-

View metadata, citation and similar papers at core.ac.uk brought to you byff CORE

provided by CiteSeerX

Applicable Analysis and Discrete Mathematics - Accepted manuscript

Received: March 2, 2009.,

Revised: May 25, 2009.

Please cite this article as: Qiu-Ming Luo: SOME FORMULAS FOR APOSTOL-EULER POLYNOMIALS ASSOCIATED
WITH HURWITZ ZETA FUNCTION AT RATIONAL ARGUMENTS,

Appl. Anal. Discrete Math. (to appear)

APPLICABLE ANALYSIS AND DISCRETE MATHEMATICS
available online at http://pefmath.etf.bg.ac.yu

AppPL. ANAL. DISCRETE MATH. X (XXXX), XXX—XXX. d0i:10.2298/ A ADMXXXXXXXX

SOME FORMULAS FOR APOSTOL-EULER POLYNOMIALS
ASSOCIATED WITH HURWITZ ZETA FUNCTION AT

RATIONAL ARGUMENTS

Qiu-Ming Luo

‘We give some explicit relationships between the Apostol-Euler polynomials
and generalized Hurwitz-Lerch Zeta function and obtain some series repre-
sentations of the Apostol-Euler polynomials of higher order in terms of the
generalized Hurwitz-Lerch Zeta function. Several interesting special cases are

also shown.

1. Introduction

Throughout this paper, we always make use of the following notations: N = {1,2,3,...}
denotes the set of natural numbers, Ng = {0,1,2,3,...} denotes the set of nonnegative integers,
Zy = {0,-1,-2,-3,...} denotes the set of nonpositive integers, Z denotes the set of integers,
R denotes the set of real numbers, C denotes the set of complex numbers.

The generalized Bernoulli polynomials By(la)(x) and Euler polynomials Eﬁa)(x) of order «

(real or complex) are usually defined by means of the following generating functions (see, for
details, [1], [2], [13], [19]):

(1.1) 2 ) e }OO:Bga> @2 (2] < 2m)
e 1
n=0

n!
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Obviously, the classical Bernoulli polynomials B, (x) and Euler polynomials F, (x) are defined

by

(1.3) B, (z):=BWY () and E,(z):=EY(z) (neNpy),

respectively. The classical Bernoulli numbers B,, and Euler numbers E,, are defined by
1

(1.4) B,:=B,(0) and E,:=2"E, <2) (n € Np),

respectively.
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Some interesting analogues of the classical Bernoulli polynomials and numbers were first
investigated by Apostol [2, p. 165, Eq. (3.1)] and (more recently) by Srivastava [I1, p. 83-84].
We begin by recalling Apostol’s definitions as follows:

DEFINITION 1.1 (Apostol [2]; see also Srivastava [[1]). The Apostol-Bernoulli polynomials
B, (x; \) in x are defined by means of the generating function:

ze%* e 2
(1.5) SV :Z:Ozsn(x;nm
(|| < 2 when A =1; |z| < |log A| when A # 1)
with, of course,
(1.6) B, (z) = B(z;1) and B, (A) =B, (0;\),
where B, (A\) denotes the so-called Apostol-Bernoulli numbers (In fact, it is a function in A).

Recently, Luo and Srivastava extended further the Apostol-Bernoulli and Apostol-Euler
polynomials and their generalizations as follows:

DEFINITION 1.2 (¢f. Luo and Srivastava [I0, [[2]). The Apostol-Bernoulli polynomials
B,({") (z; \) of order a are defined by means of the generating function

z “ Tz _ - (Oé) . i
(1.7) (Aez_1> e ;Bn (:0) =
(lz] < 2m when XA =1; |2| < [logA\| when X # 1)

with, of course,
B (z) = B (2;1) and B (A) =B (0;)),

(1.8) )
By (x;A) := BWY (23 0) and B (A) =B, (0; ),

where B, (N), B (A\) and B, (z;\) denote the so-called Apostol-Bernoulli numbers, Apostol-
Bernoulli numbers of order o and Apostol-Bernoulli polynomials respectively.

