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We give the definition of generalized timelike Mannheim curve in Minkowski space-time E‘l1 . The
necessary and sufficient conditions for the generalized timelike Mannheim curve are obtained. We
show some characterizations of generalized Mannheim curve.

1. Introduction

The geometry of curves has long captivated the interests of mathematicians, from the ancient
Greeks through to the era of Isaac Newton (1643-1727) and the invention of the calculus.
It is a branch of geometry that deals with smooth curves in the plane and in the space
by methods of differential and integral calculus. The theory of curves is the simpler and
narrower in scope because a regular curve in a Euclidean space has no intrinsic geometry.
One of the most important tools used to analyze curve is the Frenet frame, a moving frame
that provides a coordinate system at each point of curve that is “best adopted” to the curve
near that point. Every person of classical differential geometry meets early in his course the
subject of Bertrand curves, discovered in 1850 by J. Bertrand. A Bertrand curve is a curve such
that its principal normals are the principal normals of a second curve. There are many works
related with Bertrand curves in the Euclidean space and Minkowski space, [1-3].

Another kind of associated curve is called Mannheim curve and Mannheim partner
curve. The notion of Mannheim curves was discovered by A. Mannheim in 1878. These
curves in Euclidean 3-space are characterized in terms of the curvature and torsion as follows:
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a space curve is a Mannheim curve if and only if its curvature k; and torsion k; satisfy the
relation

k= (I3 +13) (1.1)

for some constant . The articles concerning Mannheim curves are rather few. In [4],
a remarkable class of Mannheim curves is studied. General Mannheim curves in the
Euclidean 3-space are obtained in [5-7]. Recently, Mannheim curves are generalized and
some characterizations and examples of generalized Mannheim curves are given in Euclidean
4-space E* by [8].

In this paper, we study the generalized timelike Mannheim partner curves in 4-
dimensional Minkowski space-time. We will give the necessary and sufficient conditions for
the generalized timelike Mannheim partner curves.

2. Preliminaries

To meet the requirements in the next sections, the basic elements of the theory of curves in
Minkowski space-time E; are briefly presented in this section. A more complete elementary
treatment can be found in [9].

Minkowski space-time E} is a usual vector space provided with the standard flat
metric given by

(,)=—dxi +dx; +dx} +dx;, (2.1)

where (x1, X2, X3, x4) is a rectangular coordinate system in E‘ll.

Since (, ) is an indefinite metric, recall that a v € E} can have one of the three causal
characters; it can be spacelike if (v,v) > 0 or v = 0, timelike if (v,v) < 0, and null(ligthlike)
if (v,v) = 0 and v#0. Similarly, an arbitrary curve ¢ = c(t) in E] can locally be spacelike,
timelike, or null (lightlike) if all of its velocity vectors c'(f) are, respectively, spacelike,
timelike, or null. The norm of v € Ef is given by ||v|| = \/[{(v, v)[. If [|¢'(t) || = /[(c(£), ¢'(£) )] #0
for all t € I, then C is a regular curve in Ej. A timelike (spacelike) regular curve C is
parameterized by arc-length parameter ¢ which is given by ¢ : I — Ej, then the tangent
vector ¢'(f) along C has unit length, that is, (¢'(t),c'(t)) = -1, ((c'(t),c'(t)) = 1) forall t € I.

Hereafter, curves considered are timelike and regular C* curves in E‘ll. Let T(t) = d'(t)

for all t € I; then the vector field T(t) is timelike and it is called timelike unit tangent vector
field on C.

