convergence properties for expansion of Lf-function,
1 < p < oo, as the Walsh-Fourier series. Walsh-type
wavelet packet expansion has been studied by the researchers
Billard [1], Nielsen [2], Sjolin [3] and others. In 1966, at
first, Carleson operator has been introduced by Lennart
Carleson (Carleson [4]). Several important properties of
this operator has been studied by researcher Nielsen [2]. In
this paper, the pointwise convergence almost everywhere by
arithmetic means or (C, 1) summability method of the partial
sum operator for Walsh-type wavelet packet expansion of

functions from the block space, B, 1 < g < oo, P+

g '=1 has been studied. Generalized Carleson operators are
introduced and some new properties of generalized Carleson
operators are investigated. Specific convergence properties
of Walsh-type wavelet packet expansions of block functions
using (C, 1) method and generalized Carleson operator have
been obtained.

2. Definitions and Preliminaries

Walsh-Type Wavelet Packets. To every multiresolution analy-
sis {Vj}jEZ for L*(R), an associated scaling function ¢ and a

wavelet ¥ are given with the properties that
Vj = span{2j/2go(2j~—k) 1k e Z}, jez,
{wj,k = zj/zq/ (2j : —k) tjk € Z}

is an orthonormal basis for L*(R).
We write

@

W, =span {2y (2 —k):kez}, jez. (2

Let N be the set of natural numbers. Let (Fép ), FI(P )), pe
N, be a family of bounded operators on I*(Z) of the form

(FPa), = Yahl (n-2k), e=01 g

nez

with h(lp) n) = (-1 )"hép) (1-n) areal-valued sequence in 1Y(2)
such that

(p)* 1(p) (P)* (p) _
EP*RP + EP P =1,
(4)
FPEP* — o,



Define the family of functions {w,},>, recursively by
letting w, = ¢, w; = y and then forn € N,

wy, (x) = V2Y B (D w, 2x - 1),
lez (5)
Wy (¥) = V2Y KD (D w, 2x - 1),

lez

where 27 < n < 2P*1,
The family {w, }2 is basic non stationary wavelet packets.
{w,(- —k) : n >0, k € Z} is an orthonormal basis for L*(R).
Moreover,

{w, (k) :2' <n<2 kez} (6)

is an orthonormal basis forW'j = span{Zj/zu/(Zj-—k) 1k eZ}.

Each pair (Fép ), FI(P )) can be chosen as a pair of quadrature
mirror filters associated with a multiresolution analysis, but
this is not necessary.

The trigonometric polynomials given by

(p) 1 (P) (1 ,-ikE
my (&) =—7= ) hy (ke ™,
0 \/Ekezz 0
) 7)
(p) (p) —iké
my” (§) = —= ) hy (ke
1 \/zkez‘i 1
are called the symbols of the filters.
The Fourier transforms of (5) are given by
o -m?(a §)
2, ® - ($)a,(3).
(8)

Dy, (§) = mP <§>@(§>

The Haar low-pass quadrature mirror filter {hy(k)}, is
given by h,(0) = hy(1) = 1/4/2, hy(k) = 0 otherwise, and
the associated high-pass filter {/, (k)}, is given by

hy (k) = (~1)*hy (1 - k). (9)

Definition 1. Let {w,},. ., be a family of non-stationary

wavelet packets constructed by using a family {hép )(n)};il of

finite filters for which there is a constant, K € Z such that
hép)(n) is the Haar filter for every p > K. lf w; € CY(R) is
compactly supported then {w,}, ., is called a family of Walsh-
type wavelet packets.

Definition 2. Let {w,},>, be a family of Walsh-type basic
wavelet packets. For n € N, define the corresponding
periodic Walsh-type wavelet packets @, by

w,(x) = Z w, (x - k). (10)

kez

From Fubini’s theorem, it follows that {,} °, is an
orthonormal basis for L*[0, 1).

