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The paper concerns the comgutation of the limiting coderivative of the normal-
cone mapping related to C< inequality constraints under weak qualification
conditions. The obtained results are applied to verify the Aubin property of
solution maps to a class of parameterized generalized equations.

Keywords: limiting normal cone; metric regularity and subregularity; 2-regularity;
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1. Introduction

In sensitivity and stability analysis of parameterized optimization and equilibrium prob-
lems via the tools of modern variation analysis, one often needs to compute the limiting
(Mordukhovich) normal cone to the graph of the mapping Nr(-), where Nr stands for the
regular (Fréchet) normal cone to a closed (not necessarily convex) constraint set I". This
research started in the 90s with the paper [1], where the authors obtained an exact formula
for the above-mentioned limiting normal cone in the case when I' is a convex polyhedron.
The special case of I'" being the non-negative orthant paved then the way to efficient
M -stationarity conditions for the so-called mathematical programmes with complementar-
ity constraints (MPCCs), cf. [2]. Later, this formula has been adapted to the frequently arising
case when the polyhedron I is given by affine inequalities.[3] Meanwhile the researchers
started to attack a more difficult case, when I' is the pre-image of a closed set ® in a
C2-mapping g, arising typically in non-linear or conic programming. It turned on that one
can again obtain an exact formula provided © is a C2-reducible set [4, Definition 3.135]
and the reference point is non-degenerate with respect to ¢ and ©.[4, Definition 4.70] In
the case of non-linear programming (NLP) constraints, this amounts to the standard Linear
independence constraint qualification (LICQ). These results can be found in [5,6]. The
situation, unfortunately, becomes substantially more difficult, provided the non-degeneracy
(or LICQ) condition is relaxed. Such a situation has been investigated in the case of strongly
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amenable I" in [7] and [8] and in the case of NLP constraints under Mangasarian—Fromovitz
constraint qualification (MFCQ) in [9]. In both cases, one needs to impose still another so-
called second-order qualification condition (SOCQ) to obtain at least an upper estimate of
the desired limiting normal cone which is quite often not very tight. By combining results
from [9] and [10], one can further show that in the NLP case the validity of SOCQ is implied
by the constant rank constraint qualification (CRCQ) so that one needs in fact both MFCQ
(or its suitable relaxation) and CRCQ.[9] The result of [8] has been further developed in
[11], where under a strengthened SOCQ exact formula has been obtained provided the
indicatory function of ® is (convex) piecewise linear.

In all above-mentioned works the authors employ essentially the generalized differential
calculus of B. Mordukhovich as it is presented in [12,13]. In recent years, however, this
calculus has been enriched by H. Gfrerer, who introduced, among other things, a directional
variant of the limiting normal cone. This notion has turned out to be very useful in fine
analysis of constraint and variational systems, cf. [14—17].

The aim of the present paper is to compute the limiting normal cone to the graph of
Nr() with T given by NLP constraints under a different set of assumptions compared
with the above quoted literature. In particular, as in [18], MFCQ is replaced by the metric
subregularity of the perturbation mapping at the reference point combined with a uni-
form metric regularity of this multifunction on a neighbourhood, with the reference point
excluded. This condition is clearly weaker (less restrictive) than MFCQ. Furthermore, as
another ingredient, we employ the notion of 2-regularity, introduced in a slightly different
context by Avakov [19]. This notion enables us to introduce a new CQ called 2-LICQ
which ensures an amenable directional behaviour of active constraints. On the basis of
these two conditions, we then compute the directional limiting normal cones (or their upper
estimates) to the graph of Nr, which eventually leads to the desired exact formula for the
limiting normal cone to the graph of Nr at the given reference pair.

The plan of the paper is as follows. In Section 2, we collect the needed notions from
variational analysis and some essential statements from the literature which are extensively
used throughout the whole paper. Furthermore, this section contains a motivating example
showing that under mere MFCQ), the desired object cannot be generally computed via first
and second derivatives of the problem functions. Section 3 is devoted to 2-LICQ. Apart
from the definitions, one finds there several auxiliary statements needed in the further
development. The main results are then collected in Section 4, whereas Section 5 deals
with an application of these results to testing of the Aubin property of solution maps to
parameterized equilibrium problems, when I arises as a constraint set.