The timelike curve C is called special timelike Frenet curve if there exist three smooth
functions ki, k2, k3 on C and smooth nonnull frame field {T,N,B;, B,} along the curve C.
Also, the functions ki, kp, and ks are called the first, the second, and the third curvature
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function on C, respectively. For the C* special timelike Frenet curve C, the following Frenet
formula is

T 0 ki 0 O[T
N’ ki 0 ko Of[N
- ) (22)
B, 0 -k, 0 ki||[Bs
B, 0 0 —ks 0] [B,

see [9].
Here, due to characters of Frenet vectors of the timelike curve, T, N, B, and B, are
mutually orthogonal vector fields satisfying equations

(T, T) =-1, (N,N) = (By,B1) = (B2, By) = 1. (2.3)

For t € I, the nonnull frame field {T,N, B;,B,} and curvature functions k, k;, and k3 are
determined as follows:

Ist step T(t) =c'(t),
2nd step ki(t) = ||T' ()| >0,
NGO = 2T O,
3rd step ka(f) = |N'(t) - ki ()T(®)|| > O, (2.4)
1

Bi(t) = X0

(N'(t) = k1 ()T (),

1
(B} () + ko ()N(H) |

4th step Ba(t) =6 (B (t) + k2(H)N(t)),

where 6 is determined by the fact that orthonormal frame field {T(t), N(t), B1(t), Bo(f)} is of
positive orientation. The function k3 is determined by

ka(t) = (B} (), Ba()) #0. (2.5)

So the function k3 never vanishes.

In order to make sure that the curve C is a special timelike Frenet curve, above steps
must be checked, from 1st step to 4th step, for ¢ € I.

Let {T,N, By, B, } be the moving Frenet frame along a unit speed timelike curve C in E%,
consisting of the tangent, the principal normal, the first binormal, and the second binormal
vector field, respectively. Since C is a timelike curve, its Frenet frame contains only nonnull
vector fields.
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3. Generalized Timelike Mannheim Curves in E}

Mannheim curves are generalized by Matsuda and Yorozu in [8]. In this paper, we have
investigated the generalization of timelike Mannheim curves in Minkowski space E;.

Definition 3.1. A special timelike curve C in Ej is a generalized timelike Mannheim curve if
there exists a special timelike Frenet curve C* in Ej such that the first normal line at each
point of C is included in the plane generated by the second normal line and the third normal
line of C* at the corresponding point under ¢. Here, ¢ is a bijection from C to C*. The curve
C* is called the generalized timelike Mannheim mate curve of C.

By the definition, a generalized Mannheim mate curve C* is given by the map ¢* :
I* — Ej such that

(H) = c(t) + BON(), tel (3.1)

Here f is a smooth function on I. Generally, the parameter ¢ is not an arc-length of C*. Let t*
be the arc-length of C* defined by
t
v
0

If a smooth function f : I — I*is given by f(t) = t*, then for all t € I, we have

de* (t)
dt

| (32)

dc,;t(t) ” = \/|—(1 +BBki (1) + (B (1) + (ﬁ(t)kz(t))2|. (3.3)

ORE

The representation of timelike curve C* with arc-length parameter t* is

¢: I —Ef,
(34)
t —s ().

For a bijection ¢ : C — C* defined by ¢(c(t)) = c*(f(t)), the reparameterization of C* is
< (f(1) = c(t) + p(N(H), (3.5)
where f is a smooth function on I. Thus, we have

der(f(1)  de*(t) o
- dt t*zf(t)f(f)—f(f)T (fth), tel (3.6)
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Theorem 3.2. If a special timelike Frenet curve C in E} is a generalized timelike Mannheim curoe,
then the following relation between the first curvature function ki and the second curvature function
ks holds:

k) =K -Bw), tel (37)

where P is a constant number.

Proof. Let C be a generalized timelike Mannheim curve and C* the generalized timelike
Mannheim mate curve of C, as the following diagram:

]

(l): E4HE411

A smooth function f is defined by f(t) = [||dc*(t)/dt||dt = t* and t* is the arc-length
parameter of C*. Also, ¢ is a bijection defined by ¢(c(t)) = c*(f(t)). Thus, the timelike curve
C* is reparametrized as follows

(f(h) = c(t) + BHN(E), (3.9)

where f: I ¢ R — Ris a smooth function. By differentiating both sides of (3.9) with respect
to t, we have

FOT(f(E) = 1+ pH)ki(t)T + f (E)N(t) + B(£) k2 (£) B (). (3.10)

On the other hand, since the first normal line at each point of C is lying in the plane generated
by the second normal line and the third normal line of C* at the corresponding points under
bijection ¢, the vector field N(t) is given by

N(t) = g())B1*(f (1)) + h(D)B2* (f(1)), (3.11)
where g and h are some smooth functions on I C R. If we take into consideration
(T*(f (1)), g(OB1*(f(£)) + h()B"(f (1)) = 0 (3.12)
and (3.10), then we have f'(t) = 0. So we rewrite (3.10) as

FOT(f) = (1+ pki(t))T(t) + Pka(t) By (t), (3.13)
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that is,

(1+pki(t))
f1t)

Pka(t)

T(t) + 0

T'(f(t) = Bi(t),

where

fii) = \/|—(1 + Bki()’ + (ﬂkz(t))2|.

By taking the differentiations both sides of (3.13) with respect to t € I, we get
! * * 1 + k (t) !
FORFOIN(F(1)) = (%) ()

(1 + Py (t)) K (t) = B(ka(H))?
! < 20 >N(”

. (ﬁk“”)’sl(t) - (020800

f(#) f(#)

Since
(N*(f(),gOB*(f() + h(t)B2*(f (1)) =0,
the coefficient of N(t) in (3.16) vanishes, that is,
(1+ Bki(t))ka(t) = B(ka(t))? = 0.

Thus, this completes the proof.

(3.14)

(3.15)

(3.16)

(3.17)

(3.18)

O

Theorem 3.3. In E}, let C be a special timelike Frenet curve such that its nonconstant first and second
curvature functions satisfy the equality kq(s) = —ﬂ(k%(t) - k%(t))for all't € I C R If the timelike

curve C* given by

c*(t) =c(t) + PN(t)

is a special timelike Frenet curve, then C* is a generalized timelike Mannheim mate curve of C.

Proof. The arc-length parameter of C* is given by

t
v
0

de (f)
dt

Hdt, tel.

(3.19)

(3.20)
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Under the assumption of
ki) = -p(Ki () - K1), (321)

we obtain f'(t) = /|1 + pki(t)|, t € L.
Differentiating the equation ¢*(f(t)) = c(t) + fN(t) with respect to t, we reach

FOT(f(t) = (1+ pki(t))T(t) + P2 (t)B1(t). (3.22)

Thus, it is seen that

LRy, PR

+
Vitepaol Al pao)

The differentiation of the last equation with respect to t is

T (f(t) = Bi(t) |, tel. (3.23)

FORGON (0) = (VT pa]) To

(1+ Bka (1)) ki (t) - PK2(H)

N(t)
|1+ Bki(1)] (3.24)
Pka(t) By () + Pka(t)ks(t) By (h).
|1 +[5k1(t)| |1 +[5k1(t)|
From our assumption, we have
201\ _ a12
k) + G0 - RO -

|1+ pki(t)|

Thus, the coefficient of N(t) in (3.24) is zero. It is seen from (3.23) that T*(f(f)) is a
linear combination of T(t) and By (¢). Additionally, from (3.24), N*(f(t)) is given by linear
combination of T(t), B1(¢), and B, (t). On the other hand, C* is a special timelike Frenet curve
that the vector N(t) is given by linear combination of B}(f(t)) and B (f (t)).

Therefore, the first normal line of C lies in the plane generated by the second normal
line and third normal line of C* at the corresponding points under a bijection ¢ defined by
$le(t) = (f(1)).

This completes the proof. O
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Remark 3.4. In 4-dimensional Minkowski space E} a special timelike Frenet curve C with
curvature functions k; and k satisfying ki (t) = —ﬂ(k%(t) - k%(t)), it is not clear that a smooth
timelike curve C* given by (3.1) is a special Frenet curve. Thus, it is unknown whether the
reverse of Theorem 3.2 is true or not.