Block Spaces. A dyadic g-block is a function § € L7[0,1)
which is supported on some dyadic interval I such that
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1/g-1 1 a4
18I, < "™, where [|Bll, = [f, 1B®I%t] 7, 1 < g < oco.
Let B, denote the space of measurable functions f on [0, 1)
which has an expansion

f=YaBe (11)
k=1

where each f3; is a g-block and the coefficients ¢, k € Z
satisfy

(o)
22 )

1
|Ck|

ki #0

Il = Z || |i1 +log ] <oo.  (12)

The quasi norm of f € B, is given as the infimum of ||| - ||
over all possible decompositions of f into blocks

17, = ot IHaall )
Let f € [Bq;then
171 < D el 1Bl < D lal < oo, (14)
k=1 k=1

using (12) and the fact that for each k, ||,8qu < |I|1/q_1 which
implies that |||, < 1; that is, B, L]0, 1). Moreover, for

fellfon), l<g<oo, B=|f'f  3)

is a g-block supported on I = [0,1) so L7[0,1) C B,.
The classical example to show that for each g > 1 there
exists f € B, which belongs to none of the L?[0, 1)-space is

the following.
Let
1 3
Zk; A < )
Bi () = 2F S 5% (16)
0, otherwise.
Then f = XX k7B € By but IfI =

Zzl(l/z)k_ZPZk(P_l) = oo for every p > 1.

Summation of Series by Arithmetic Means. If a series uy + u; +
u, +--- is not convergent, that is, if s, = uy+u; +u, +---+u,
does not tend to a limit, it is some time possible to associate
with the series a “sum” in a less direct way. The simplest such
method is “summation by arithmetic means”. Let

Sot+S;+S,+--+S
o, = 0 1 2 n (17)

n+1

be the arithmetic mean of the partial sums of the given series.
Ifs, — s,thenalsoo, — s;forifs, =s+9,, then

+60+81+62+62+--~+6n’ (18)

o, =s
" n+1
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and the last term tends to zero if §,, — 0. Consider

_ S tSs St ts,

n+1

= (ug+ (g +1y) +-+ (ug +uy +-- + 1)

toet (g +tty + o)) X (1) (19)

> (1-7)
:z 1- uk.
s n+1

Ifo, > sasn — 00, Y o U, is said to be summable to

s by Cesaros means of order 1. We write

[ee)

Z”" =s5(C1). (20)

n=0

But ¢,, may tend to a limit even though s, does not, for
example, the series

1-1+1—1+4---. 21)

Here the partial sums s, are alternately 1 and 0, and it is
easily seen that o, — 1/2.

2.1. Generalized Carleson Operators. Let {t,} be a periodic
Walsh-type wavelet packet basis. For any function f €

L'[0,1), define

(Snf) ) =Y (f,@,) W, (x). (22)

The Carleson operator G is defined by

N
Gf (x) = sup Z (f,w,) @, (x)
N20 |y=0

(23)
= sup|(Sn f) (x)|.
N0

The generalized Carleson operator G, is defined by

6. £ () — sup | N+ BN+ (S )

N>0 N+1

Y Y () T, ()

v=0 n=0

1
= su
NZPO N+1

“sup |3 (1 ) (1) 5,

N=>0 |,=0
(24)
The weak Carleson operator G is defined by
N
Gf (x) = lim sup Z (f,w,) @, (x)|.
N20 |y=0 (25)

= limsup |(Sy f) (x)|.
N20

The generalized weak Carleson operator G, is define by

(So.f) (x) + (Sif) () + -+ (Sn f) (%)

G.f (x) = lim sup

N=0 N+1
1 oo
:1 )~ —
meup |\ 2, 2 8 8, ()

N n
= lim sup z (1— No 1><f,wn>ﬁn(x)

N=>0 n=0
(26)
The dyadic Carleson operator G* is defined by
; 2N-1
G" f (x) = sup Z (f,@,) W, (x)
N20 | y=0 (27)

= sup |(Syn f) ()] .
N30

The generalized dyadic Carleson operator Gf is define by
(So.f) ) + (S1f) () + -+ + (Syv-1 ) (%)

GYf (x) = sup

N0 2N
1 N1y
= sup N Z Z (f,w,) @, (x)
N=0 y=0 n=0

5]

M=

1 n L
=swp| 3 (1- 5% (R @)

Il
(=}

(28)

It is easy to prove that G., G, and Gf are sublinear
operators.