Our notation is basically standard. For a cone K with vertex at 0, K ° denotes its negative
polar cone, gph F stands for the graph of a mapping F and B signifies the closed unit ball.
Finally, d(x, €2) denotes the distance of the point x to the set €.

2. Background from variational analysis and preliminaries

Given a closed set @ C R? and a point 7 € €, define the (Bouligand—Severi) tan-
gent/contingent cone to 2 at Z by

Tq(z) := Lim sup
t}0

- {ueRd) 3410, g — u with 7+ g € QVE). (1)
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The (Fréchet) regular normal cone to 2 at 7 € 2 can be defined by

-
No() := {v* e R? limsupwgo (2)
o, llz—zl

=z

or equivalently by
Nq(2) = (Ta(2)°.

The limiting (Mordukhovich) normal cone to Q2 at 7 € 2, denoted by N (z), is defined

by
Ng(Z) := Lim sup Ne/(2). 3)
3z

The above notation ‘Lim sup’ stands for the outer set limit in the sense of Painlevé—
Kuratowski, see e.g. [13, Chapter 4]. Note that the regular normal cone and the limiting
normal cone reduce to the classical normal cone of convex analysis, respectively, when the
set €2 is convex. An interested reader can find enough material about the properties of the
above notions e.g. in the monographs.[12,13]

The following directional version of (3) has been introduced in [17]. Given a direction
u € R4, the limiting (Mordukhovich) normal cone to  in the direction u at 7 € Q is defined
by

NoG:u) == {z"3t | 0, up — u,zf — 2 : 2} € No(Z + tyuy) V).

A closely related notion to Nq(Z; ©) has been defined in [20].

Considering next a closed-graph set-valued (in particular, single-valued) mapping ¥ :
R? = RS, we will describe its local behaviour around a point from its graph by means of
the following notion.

Given (z, w) € gphW, the limiting coderivative of WV at (z, w) is the multifunction
D*W(zZ, w) : RY =2 R¥ defined by

D*W(z, w)(w*) == {£"|(z", —w") € Ngphw(z, W)}, w* e R".

In connection with multifunctions arising in the sequel, we will extensively employ the
stability properties defined next.

Definition I Let W : RY = R* be a multifunction, (u,v) € gph W and k¥ > 0. Then

(1) Wiscalled metrically regular with modulus k near (u, v) if there are neighbourhoods
U of u and V of v such that

d(u, ¥~'(v)) < kd(v, W(u)) V(u,v) €U x V. “)

(2) Wiscalled metrically subregular with modulus k at (i, v) if there is aneighbourhood
U of u such that

d(u, ¥~ (D)) < kd(D, ¥(u)) YueU. (5)

Consider now the set I' C R™ defined by

F'={lgi(y) =0, i=12....1}, (6)
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where the functions g; are twice continuously differentiable. We could conduct our analysis
without much additional effort also for I given by inequalities and equalities, but for the
sake of brevity we prefer to stick only to (6). Note that we do not impose any kind of
convexity assumptions. A central object in this paper is the regular normal-cone mapping
Nr (-) with T" from (6). If the perturbation mapping

My(y) == q(y) —RL (7)

is metrically subregular at (y, 0), then the regular normal cone ﬁr (y) can be represented
as

Nr(y) = Vg Nyt (q(») = (Va0 a2 e R, q(»)7 % =0}
Given elements y € I" and y* € Nr (y) we define by
Ay, y*) == {h € Npi (@) | Vg x = y*},

the set of Lagrange multipliers associated with (y, y*). Moreover, with Z(y) := {i €
{1,...,1}]qi(y) = 0} being the index set of active constraints,

T (y) = (v | Vgi(»)v <0, i € Z(y)}
and
K(y,y*) :=Tr(y) N %+

stand for the linearized cone to I' at y and critical cone to T at y with respect to y*,
respectively. Under metric subregularity of M, at (y,0), the cones Tllm(y) and Tr(y)
coincide.
Given index sets IT C Z C {1, ..., [}, we write
Prrg={neR |y =0i¢gZL p>0ieI\I")

and
Ki+7()i={w e R"|Vgi(»w=0,iel", Vg(y)w=<0,ieZ\IT}

Note that K;+ 7(y)° = Vq(y)TPIJr,I. Finally, for 1 € Rﬁr, we denote by IT (L) :=
{i | &; > 0} the index set of positive components of A.