DEFINITION 1.3 (¢f Luo [L1]). The Apostol-Euler polynomials £ (z; \) of order a are
defined by means of the generating function

2 @ > "
_c Tz _ (@) (- )\) 2 _
(19) (err) =X (e <ost-n).

with, of course,

E (z) = & (2;1) and @ ()) == 2ngl® (%; )\) ,

(1.10)
En(@A)=EW (1)) and &, (N) = 2", (%;)\) :

where &, (X), gl (A\) and &, (z;\) denote the so-called Apostol-Euler numbers, Apostol-Euler
numbers of order o and Apostol-Euler polynomials respectively.

The main object of the present paper is to give some explicit relationships between the
Apostol-Euler polynomials and generalized Hurwitz-Lerch Zeta function and to investigate some
series representations of the Apostol-Euler polynomials in terms of generalized Hurwitz-Lerch
Zeta function.



Some formulas for Apostol-Euler polynomials associated with Hurwitz Zeta function at rational arguments 3

2. Some explicit relationships between the Apostol-Euler polynomials and the
generalized Hurwitz-Lerch Zeta function

A family of the Hurwitz-Lerch Zeta function @Lp,;,a)(z, s,a) defined by (see e.g. [J, p. 727,
Eq. (8)]

n

(2.1) <I>£ 9)(z,5,a) = S~ (e A
’ V=2 e v ay

(WeC; a,veC\Zy; p,o €RT; p<o when s,z€C;
p=oc and s€C when |z|<1l;p=0c and R(s—p+v)>1 when |z]=1),
contains, as its special cases, not only the Hurwitz-Lerch Zeta function

(2.2) @f,f;o)(z, s,a) = @L?;P)(z, s,a) = ®(z,8,a) = Z

n=0

and the Lipschitz-Lerch Zeta function (cf. [0, p. 122, Eq. 2.5 (11)]):

Z’!l

(n+a)°

(oo}

(2.3) (€ a8) =D (™ 5,0) =Y

n=0

62n7r7,£

(n+a)°

(a€C\Zy; R(s) >0 when ¢€R\Z; R(s)>1 when ¢£€7Z),
but also the following generalized Hurwitz-Lerch Zeta functions introduced and studied earlier

by Goyal and Laddha [7, p. 100, Eq. (1.5)]

o}

(1,1) ()n =
2.4 [0} =0 = E -
( ) M1 (27570') }J«(Zasaa) n! (TL-’-G,)S)

n

n=0

which, for convenience, are called the Goyal-Laddha-Hurwitz-Lerch Zeta function. Here the
symbol (a); denotes the Pochhammer symbol or the shifted factorial defined, a € C, by

_T+h) _[1 =0
(2.5) (a)k = T(a) _{a(a+1)~~~(a+k1) (k eN),

where I'(x) is the usual Gamma function.
Recently, Garg et al. [0] obtained the following interesting formula:

(2.6) BWY (a; A) = (—n)®;(\, 1 — n,a) (n,leN;n2l; [A<1; aeC\Zy).
Clearly, we have
(2.7) By (a;\) = —n®(A, 1 — n,a) meN; A =1; aeC\Zy).

Below we give the following explicit relationships between the a family of Euler polynomials and
a family of Zeta function.

THEOREM 2.1. ForneN; —1<A=Z1; aeC; ae C\Zy, the following relationship
(2.8) EW (a; M) = 29B o (—\, —n, a)

between the Apostol-FEuler polynomials of higher order and the Goyal-Laddha-Hurwitz-Lerch Zeta
function.
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Proor. By (1.9) and the generalized binomial theorem, yields
(2.9)

- (@) (.. z" _ 2 “ az __ oo (a>k _\\k (k+a)z

N gy @k S R Sl PR e N () L G A B
o l2 Z | (7/\) (k+a) m B Z 2 Z | (k_|_a)—n E
n=0 k=0 n=0 k=0
Hence, the formula (2.8) follows. O

COROLLARY 2.2. ForneN; —1< A< 1; a€ C\Zy, the following relationship
(2.10) En(a; X)) =2®(=)\, —n,a)
holds true between the Apostol-Euler polynomials and the Hurwitz-Lerch Zeta function.

It is well-known that the following relationship between the Bernoulli polynomials and the
Hurwitz Zeta function (see Apostol [3, p. 264, Theorem 12.13])

(2.11) B, (a) = —n¢(1 —n,a) (n eN),
where ((s,a) denotes the Hurwitz Zeta function defined by
oo 1 B
((s,a) ::@(L&a):%m (R(s) >1; aeC\Zy).

An alternating series version of the Hurwitz Zeta function is given as follows:

DEFINITION 2.3. The L-function is defined by
2.12 L = E —— 1; Zy ) -
( ) (Saa) —~ (n+a)s (%(8) > 1 aG(C\ 0)

In the same method, it is not difficult, we give a quasi formula of (2.11)) as follows:
THEOREM 2.4. Forn € N; a € C\ Z;, the following relationship

(2.13) E, (a) =2L(—n,a)

holds true between the Euler polynomials and the L-function.

It is well-known that the following relationship between the Bernoulli numbers and the
Riemann Zeta function (see [3, p. 266, Theorem 12.16])

(2.14) B, =-n¢(1—n) (n €N),
where ((s) denotes the Riemann Zeta function defined by

=1
C(s) =((s,1) = P ne "

An alternating series version of the Riemann Zeta function is given as follows:

DEFINITION 2.5. For R(s) > 0, the l-function defined by

(2.15) I(s) == (*nls)n.

Similarly, we give an analogue of the formula (2.14) as follows:
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THEOREM 2.6. For n € N, the following relationship
(2.16) E, =2l(-n)

holds true between the Euler numbers and the l-function.

3. Explicit series representations for the Apostol-Euler polynomials of order «

It is not difficult, we make use of the elementary series identity:

(3.1) SDF®R =D flgk+5),  (geN),

k=1 j=1k=0

to the Hurwitz-Lerch Zeta function (2.2), yields that

q

! a+j3—1 ;
(3.2) O(z,8,a) =q~° Z o (zq, 8, ]) P
j=1
Obviously, a special case of (3.2) when

oprri
zzexp(pqm) (peZ, geN)

is the following summation formula for the Lipschitz-Lerch Zeta function ¢(¢,a,s) defined by

(2.3):
(o0 (357) 0) =0 (G0)
P [ exp ,,a |l =¢ | =,a,s
q q

(3.3) e ZC <57 (H(jll) exp <2(]q1)pm> )

j=1

in terms of the Hurwitz Zeta function ((s,a).

THEOREM 3.1. Forn,q € N; pe Z; £ € R, a € C, the following formula of the Apostol-
Euler polynomials of order «

. o 00 k
£ < ’ ng) _i27 ) <a1> <kp 1> (k1> 0. 5%
q ;€ F(a) ]CZO k q+ a_k_ljgo ]—1 (n+ )J k—j
q
(2m)- {Z (nﬂH?HQM)
(3.4) =1 qq
-epr”;rj (§+2r—1 ) } Z<<n+j+1’2r_22;+1>
r=1
-exp{(—n;_j—&—(%_%—'—l }

holds true in terms of the Hurwitz Zeta function.
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PROOF. We now rewrite the result of Lin et al. as follows (see |

k L

CL—|—1M/€1
KT (o — k)

oo
D, (2,5,a) =iz"T'(1 — s) Z

=0 -1

o

, p. 823, Theorem)):

$); By (2m)

(35) . 7& _ 4 ; —2mai IOgZ
exp 2(3 jmi | @ (e A —s+j, —= 57
1 - . 2mwai . lOgZ
—exp||2a+=(s—j)|m|® (e 1—-5+j,1— — (neC).
2 2
Setting
z = —e?m¢, a=2 and S§ > —8, et
and by applying the series identity (3.3)), we find that
(3.6)
p\ iT(s+1) & (a1 p Ykt *)
b (ot P) DS @) (o p ) S ()
a )=t 2 pe) (e,
q
- 26 +2r—1
—s—i—1 .

s+j  (26+2r—1)p ! L -2+
L A
r=1
j 2r — 2 Lp
~exp{<—8;‘7+(r £+ } (a € C).
Taking s = n in (3.6) and noting that (2.8)) of Theorem 2.1, of course, with
A = 2™ and a= B,
q

we obtain the desire (3.4). This proof is complete.

O

THEOREM 3.2. For n,q,l € N; p € Z; £ € C, the following formula of the Apostol-Euler

polynomials of order 1

0 () -5 5 (5 )

o

(26 +2r — 1)p
|

2
holds true in terms of the Hurwitz Zeta function.

k-2
q

). 50

264+2r—1
2q

<n+j+1,
H_zg
)%MH’

n+j _
2

(2r—2¢6+1
2

n—+j
2

PrOOF. Let a« =1 (I € N) in (3.0) we may obtain the assertion (3.

k—
j—1

)

(n—I—j—i—l,

1 k

2r — 26 +1
2q

)

7).



Some formulas for Apostol-Euler polynomials associated with Hurwitz Zeta function at rational arguments 7

THEOREM 3.3. Forn,q,l € N; p € Z; £ € C, the following formula of the Apostol-Euler
polynomials of order 1

(3.8)

i(=2)t - nl A (1 — "k (—n— ; :
5(1 <q 27”5) - ((12_)1)! kzo ( k 1) Bz(lf)quinikfl ZO <j> ( j l)j!pk] (2m)~ it
— i=
26 +2r —1 n+j  (26+2r—1)p\ .
{ZC(n—!—j—i—l 2q)exp{( 5 . )m}

=1

2641 n+j  (2r—26+1)p )
C(n+]+12q >exp[(— 5 + g >m]},

holds true in terms of the Hurwitz Zeta function.

T
q

r=1

PROOF. Setting = m (m € N) in (3.5), we obtain the following transformation formula:

. m—1
(1 — -1
(pm(zvsva) :u <m )Bfnm)k 1

m-1)! & k v

1 , log 2z
. _ _ 4 K —2mai 1
[exp (2(3 ])m) <e s+ 7, 5t )
—e 2a+l(s—‘) i| @ ezmil—s—&—'l—bgz (m e N)
Xp 5 i) , 7, o .

2mig a= b and S+ —8, m [
q

and by applying the series identity (3.3), we obtain the following consequence

of (—62”5, —8, p>
q

(Dt () o

Jj=0

(3.10) 1 2 4+2r—1 +5 (2642r—1)
. T — S J r— P .
.{zz:(<s+]+172q )exp[( 5 . >m}

r=1

Z<<S+J+1 22€+1>exp K—S;j + (2r_2;+1)p) m} } (1 eN),

r=

Letting

Z = —€

=

Further taking s = n in (3.10) and noting that (2.8) of Theorem 2.1), of course, with
A = e?mit and a== (peZ; geN; £ €R).

Therefore, the formula (3.8)) follows. This proof is complete. O
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4. Further observations and consequences

Recently, Srivastava found the following elegant formula for Apostol-Bernoulli polynomials
B (x; \) (see [14, p. 84, Eq. (4.6)]):

P, 2mie) _ _ n! - n§+]1> - Knm)m}
Bn <Q’ ) o (2qm)n ZZ:C < g P2 q

Jj=1

W B (0252 )

(neN\{l}; peZ; ¢eN; §€R).

When ¢ € Z in (4.1), we can deduce a known result given earlier by Cvijovié and Klinowski [

p. 1529, Theorem Al:
2.l & j 2jpr  nw
ZQ n,=)cos | — — —
il q q 2

oo )

(neN\{1}; peZ; qeN).
It follows that we set a = 1 in (3.4), or Il = 1 in (3.7) and (3.8). Then we obtain the following
interesting formula for the Apostol-Euler polynomials &, (x; A).

THEOREM 4.1. For n,q € N; p € Z; £ € R, the following formula of the Apostol-Euler
polynomials at rational arguments

(4.3)

. 2.1 L%+ -1 +1 (264251 ,
&(’q”;ez f) QQW’QH{Zc( 72; >e><p[(n2 ( ; )p)m}

27 —26—1 _n+1 (2j—2§—1)p) }
—&—;((n—kl,Qq )exp[( 5 + . m}

holds true in terms of the Hurwitz Zeta function.

A special case of formula (4.3) when £ € Z, is just a known result given earlier by Cvijovié
and Klinowski:

COROLLARY 4.2 ([1, p. 1529, Theorem B]). For n,q € N; p € Z, the following formula of
the classical Euler polynomials
p\ 4 n' I -1\ . [(2j—1)pr nm
0 8 (0)-pe e e (252 )

holds true in terms of the Hurwitz Zeta Sfunction.
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