Walsh Functions and Their Properties. The Walsh system
{W,}:2, is defined recursively on [0, 1) by letting

1, 0<x<1;
0, otherwise,

Wy (x) = {

(29)
W,, (x) =W, 2x)+ W, (2x - 1),

W2n+1 (X) = Wn (zx) - Wn (2x - 1) .

Observe that the Walsh system is the family of wavelet
packets obtained by considering ¢ = W,

1
1, 0<x< —;
1 2
v (x) = -1, —<x<1; (30)
2
0, otherwise

and using the Haar filters in the definition of the nonstation-
ary wavelet packets.

The Walsh system is closed under pointwise multiplica-
tion. Define the binary operator @ : Ny x N, — N, by

[ee]
m@nzZlmi—nAZl, 31
i=0



wherem = ¥ m;2" and n = Y5 n,2". Then
Wi (X)W, (X) = Wy, (%), (32)

(see Schipp et al. [5]).

We can carry over the operator @ to the interval [0, 1]
by identifying those x € [0,1] with a unique expansion
x = Z;’io xj27j71 (almost all x € [0,1] has such a unique
expansion) by their associated binary sequence {x;}. For two
such points x, y € [0, 1], define

xeay:Z|xj—yj|2_j_1. (33)
j=0
The operation & is defined for almost all x,y € [0,1].
With this definition, we have
W, (x®y) =W, (x)W,(y) (34)

for every pair x, y for which x @ y is defined, (Golubov et al.
(6], page 11).
3. Main Results

In this paper, three new theorems for the generalized Car-
leson operators on the periodic Walsh-type wavelet packets
have been determined in the following form.

Theorem 3. Let {w,} be a periodic Walsh-type wavelet packet
basis. Then for every g-block 8,1 < q < 00,

62> al|< 2 a>o, (3)

where ch is the generalized dyadic Carleson operator defined

by (28) and C, is a positive finite constant.

Theorem 4. Let {w,} be a periodic Walsh-type wavelet packet
basis. Then for every g-block 5,1 < q < 00,

c
{G.p>of| < T,

2 a>0, (36)
o

where G, is the generalized weak Carleson operator defined by
(26) and C,, is a positive finite constant.

Theorem 5. If a function f belongs to B,-class, 1 < g < oo,
then

G.f > o] = O(||f||Bq), fora >0, (37)

where G, is the generalized weak Carleson operator.

4. Lemmas

For the proof of our theorems, the following lemmas are
required.
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Lemma 6 (Nielsen [7]). Let f, € L*(R), and define {f,},5,
recursively by

fon (%) = £, 2x) + f, (2x - 1),

(38)
f2n+1 (x) = fn (2x) - fn (2x-1).
Then
21
@) =YW, (27) fi (2x-5), (39)
s=0
wheren, J € N, 27 <n <2/t
Lemma 7 (Zygmund [8], page 3). Consider
n n—1
Zuvvv = Z (Vv - Vw—l) Uv + Unvn’ (40)
r=1 v=1

whereUy = uy +uy+- - +uy fork = 1,2,...,m; it is also called

Abel’s transformation.

Lemma 8. Let {W,},, be the Walsh system. Then

m

2 (1= s ) W (240279
x W, ([25y] 275) (41)
C
< >
xX®y
where C is a finite positive constant, K > 1, 25X < n < 25

and for all pairs x, y € [0, 1) for which x & y is defined.