To simplify the notation, for a given reference pair (y v,y €T, y € Nr (y), fixed
throughout this paper, we will shortly set T:=1I@), A :=A®G, 5%, K = K(F,y*) and
K+ 1=K+ 12(y).

The formulas collected in the next statement have been proved in [5] and [13, Chapter
13].

TueorREM 1 Assume that LICQ is fulfilled at ¥ and let A = {)} denote the unique
multiplier associated with (y, y*). Then

gphﬁr (3,7 = [, v*) | v* € VA @) (G)v + Ng (v)},

Ny 5 (- 37 = {(w*, w) [w € K, w* + V2 q)(H)w € K°}
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and
Ny 72 79 = (™, w)lw* + VG g) ()w
€ Vg(»)' D* Nyt (4(3), D) (=Vg(w)}. ®)

Since the last term on the right-hand side of (8) can be expressed in terms of problem
data, one also has

Npnsr @39 = " J (@ w)|we Kz, 0"+ VA (PIw € K} 7).
I+(y)cltcZcT
©))
If we drop LICQ, a natural option would be to require MFCQ at y, i.e. the metric
regularity of the perturbation mapping M, given by (7) near (y, 0). As in [18], however,
our work will be based on a weaker notion.

Definition 2 Lety € I'. We say that M, is metrically regular in the vicinity of y, if there is
some neighbourhood V of ¥ and some constant x > 0 such that forevery y € M~1(0)NV,
y # Y, the multifunction M, is metrically regular near (y, 0) with modulus «.

This property is, in particular, implied in the following way:

Definition 3 We say that the second order sufficient condition for metric subregularity
(SOSCMS) holds at y € ', if forevery 0 # u € Tll‘“ (y) one has

X eker(Vg(») ") N N (@), u" VA ) (Gu =0 = 1 =0.

ProrosiTion 1 ([21, Theorem 6.1], [18, Proposition 3]) Lety € I'. Under SOSCMS,
the mapping M, is metrically subregular at (y,0) and metrically regular in the vicinity
of y.

Since MFCQ can be equivalently characterized by the condition

) € ker(Vg()") N Nt (q(3)) = 2 =0,

MFCQ implies SOSCMS.
1;'0 present the respective results about Tgph A and ngh Ao e introduce some additional
notation.

Given (y, y*) € gph Nr, we introduce the index set I*(y, y*) := Useaw.y IT().
With a direction v € Tr“n(y), let us now associate the index set Z(y; v) := {i € Z(y) |
Vgi(y)v = 0} and the directional multiplier set A(y, y*; v) as the solution set of the linear
optimization problem

max v/ V2T ¢)(y)v. (10)
AEA(y,y*)
The collection of the extreme points of the polyhedron A (y, y*) is denoted by £(y, y*) and
weset A€ (v, y*; v) := A(y, y*; v)Nconv E(y, y*). Recall that A € A(y, y*) is an extreme
pointof A(y, y*) if and only if the family Vg; (y),i € 1T (%), s linearly independent. Since
there are only finitely many subsets of {1, ..., [} it follows that for every y € I there is
some constant « such that
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A< klly*l Vy* € R"VA € E(y, y) (11

We now define for each v € N (y) := {v € R" |Vg;(y)v = 0, i € Z(y)}, i.e. the null
space of the gradients of the active inequalities, the sets

W, y*550) = {w e K@y, y) | w VH(' = 2D 9 (v =0,Va!, 4% € A(y, v v)},
A (y, y*;v) ifv #£0,

Af(y,y* v) =
) conv< U Ag(y,y*;u)) itv=0, K(y, y*) # (0},
O0FueKk (y,y*)

and for each w € K (y, y*) the set

L(y. y*: viw)
_ VO 0w a e A%y y v} + (K (v, y)° i K (. y*) # {0}
C|Rm if K(y, y*) = {0}.

Again we will simplify the notation for quantities depending on y or (y, y*) by using
an overline, i.e. we will write Z(v), A(v), W(v), etc. instead of Z(y; v), A(¥, ¥*; v),
W(y, y*; v) etc.