Theorem 3.5. Let C be a special timelike curve in E} with nonzero third curvature function ks. There
exists a timelike special Frenet curve C* in E{ such that the first normal line of C is linearly dependent
with the third normal line of C* at the corresponding points c(t) and c*(t), respectively, under a
bijection ¢ : C — C*, if and only if the curvatures ki and ky of C are constant functions.

Proof. Let C be a timelike Frenet curve in E‘l1 with the Frenet frame field {T,N, B1,B,} and
curvature functions ki, k», and k3. Also, we assume that C* is a timelike special Frenet curve
in E‘l1 with the Frenet frame field {T*,N*,B;*, B>"} and curvature functions kj, k3, and kj.
Let the first normal line of C be linearly dependent with the third normal line of C* at the
corresponding points C and C*, respectively. Then the parameterization of C* is

c(f(t) =c(t) + B(H)N(t), tel. (3.26)

If the arc-length parameter of C* is given t*, then

t
= f \/ -1+ pOR®)* + (B ) + (BOka())’ |, (327)
0
f:1 —1TI, (3.28)
t—s f(t) =t

Moreover, ¢ : C — C* is a bijection given by ¢(c(t)) = ¢*(f(t)).

Differentiating (3.26) with respect to ¢ and using the Frenet formulas, we get
FOT(f(B) = (1+pB)ka(D)T(H) + f(ON(E) + p(t)kea (£)Br (8). (3.29)
Since B,*(f(£)) = ¥N(#), then
(f(OT(f(1),B2"(f(1)) = (1 + P(O)ke (1)) T(E) + f (ON(E) + p(H) k2 (£)Ba (1), FN(#))  (3.30)

that is,

0=F8(t). (3.31)

From the last equation, it is easily seen that f is a constant number. Hereafter, we can denote
p(t) =p, forallt eI
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From (3.27), we have

£® =@+ pa®) + (pra0)?] >0
Thus, we rewrite (3.29) as follows:

k k
T () = (%)Tm R (%)Blm.

The differentiation of the last equation with respect to t is

FORGEON () = (- +f’f(';(”) T

(1+ Pla () ka () - PR3 (1)
+ < [0 >N(t)

pla(t)\' Pk (t)ks(t)
+ < 0 > Bi(t) + < 0 >Bz(t).

Since (f'()k(f (£))N*(f (1)), B2*(f(£))) = 0 and Bo*(f (1)) = #N(t) for all t € I,
ki(t) + B3 (t) — P2 (t) = 0

is satisfied. Then

ki(t)

= rw-rw

is a nonzero constant number. Thus, from (3.34), we reach

. 1 1Bk 1 /()
N'U®) = 7orm ( 20 JRCE FORD ( 20 ) Bt

1 (ﬁkz(t)’%(t)

YFORO\ 0 >Bz“)'

(3.32)

(3.33)

(3.34)

(3.35)

(3.36)

(3.37)
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where K (t) = kj(f(t)) for all t € I. Differentiating the last equation with respect to t, then we
have

FORFO)T(F1) + k3 (f©)BI(f(1))]

i} <f’(t)11<(t) S +f['5<l;(t) )'>IT(”
' <f’§l)(l<t)(t) (1 +f[’5(lj‘;(t) > - f’(lj‘z)(f?(t) (ﬁ;{iii) >,>N(t) (3.38)
: <<f’(t)11<(t) (pﬁg)» - FeRe e >>Bl(”
' <<f’(t)1K(t) (ﬁkz}fiff“) >) " FOKD (ﬂﬁg) >> B0

for all t € I. Considering

(f ORI (fO)T(f1) + k5 (f(1)BI(f(1)),B(f(1)) =0,

B3 (f (1) = #N(t), 0
then we get
(AR o (S o
Arranging the last equation, we find
Blli (DK, (1) = ks (VRSO /() = [Jea(t) + B (1) = BRA(D)] £ (1) = 0. (341)
Moreover, the differentiation of (3.36) with respect to t is
K, (8) + 2B (ki (H K, (F) = ka () Ky (E)) = 0. (3.42)
From the above equation, it is seen that
—kiz(t) = p(ki (DK, (1) = Ka ()RS (1)), (3.43)
Substituting (3.36) and (3.43) into (3.41), we obtain
_k® -0. (3.44)

2
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This means that the first curvature function is constant (that is, positive constant).
Additionally, from (3.43) it is seen that the second curvature function k; is positive constant,

too.

Conversely, suppose that C is a timelike Frenet curve in E} with the Frenet frame field
{T,N, By, B,} and curvature functions kj, k», and k3. The first curvature function k; and the
second curvature function k, of C are of positive constant. Thus, ki / (k% - k%) is a positive

constant number, say f.
The representation of timelike curve C* with arc-length parameter ¢ is

¢: I—E,

t— c*(t) = c(t) + P()N(F).
Let t* denote the arc-length parameter of C*; we have

f:1—=1I,

t—t* = f(t) =1/|1 + pki|t.
Then, we obtain f'(t) = 1/|1 + pki| and

FOT(fB) =T(t) +N'(®)
= (1+ pk1)T(t) + PkoBy (t),

that is,

T*(f(1) = /|1 + ki |T(t) + le(t).
V Vi pi]

By differentiating the both sides of the above equality with respect to t, we find

AT ’ ey,
, = /|1 + Bkt |T' () + ————B/,(t
ro) V- k| ()+m ()
B EXCETUVET o N W CCTON N
1+ phi | |1+ Pl

_ Pkaks(t) B, (b).

|1+ Bk

(3.45)

(3.46)

(3.47)

(3.48)

(3.49)
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Hence, since k3 does not vanish, we get

AT ()
at*

_ Eﬁkzks(t)
0 |1+ pki |

ki(f(t) = >0,

where ¢ = sign(ks) denotes the sign of function ks. That is, € is -1 or +1.
We can put

N*(t*) — 1 dT* (t*)

att) er
k@) ar LS

Then, we get
N*(f(t)) = eBa(t).
Differentiating of the last equation with respect to t, we reach

£(6) dl\;‘tit*)

= _Sk?}Bl (t)/
r=f(t)

and we have

AN* ()

VI + Bl

Since ekj3(t) is positive for t € I, we have

d * *
K () = H e, T HEOTE®)
2k2 k 2
\“—% + (|14 Bra]) (ka(£))?

\/ (ks(t))? = eks(t) > 0.

Thus, we can put

B.*(f(t)) =

1 <dN*(t*)
KUB)\  at e

- _LT(t) —\/|1+pki[Bi(t), tel

V|1 + Pk

KUOTGo)

kaok
T M K(FO)T(f(1) = e PRl® e\/|1 + k1| ks () By (£).

(3.50)

(3.51)

(3.52)

(3.53)

(3.54)

(3.55)

(3.56)
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By differentiation of the above equation with respect to t, we get

dBy* ()

7P e

r=f0 +J[1+ ph|

N(t) — ks (t)\/|1 + Bk1|Ba(t). (3.57)

Since f'(t) = 1/|1 + pki| and k5 (f (t))N*(f(t)) = k3(t)Bz(t), we have

TO| ek (FON (1) =

358
F=f() |1+ phi | ﬂkl (3.58)

Thus, we obtain B,"(f(t)) = 6N(t) for t € I, where 6 = ¥1. We must determine whether 6
is =1 or +1 under the condition that the frame field {T*(t), N*(t), Bj(t), B5(t)} is of positive
orientation.

We have, by det[T(t),N(t), B1(t),B2(t)] =1 fort €I,

det[T*(¢), N*(t), B; (t), B;(1)]

A1+ Bk |T(H) + _ Pk Bi(t),

|1 + ﬂkl |
= det
SBz(t)/—LT(t) - mBl(t),éN(f) (3.59)
|1+ k|
_ P\
- 56<(|1+ﬂk1|>—m =¢eb

and det[T*(t), N*(t), Bj(t), B5(t)] = 1 for any t € I. Therefore, we get £ = 6. Thus, we get

B (f(t)) =eN(®),

dB: (¢
k5 (f(1) =< a | )/BE(f(t))> (3.60)
_£7|1+[5k1 , tel

By the above facts, C* is a special Frenet curve in E} and the first normal line at each point of
C is the third normal line of C* at corresponding each point under the bijection ¢ : ¢(t) —
Plet) = (f(1) € C*.

Thus, the proof is completed. O
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The following theorem gives a parametric representation of a generalized timelike
Mannheim curves E;.

Theorem 3.6. Let C be a timelike special curve defined by

K f F(s) cosh s ds]

p f f(s)sinhsds
[ rog(eras

b [ romeas

c(s) = , seUcCR (3.61)

Here, B is a nonzero constant number, g : U — Rand h : U — R are any smooth functions, and
the positive-valued smooth function f: U — R is given by

-5/2

f=(1-2)-129) " (1 £25) - 15) + £5) + 1) - (3()h(s) - g()h(s))°)
x | = (1-8%(s) = F2(s) + §3(5) + H(s) = (3(5)h(s) - g(s)h(s))2>3

~(8(5) - &(9))" = (h(s) - h(s))”
3 . .o .
+1-26) 1)) | ~((8(5)h(s) - 3(I(5)) - (8()h(s) - §(5)h(s)))” | |-

+(g(s)h(s) - g(s)h(s))?
(3.62)

for s € U. Then, the curvature functions ki and k, of C satisfy
ki = —ﬁ<k% - k§> (3.63)

at each point c(s) of C.

Proof. Let C be a timelike special curve defined by

'pf F(s) coshs ds |
pf (s) sinh s ds
[ o) ds
5[ semes)ds

c(s) = , seUCR, (3.64)
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where f is a nonzero constant number g and h are any smooth functions. f is a positive-
valued smooth function. Thus, we obtain

pf(s)coshs
c(s) = Pf(s)sinh s , seUcCR, (3.65)
Pf(s)8(s)

Pf (s)h(s)

where the subscript prime () denotes the differentiation with respect to s.
The arc-length parameter ¢ of C is given by

= g(s) = f le(s)|lds, (3.66)

where [[¢e(s)]| = Bf (5)\/-1 + §X(s) + h2(s).
If ¢ denotes the inverse function of ¢ : U — I C R, then s = ¢(t) and we get

4
de(s) Ctel (3.67)

') = | —;

s=¢(t)

where the prime (') denotes the differentiation with respect to t.
The unit tangent vector T(f) of the curve C at the each point c(¢(t)) is given by

cosh(p(t))
v ) ) 172 | sinh(e(t))
T(H) = (-1+8°(p() + K (9(1)) ) NG AL (3.68)

h(p(®)
Some simplifying assumptions are made for the sake of brevity as follows:

sinh :=sinh(p(t)),  cosh := cosh(¢p(t)),
f=fle®),  g:=g(e®),  h:=h(e®)

o dg(s) o dh(s)
= = , h:=h(p(t)) = ,
=80 === W)= =
& - d*h
§i= 3(p®) = ;; (25) . he=h(pt) = ds(ZS) : (3.69)
s=¢(t) s=0(t)

/ / Y
= t) = — ,

¢ =v 0=
A=1-¢>-h?>, B:i=-g¢-hh, C:=-¢>-1?

D:=-gg-hh, E:=-¢¢-hh,  F:=g+h.
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Thus, we get

A=2B, B=C+D, C=2E ¢ =p"'f1A"2 (3.70)

So, we rewrite (3.68) as

cosh

sinh
T:=T() =A"?2 ) (3.71)

Differentiating the last equation with respect to ¢, we find

1 . a
) A™3/2 A cosh + A~V 2sinh

1 .
-5 A2 Asinh +A2cosh

/ (3.72)

T = 1 .
¢ _EA—3/2Ag+A—1/2g

Lasran g Ay,
2

that is,

A~1B cosh - sinh
A~1Bsinh - cosh
T =—¢ A2 . (3.73)
A7lB g-g
A'Bh-h

From the last equation, we find

1/2
ki=ka(t) = [T (0] =A™ (A= AC+B?) " (3.74)

By the fact that N(t) = (ki () ' T'(t), we get

A7'Bcosh —sinh
-1/2 | A”'Bsinh - cosh
A'Bg-g |
A'Bh-h

N := N(t) = ~A2 <A ~“AC+ B2> (3.75)
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In order to get second curvature function k,, we need to calculate k»(t) = ||[N'(t) — k1 (£)T(t)||.
After a long process of calculations and using abbreviations, we obtain

(P + Q) cosh —Rsinh

-3/2 | (P + Q) sinh —R cosh
N—hszAW%A—AC+#> ( ;mR. T (3.76)
g§-Rg+ g

Ph - Rh +Qh

where

P=(A-AC+B?) (B2 AC - AD) - (A— AC + B?)* + AB(B - AE + BD),
Q=A*(A-AC+B?), (3.77)
R= A%(B- AE +BD).

If we simplify P, then we have
P=A*(C-BE-D+CD-1). (3.78)
Therefore, we rewrite (3.76) and (3.77) as

(13 + Q) cosh —Rsinh
-3/2 <1~3 + (:)) sinh —R cosh

N -kiT=¢A"?(A- AC+B?) et ) (3.79)
Pg-Rg+Q3
DPh - Rh+ Qh
where
P=C-D+CD-BE-1,
Q=A-AC+B, (3.80)
R=B- AE +BD

Consequently, from (3.79) and (3.80), we have

—<1~3 + Q)Z + R+ P2(g% + W2) + R* (&% + I?)
-3 ~ . ~~ .
IN'= ki T||* = (¢/)*A(A - AC + B?) +Q?(3? + ) - 2DR(gg + hih)
—2RQ(g§ + hh) +2PQ(g§ + hh)
(3.81)
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Substituting the abbreviations into the last equation, we have

IN'~ kT = (¢)*A(A- AC+ B)
(3.82)
x [—132A — 2P0 - 0% + R* - R*C + Q*F + 2PRB + 2ROE - 213QD].

After substituting (3.80) into the last equation and simplifying it, we get

=N - kT’

= ((p’)2A<A _AC+ Bz>72[(A _AC+ B2>(1 ~F)+(C-1)(1+D)?-2BE(1 + D) + AEZ].

(3.83)
Moreover, from (3.74) it is seen that
K= (p)’a?(A-AC+B). (3.84)
The last two equations show us that
K-k = (¢))° A (A ~AC+ BZ>_2
x [— (A ~AC+ 32)3 (3.85)

+A3<<A ~AC+ BZ>(1 ~F)+(C-1)(1+D)?-2BE(1+D) + AE2>].

By the fact ¢’ = p~1 f 1 A"1/2, we obtain

K2-k> =p2f2A3(A-AC+B?)™
x[(A-AC+B)?
+A3<(A ~AC+B?)(1-F)+(C-1)(1+D)*-2BE(1+D) + AE2>],
(3.86)

1/2
k= p A2 (A-ACHB?) (3.87)
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According to our assumption

-5/2

f= <1 Y h2>_3/2<1 - -n+g+h - (¢h —gh)2>
X [—(1 —g-m+ g+ - (gh —gh)2>3

(1= - 1) (~(g - )" - (h=h)* = (gh - gh) - (gh - h))* + (gh- gh)").
(3.88)

we obtain

(A-AC+B?)°
f:A’3/2<A—AC+Bz>_5/2 r (A-AC+B)(1-F)+(C-1)(1+D)?\ |- (389)
+
< —2BE(1+ D) + AE? >

Substituting the above equation into (3.86) and (3.87), we obtain
ki = —ﬁ<k§ - kg). (3.90)

The proof is completed. g
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