Proof. The Dirichlet kernel, D,(x) = Z;(l) Wi (x), for the

Walsh system satisfies
D, (x® y)| < Py (42)
(see Golubov et al. [6], page 21).
Hence,
< n K -K
2. (1= oy ) W (20279
x W, ([25y]275)
& n
- n;{(l— m—2k+1)W”72K
x ([2%x] 27" @ [2%y] 27)
m-2K
n
- n;) <l_m—2k+1> "

x ([2%x] 27" e [2%y] 27)
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> () ()
< SW, (23] 2K 0[] 27)

m-2K

x > W, ([2%x] 27

n=0

o [2€y]27)|,

by Lemma 7,

m—2K-1

" ZW ([2x] 2% @ [25y] 279)
S W ) ¢ e
SAACRERN e
(B (2512 0 ) 1 e
iw ([25¢] 2% @ [25y] 279)

1

-1
W ([2%5] 275 255 275) + -7

| W, ([25] 27 @ [25)] 27%)

n=2K

= Wi ([2°x] 27 @ [25y] 27°) D,,,_ox

. . 1
x<[2Kx]2K@[ZKy]ZK)|+m_2K+1

x Wy ([25%] 275 @ [2°9] 275) D,paress

x([2%x] 2% @ [2%y] 27%))

5
= |Dm—2K (x$y)|
1
o ToRT1 IDypaxiy (x @ y)]
< ! + ! ey+0
s N X
(xeoy) m-2k+1(xey) 4
() e
=1+
m-2k+1/ (x@y)
C
< >
(xoy)
(43)

where (32), (34), and the fact that D,,,_,« is a constant on
dyadic intervals of the form (127K, (1 + 1)27%) are used. This

completes the proof of Lemma 8. O
Lemma 9. If
@) N n
ag
K )= 3 (1= oy e @ 0).

for 2V <m < 2",
(44)

then

o N C
K; 7 —> 45
| | l_;N|x—y+2K*Il| (45)
where C is an arbitrary constant.

Proof. The kernel can be expanded as

K7 (x,y)

m

n
> (T

) @, ()

1]
Mz
/
—
|
3
t\\) iy
+
A
N———

2K
< 2 W (12770 ) e (22 1)
2K

X Z W, o« (k27U7K))
k=0
X W,k (ZI_K)/ - k)) 5



6
by Lemma 6,
K K (m ;
= 1- —>
X (Wn_z,f,( (lz—u—m)
XWn—Z”K (kz_(l—K)))
X W,k (ZI_Kx — l)
X Wyx (ZI_K)} _ k)} .
(46)
Therefore, using Lemma 8,
Ko (5. 9)|
N’ NT|m ;
< 1- —)
<Z:Z:Nkzz—:N n§z< m-2/+1
X W, _y-x ([ZI*K (x n 2Kf]l)] 2—(}4{))
X W, _y« ([ZI—K (y + 2K—]k)] 27(171@)
X ”w2’< "io
< X C

P s ¥ (x+ 25T @ (y + 2K Tk)’

(47)

where Y indicates that only the terms for which x + 2571 €
[0,1) and y + 2%k e o, 1), respectively, should be included
in the sum. This implies the estimate

|K(o) (x )'< i IZ\]: C (48)
e e v E A (R O T

sincea@b > 27081070 > 15 _ p|/2. This completes the proof
of Lemma 9. O

5. Proof of Theorem 3

The dyadic arithmetic mean of partial sums for the expansion
of a measurable (integrable) function f in the periodic
Walsh-type wavelet packets,

2N_1

(o)) = 35 3 (8,00

2N-1/ n
ZLN > <Z<f,wk>wk(x)>, by (22),

n=0 \k=0

I
™M
P
N

| =

N—
<
£
&
=

(49)
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holds everywhere with the arithmetic mean of the projection
onto the (periodized) scaling space Vy associated with the
underlying multiresolution analysis (Hess-Nielsen and Wick-
erhauser [9]). Therefore, it suffices to consider the arithmetic
mean of the projection operators Py on to the space V.