TueorEm 2 [18, Theorems 1,2] Let (y, y*) € gph ﬁr and assume that M is metrically
subregular at (y, 0). Then

Tyonie 5.5 D (.0 |34 € A@) : v* € VW (o + Ng))  (12)

and

Nepn p 0,y C L™ wylwe (1] W, y5v),whe [ Lk, Y5 vw)
veN (y) veN (y)
(13)
Equality holds in (12) if, in addition, M, is metrically regular in the vicinity of y and
(13) holds with equality if M is metrically regular in the vicinity of y and either for any
0 # vi,v2 € K(y, y*) it holds A® (y, y*; v1) = A¥(y, y*; v2) or I (y, y*) = Z(y).

Very little is known about the limiting normal cone, if we drop the assumption of
LICQ. The following example demonstrates that in general we cannot describe the limiting
normal cone N, oph Np (¥, y*) by first-order and second-order derivatives of ¢ at y, if the only
constraint qualification we assume is MFCQ.

Example 1 Let

— 3 <0
rooly erd 0O =y -y < }
{y | g2(y) :=y3 —a’y; <0

where a > 0 denotes a fixed parameter, and (y, y*) = (0, 0). Obviously MFCQ is fulfilled
at y. Straightforward calculations yield
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{(=3y}1,0,11) [ A1 = 0} if yi < ays, y3 =},
{(0, =3a’y322, A2) | A2 = 0} if yi > ays, y3 = a®y3,
¥) = {{(=3y2r1, =3a®y3no, ki +A2) [ A1, A2 > 0} if yi = aya, y3 =y},
{(0,0,0)} if y3 < min{y;, a’y3},
] if y3 > min{yf, a3y§}.

By applying Theorems 1, 2 we obtain for an arbitrary pair (y, y*) € gph Nr that the set

ngth
(D

@)
3

“

&)
(©)
(N
®)

€))
(10)

an

(y, y*) consists of the collection of all (w*, w) € R? x R satisfying

wy = 3yjwi, wi = 6hyiwy — 3wiy,wy = 0,if yi < aya, y3 = ¥}, »* =
(— 3y])»1 0,A1), A1 >0,

w3 < 3y12w1, wy = —3w§‘y12, wy =0,w; >0,if y| <ay, y3 = yf, y*=0,

w3 = 3a3y§w2, wi =0,w; = 6A2a3 yrwn — 3w§‘a3y%, if yj > ayz, y3 = a3y§’,
y* =0, =3a’y3h2, %2), A2 > 0,

w3 < 3a3y%w2, wi = 0,w; = —3w§a3y%, wi > 0,if y; > ay, y3 = a3y§,
y =0,

w3 = 3y12w1, wy < aws, wy <0, wi = —ﬁ(wi‘ —6A1y wy + WTEF), if0 # y; =
ayz, y3 = y]3, y* = (—3y12k1, 0,11), A1 >0,

w3 = 3a3y%w2, wp > awy, wi < O,w; = —3 2(u)2 61203 yrwn + awy), if
0 # y1 =ays, y3 =y, y* = (0, —3a3y§)\z, 22), )»2 > 0,

w3 = 3y12w1,w1 =aws, w3y = —3—2(w +——6y1w1(?»1+?»2)),if0 # Y1 = ayz,
y3=yl, = (— 3y M, —3a> yz)\z,)q—l—)uz) A, Ay >0, .

ws < 3min{y?wr, a*y3wa), wi. wf < 0.wf = —sh(wi+ .10 £ 1 = ayn,

y3 =y, y* =0,

w3 =0, w] =w; =0,if y =0, y* #0,

wg<0w1 w2—0w3>01fy—y =0,
* =0, 1fy3<m1n{y1,a y2}

To compute the limiting normal cone ngh a0 y9), let (w*, w) € ngh 8Os y*) and
consider sequences (yg, y¢*) — (¥, ), (w, wg) — (w*, w) with (w}, wy) € ngh A
(k» y§)- Then, for infinitely many & the pair (y, y;) belongs to one of the above subcases

and we obtain
o w3=0,wj=w;=0incaseof 1.,3,,9,
o w3 =<0,wf=w;=0, w§< > 0incase of 2., 4., 8., 10.,
e w3 =0,w <aws, w; =—aw] <0incaseof5,
o w3 =0,w >aws, wy =—aw] > 0incase of 6.,
o w3 =0,w =aw, w; =—awj incaseof 7.,
e w* =0incaseof 11.

We can

Ny

further conclude that

oh N (7 35 = ({(0, 0, w)} x {(wr, w2, 0} U ({(0,0,0)} x {(wr, w2, w3)})
U({(0,0, w3) w3 = 0} x {(wi, wa, w3) [ws < 0})



Downloaded by [Czech Academy of Sciences] at 04:30 29 July 2015

8 H. Gfrerer and J.V. Outrata

U{(w}, —aw], w3) |w] = 0} x {(wy, w2, 0) |wy < aws})
U{(w], —aw], w3) |w] < 0} x {(wr, wa, 0) | wy > aws}).
We see that the limiting normal cone depends explicitly on the parameter a as contrasted
with the first-order and second-order derivatives of our problem functions ¢; at y. Hence,

in this situation, it is not possible to get a point-based representation of the limiting normal
cone by first-order and second-order derivatives.

3. 2-Regularity and 2-LICQ
In [19], Avakov introduced the following concept of 2-regularity.

Definition 4 Let g : R™ — RP? be twice Fréchet differentiable at y € R™. We say that g
is 2-regular at the point y in a direction v € R, if for all @« € R? the system

Ve +v' Vig(w=a, Vg(Hw=0. (14)
has a solution (1, w) € R™ x R™.
Note that Avakov [19] used this concept only for directions v satisfying Vg(y)v = 0,

vT'V2g(§)v € Range Vg().
Given a direction v € R”" and positive scalars €, §, the set Ve s(v) is defined by

u

{0} U {u € eB\ {0} | m_uz—n‘f‘” ifv £ 0,
B if v=0.

Ves(v) = {

ProrosiTION 2 Let g : R™ — RP be twice Fréchet differentiable at y € R™ and let
0 # v € R™. Then the following statements are equivalent:

(a) g is2-regular at'y in direction v,
(b) the implication
Ve'a=0, 0'VZGNA+Ve@®h=0 = 1=0 (15

holds true,
(c) there are positive numbers €,8 and k such that for all (y,z) € (y,g(y)) +
Ves(v, Vg(¥)v)) with y # y and ||z — g(y)|| < 8lly — ||* one has

d(y.g7'(@) < ——
ly — ¥l

lz — g,

(d) there are positive numbers &, § and k' such that for all y € § + Ve 5(v) one has

Ve All S Iy =yl
0#£AeRP Al -«

Proof The equivalence (a) < (b) is an immediate consequence of the fundamental
theorem of linear algebra, which states in particular that for every matrix A the kernel
ker A is the orthogonal complement of the row space Range (AT). Hence, g is 2-regular at
y in direction v, if and only if
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To2,(5 = T2, 5T ST\
» » vI'Vig(y) Vg(y)> _ ( ((v Vg Vg () >>
R? x {0}¥ C Range < Ve(H) 0 ker Ve(i)T 0 ,

being equivalent to

WITV2gNT veT
{0} x R? > ker( Ve 0 )

which is exactly (15). Note that by [16, Definition 1] statement (c) is nothing else than
the statement that the multifunction W(y) := {g(y)} is metrically pseudo-regular of order
2 in direction (v, Vg(y)v) at (¥, g(y)) and the equivalence (b) < (c) has already been
established in [16, Theorem 2, Remark 5]. Next we show the implication (¢) = (d). By
[16, Lemma 1], condition (c¢) implies that there are €', §’, ¥’ > 0 such that for every y # y
with (3, g(3)) € (3, g(3)) + Ve s (v, Vg(y)v) the multifunction W is metrically regular
near (¥, g(3)) with modulus «’/||y — ¥||. By using the inequality

withu = (5 — y,g(F) — y) and v’ = HvH ‘(v Vg(y)v) and, by taking into account that
g — ¢() =I5 = FI(Ve() 7 + Ve@) (=3 — 7o) + o(lIF — Fl, we obtain
H OG-80 —-8g0() @ Ve(v)
I

=y, 8M—gMI N, VM)l ‘

llu—u'|l y— 3 v Y=y o(Ily —yIH
plu = ul H(y YV ey vy o=y )H
551 I\i5=51 " