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Abstract

In this paper, by using fixed point theorem of cone expansion-compression
type and suitable conditions, we present the existence of single positive
solution for the integral boundary value problems. We derive an explicit
interval of A such that for any A in this interval, the existence of at least
one positive solution to the boundary value problems is guaranteed.

Mathematics Subject Classification: 34B16

Keywords: Integral boundary value problem; Positive solutions; Fixed-
point theorem; Cone

1 Introduction

In this paper, we consider the integral boundary value problem

(p()u' (1)) — q(t)u(t) + Af(t, u)
= J a(t)u(?)
= [ B(t)u(t)
where a,b, ¢, d € [0,400),0 < r < R < 1 are given constants, p, ¢ € C([0, 1], (0, +00)),
a, B € C([0,1],]0, +00)).

Integral boundary value problems arise in a variety of different areas of ap-
plied mathematics and physics. Boundary value problems(BVP) (1.1) becomes

a generic multi-point boundary value problem, some special cases of which have
been extensively studied in many papers in recent years. Moreover, boundary

=0, 0<t<l,
dt, (1.1)
dt
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value problem (1.1)includes the two-point,three-point and multi-point bound-
ary value problems as special cases. So we can see our work naturally extend
and unify some known results both for two-point boundary value problem and
for multi-point boundary value problem in the literature.

The mail tool of this paper is the following well known Krasnoselskii’s fixed
point theorem.

Theorem 1.1(See[10]). Suppose E is a Banach space, K C E is a cone, let
1, Q) be two bounded open sets of E such that 8 € Q;, Q; C Q. Let operator
T:KnN(Q\ Q) — K be completely continuous. Suppose that one of the
following two conditions holds

) Tzl < ll=ll, ¥V zeKnoh, [Tzl 2 |z], Ve KN, or

(i) |Tz| > ||z]|, Vz€ KN, ||Tz|| <|z|, Vze Kno,.
Then T has at least one fixed point in K N (s \ ©1).

2 Preliminaries and Lemmas

In the rest of the paper, we make the following assumptions:
(H1> f € C([Oa +OO)> [Oa +OO));
(Hy) h € C(]0,1],]0,+00)) and there exists xg € (0,) such that h(xg) > 0;
(H3) a € C[0,1],b € C([0,1], (—00,0)).

In this section , we present some lemmas that are important to our main
results .

Lemma 2.1(See[5]). Assume that (H3) holds. Let ¢1(t), ¢o(t) are the positive
solutions of

{ P1(t) + a(t)P)(t) + b(t)pi(t) =0, 0<t <1,
$1(0) =0, &1 (1) =1,

P5(t) + a(t)dh(t) +b(t)ge(t) =0, 0<t <1,
$2(0) =1, (1) =0.

Then

(i)  ¢1(t) is strictly increasing on [0,1], and¢;(t) > 0 on (0,1] ;

(i) ¢o(t) is strictly decreasing on [0,1], and¢;(¢) > 0 on [0,1) .
$2(0)  ¢1(0) ‘ A — [Faei(t)dt  p— [Fa(t)gs(t)dt
05(0) ¢1(0) | p= I B®e1(0)dt — [T B (t)dt
Lemma 2.2. Assume that (H3) and (H,) hold, A # 0. Let y € C]0, 1], then

Set p = p(0)
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the problems

au(0) — bp(0)u'(0) = [Fa(t)u(t)dt, (2.1)
cu(1) +dp(1)u'(1) = [* B(t)u(t)dt
is equivalent to the integral equation
u(t) = [ Glt,9)yls)ds + Al)or(e) + Bly)onlt) 22
where
Gt s) = - { wlb)alo), s, (2.3)
P di(s)oa(t), s<t,
A= L] OBt p— el
12 B(@) Jo Gt s)y(s)dsdt = [ 5(t)pa(t)dt
gy = L] ~He@a) Fa@ R G|

A p— [RBWei)dt [RB) [ Gt s)y(s)dsdt |
>

Moreover, u(t) > 0 on [0,1] provided y(t) > 0.

Set
t t
q(t) = min <¢1( ) o2 )) :
@21l ll2 |
where ||.|| denote the supernum norm. From (2.3) we have

G(s,s) > G(t,s) > q(t)G(s,s), for te|0,1].
Choose ¢ € (0,%) such that there exists zy € (6,1 — 9), take
v = min{q()[t € [6,1 — 6]}

It follows from Lemma 2.1 that 0 <~y < 1

Lemma 2.3. Let (H5), (Hs) and (Hy) hold. Assume A < 0, p— [T a(t)po(t)dt >
0,p— [FB(t)p1(t)dt > 0. Then y € C[0, 1] with y > 0, the unique solution of
the problem (2.1) satisfies u(t) > 0 and

u(t) = Allull, t € [5,1— 6]

Proof. By
0<G(t,s) <G(s,s), for te]0,1],
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which implies

u(t) < [ G, s)pls)y(s)ds + A6 (1) + Boe).

By
G(t,s) > q(t)G(s,s), for te[0,1],

we have that for ¢ € [§,1 — ],
G(t,s) > vG(s,s).
Thus for ¢t € [§,1 — 4],
u(t) = [ Gl s)p(s)y()ds + A1 (1) + Bon(r)
L G(t,s)

= /O mG(S, s)p(s)y(s)ds + Api(t) + Boa(t)

> [ Gls,s)ps)y(s)ds + A (1) + Bén(r)

> ([ Gls, Ipls)y(s)ds + Adi(1) + Bén(r)

> y|lul.

3 The Main Results

Let
fo= lim min f(t,2) foo = lim min f(t,)
r—0+tef0,l]  x z—00tc[0,1] T
= lim max (t,z) f = lim max f(t.2)
e——0+tef01] x r—ootel01]  x
t t
Y= lim inf max /( ,x)’ f°° = lim inf max /( ,x)’
= x—01 te[0,1] X - L0 te[0,1] x
- 1 . f(t,l’) - 7 : f(tvl‘)
Jo= MW B0y T e TSP T

1 1-6
Ay = / G(s, 8)ds + Ao (1) + Boda(0), Ay = max ( / alt, s)ds) ,
0 §

te(0,1]

where
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A — 1 er&(t) 01 G(s, s)dsdt P—erOé(t)@(t)dt
TA IRB@) [LG(s,s)dsdt  — [FB(t)a(t)dt |
o _ 1| —Ha®a®  [Talt) fy Gls,sydsdt
CA - B a7 8 1 Gls, s)dsdr

Let E = C[0, 1], then E is Banach space, with respect to the norm |lu| =
supyefo 1) |u(t)].

Now BVP(1.1) has a solution u = u(t) if and only if u is a solution of the
operator equation

(Tu)t) = A ([ Gt (s, uls))ds + AU s, u(9)(0) + B, u()6(0)).

where p and G are defined in Lemma2.1.
We define a cone in E by

P ={u€ Elu=>0mnu(t)epi—s = 7lull}-

It is easy to check T'(P) C P and T is completely continuous.

In this section, we discuss the existence conditions of at least one positive
solution for BVP(1.1). We obtain the following existence results.
Theorem 3.1. Suppose conditions (H;)- (H4) hold. In addition,

(1) If Ay fo < yAafs, then for each A € (= ), the BVP(l 1) has at
least one positive solution.

(2) If fo = 0 and fo = o0, then for any A € (0,00), the BVP(1.1) has at
least one positive solution.

(3) If foo = 00, 0 < fy < 00, then for each A € (0, T.7;); the BVP(L.1) has
at least one positive solution.

(4) If fo=0,0 < fo < o0, then for each A € (
has at least one positive solution.
Proof. We only prove the case (1). We construct the set Qg,, Qg; in order to
apply Theorem1.1. Let A € ( and choose € > 0 such that

’YAZf  Avfo f

'yAzlfoo’Oo)’ the BVP(1.1)

'YAfoo’Af>

1 1

A0 AP e

By the definition of f°, we choose R; > 0 such that f(¢,u) < (f°+e¢)u, for
(t,u) € [0,1] x [0, Ry]. Thus for v € P and |Ju| = Ry, we have

(Tu)(t) = A (fy G(t,5)f (s, uls))ds + A(f (s, u(s))d1(8) + B(f (s, u(5))) (1))

<A (Jy G(s,9)f(s,u(s))ds + A(f(s,u(s))d1(1) + B(f(s,u(s)))$2(0))
< A (fo + )ull < [full
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Let Qg, = {u € E|||lu|]| < R}, it follows that
|Tu|| < JJull,for we PNoQg,. (3.1)

Considering the definition of f.,, there exists Ry > R; such that f(¢,u) >
(foo—€)u for (t,u) € [0,1] X [Ry, 00). Let Ry = max{2R;, %} and Qps = {u €
El|||ul| < R3}, then w € P and |Ju|| = R} implies

i t) > > .
te{g’y}d}u{ ) = ull = Re

So we have
Tl = maxigon A (Ji Gl 5)£(s, uls))ds + A(F(s, u(s)))éa(8) + B (5, u(s)))n(t))
> maxe(o,1] A (f (t,8)f(s, u(s))ds)

> maxieioy A (J; 0 G(t,9) (s, u(s))ds)
> M foo — )y Aflull = [lul.

G(t
G(t

Hence
|Tull > [Jul], for v € PN OQg;. (3.2)

From (3.1) and (3.2) and Theorem1.1[10], thus 7" has a fixed point in u €
P N (Qg; \ Qg, ), which is a positive solution of BVP(1.1).
Theorem 3.2. Suppose condition (H)-(Hy) hold In addition,

(1) If A1 foo < vAafo, then for each A € (—— ), the BVP(l 1) has at
least one positive solution.

(2) If fo = 0o and fo = 0, then for any A € (0,00), the BVP(1.1) has at
least one positive solution.

(3) If foo = 00, 0 < fy < 00, then for each X € (0, 5 7.7.), the BVP(1.1) has
at least one positive solution.

(4) If fo=0,0 < fo < 00, then for each \ € (5
has at least one positive solution..
Proof. We only prove the case(1). Let A € (—5—+

’YAf Af

L. 0), the BVP(L.1)

), and choose £ > 0

7A2fo’ A1f°°
such that
1 1
S O [ —
YA2(fo —¢) Ai(fe+e)

By the definition of fj, there exists py € (0,00) such that f(¢t,u) > (fo — €)u
for (t,u) € [0,1] x [0, po]. Let Q,, = {u € E| |u| < po}, then v € P and
[ull = po, we have

[(Tw)l| = maxiero A (Jy Gt 5)f (s, uls))ds + A(f (s, u(s))é1(8) + B(f (s, u(s))ga(t))

> max;e(o,] A (fa Gt s) f(s, U<S))d3)
> M fo —e)vAzlull > [[ull.
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So
| Tul| > ||ul|, for uwe PNoK,. (3.3)

By the definition of f*°, there exists p; such that f(¢t,u) < (fs + €)u for
(tau) € [07 1] X [pl,OO>-

We consider the following two cases:

Case(i) If f is unbounded, there exists p5 > max{2py,y 'p1} such that
f(t,u) < f(t, ps) for (t,u) € [0,1] x [0, p5]. Then, for u € P and |ju|| = p}, we
have

(Tu)(t) =X (J Gt 9) (s, u(s))ds + A(fs, (u(s)))é1(t) + B(f (s, u(s)))ba(t))
< A Gs,)f (s, uls))ds + A(f (s, u())on(1) + B (5. u(s)))2(0))
< A(foo + ) Adllu] < [lul].

Case(ii) If f is bounded, say f(t,u) < Nj for all (¢,u) € [0, 1] x [0, +00),
taking p5 > {2pg, AN1 A} for w € P and ||u|| = p3, we have

(Tu)(t) = A (J2 G(t, ) (s, u(s))ds + A(f(5,u(s)))é1 (1) + B(f (s, u(s)))d(t))

<A (fo1 G(s,8)f(s,u(s))ds + A(f(s,u(s)))1(1) + B(f (s, U(S)))¢1(0))
< AN A < ps < |l

Hence, in either case, we may put 2,: = {u € El||lu|| < p3} such that
|Tull < [Jull, for v e PNosy,,. (3.4)

From(3.3),(3.4) and Theorem1.1[10], thus 7" has a fixed point in u € PN (Qy; \
,,), which is a positive solution of BVP(1.1).
Theorem 3.3. Suppose condition (H;)-(H4)hold. In addition, assume there
exist two positive constants Ry # Ry such that

(1) f(t,u) < %,V(t,u) € [0,1] x [0, Ry];

(2) f(t,u) > /\R—AQQ,V(t,u) € [0,1] x [yR2, Ro]. Then the BVP(1.1) has at
least one positive solution u such that ||u|| between R; and Rs.
Proof. We only consider the case Ry < Rs, the case Ry > R, follows in a
similar way. Let Qgp, = {u € El|ju|| < Ri},Qr, = {u € E||lu| < Re}. It
follows from (1) for any u € P N Qg,,

(Tu)(t) =\ (Jy G(t,5)f (s, u(s))ds + A(f(s,u(s))d1(£) + B(f (s, u(s)))ds(t))
<A (s Gls,9) (s, uls))ds + A(f(s,u(5)))é1(1) + B(f(s,u(s)))$2(0))

< My =yl
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Therefore,
|| Tul| < |lu]|, for ue PNQg. (3.5)

On the other hand, for any u € PNQg,, we have YRy < |u(t)| < Ry, for t €
10,1 — 6]. It follows that for any u € P N Qg,,

[Tul] = maxiepn A (Jo G(t,9) (s, u(s))ds + A(f(s,u(5)))é1() + B(f(s,u(s)))ga(t))
> maxse(o,1] A (fol G(t,s)f(s, u(s))ds)
> maxyep,1) A (f51_6 G(t,s)f(s, u(s))ds)
> Ry = |ul]
So
|Tul| > |Ju|l, for uwe PNINg,. (3.6)

From(3.5),(3.6) and Theorem1.1[10], thus 7" has a fixed point in u € PN (Qpg, \
Qg, ), which is a positive solution of BVP(1.1) between R; and Rj..
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