Suppose that the g-block S is associated with the dyadic
interval I ¢ [0,1). If 1 < «lI|, then |I|'"?/a? < 1/a, and
using the fact that the operator f — supy, Z,,N:o(l -n/(N +
1))P‘7nf(x) (and thus f — fo(x)) is of strong type (g, q).
We have

e C
<

4
o 1 xa «

q
{6l f () > af| < cq<%> <C
(50)

Now suppose that 1 > «|I| with I = [a,b). Put I = [(3a -
b)/2,(3b —a)/2] N [0,1), and define I = [0,1) — I. We have

Hfo (x) > ocH <21+ ]Tn {fo (x) > (x}|

, (51)
S& + |In{fo(x) >(x}|.

Fix x € I, and let Ky(x, y) denote the operator kernel
associated with the projection operators Py . Then there

exists a finite constant C (independent of N) such that

|Ky ()] < (52)

|x ~ y|

(see Terence [10]).
Using the estimate (52) on the kernel Ky, we obtain

|(a2vB) ()]

2N_1

1Y (1-5%) B T

n=0

2N

-1 Z{0-57)-(-5)]

n=0

x Y (B, @,) @, (x)
r=0

>

N _q 2N-1
+(1_ N ) Z <ﬁ’ﬁjn>ﬂjn(x)

n=0
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by Lemma 7,
2”721 n
= X on 2 (BT T, (x)
n=0 r=0
2N
Z (B, @,) W, (x)
2N
= Z 2N (S,.8) (x) + (SzN,B) (x)
2N
< Z zN 1(S,B8) ()] + |SzNﬁ) )]
N2 1
< o[ K e B0)]

¢ 5| Ko ) B ]

&1 C C
£ _<|x—a|+|x—b|>”'3“1

e (rerR AT L
} (2N2;1 " 2%)<|x?a| * |x€b|>"/3"1

(i g I8l

Since [|Bll, < landx € Timplies that |x—al, |x-b| > |1|/2,
therefore,

(53)

2C 2C
|(02Nﬁ) ()C)l = { |I| |I| }
_ (54)
4C C
=— < -
Il «
Finally we obtain
= C
{x €1 :sup|(oynf) ()] > oc]» < -, (55)
N o

where C is independent of I and 8 and hence Theorem 3
follows.

6. Proof of Theorem 4

Fix & > 0 and a g-block f3 supported on the dyadic interval
I c [0,1); two cases are considered.

Case I If 1 < «|I|, then |I|'™9/a? < 1/a. Therefore, using
Theorem 5.1. [7], page 275, we have

T o (56)

CaseIl. Let1 > «|I| with I = [a, b). Let

I (U}:_l (j+[3a2—b’3b2—a>>>n[0)l), (57)

and define T = [0,1) \ I. Then

GB > o] < |[T] +[Tn{G.B > o}

<3011 +[1n{G.B > o] (58)

6 |-
S;+|ID{GC/3><x}|.

Notice that
[Tn{G.p>a}| < ‘Tﬂ {G‘fﬁ > %H
(59)
+{IN {limsupM[ﬁ > gH,
7 2
with
M]ﬁ (x) = 21<r1;111a2§’1—1 M}”ﬁ )

m (60)
MJ'B(x) = Z <1 - ﬁ) (B.w@,) @, (x)|.

n=2/




For x € [0, 1), we have

lim sup M} B (x)
J.m

= lim sup
Jsm

Y (1 - ﬁ) (B, w,) w, (x)
n=2/
N

N m

> (1)

I,=-NL,=—N n=2J

= lim sup
Jsm

x (Bw, (- -h)w(x-1)

i i i >

< lim sup (1 - —>
—2J

L=-NL=-N Tm |=p] m=20+1

x (Byw, (- =h)) w(x-h)

(61)

Hence, it suffices to estimate IEI&‘ZZI with

E}"
- m n
= yx €I :limsup (1——>
{ Im n:zzl m-2 +1

x (Bw, (-=h)) w(x-1)

. a} |
(62)

Fix x € R\ I; then
| KG-tr-n)p0)a)

7 séi\] r" B(y)dy

1S J-o0 |x— y+bL -1+ 2K‘/l|’

(63)

which implies that whenever x € Eg ’12, there is an increasing
sequence J, — oo for which

1
< |x—a+1, -1, + 2K
(64)

+ ! > Ca
|x —=b+1, -1, + 2K ’

for some fixed C > 0 and for k = 1,2,.... Since J, — oo,
therefore

1 1
Ca. 65
(|x—a+lz—ll|+lx—b+lz—ll|)> « (65
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Using that I =1[0,1)\ I and the same technique as in the
proof of Lemma 9, we complete the proof to conclude that
IEf;’lzl < 1/« and consequently

<

; (66)

!

In {limsupMI,B > ﬁ}
i 2

which completes the proof of Theorem 4.

7. Proof of Theorem 5

Let f = ¥,2) 6P be a function of B,. Then

N

=Y (1- 5 e a

(67)

due to the L' convergence of the average sum defining f.
Since

i(1_Nr-1+1><f’w”>w”

n=0

gcki (1 - Ni 1) (Bi W) W,»

lim sup (68)
N

é(l_N71+1><f’w”>w”

> (1- 5 ) 6w,

n=0

[ee]
< Z |ci| lim sup
k=1 N

(o]
G.f <) |al G.By
k=1
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therefore
.4 >all<[{ ¥ ol > o}
k=1

qu

< — |a|, by Theorem 4,
a5 (69)
Cy

<1 fl,, by (12,

~o(Ifl,).

This completes the proof of Theorem 5.

8. Applications
Following corollary can be deduced from our theorems.

Corollary 10. Let {w,} be a periodic Walsh-type wavelet
packet basis. Then the Fourier expansion of any function f €
B,, 1 < q < oo, in {w,} is summable by arithmetic means

o
pointwise a.e.
Proof. Let us write (Sy f)(x) = Z,I:]:O (f,w,)w,(x) and
(GNf) (X) N + nf) (x)
N (70)
=) ( ") T B ).

With f = Y72 6B, € By let gg = i G and
observe that || f — gKIIBq — 0. For each x € [0, 1), write

(f - 9x)
+(gx — ongx) + (Ongk — on f) -

f-onf= )

Thus

{x : li;]n sup | f (x) = (o f) (x)| > cx}

< {x :limsup | f (x) - gg (x)| > %H
N — oo

+ {x : lim sup |gx (x) = (ongk) (x)| > %}l
N — o0
+ {x limsup |(ogx) (%) = (on f) ()] > %H

{x lim sup | f (x) - g (x)| > —H

N — oo

+ Ik (x)

{x : lim sup

N — oo

+

Z<1_N}11>

n=0

<|x : lim sup

N — oo

X <gK _f’wn> iUn (x)

[0
> —

4
4

< {x:limsup|f(x)—gK(x)| > %H
N—oo

gk (x) - Z (g1 W,) @, (x)

n=0

{x lim sup

Z(gK f@,) @, (x)

N—o00 |p=0

{x lim sup

< {x:limsup|f(x)—g,<(x)| > %H
N—-oo

+ {x s lim sup |gg (x) = (Sygk) (%)] > %}l
N — 00

T CPRISR OISR
N — oo

3

< —|f = gklle, + 0+ CIlf 9xlls,»

by Theorem 5.
o

(72)
From this it follows that

{x : lir{llsolip |f () = (on f) (x)] > (x} =0. (73)

This completes the proof of the corollary. O
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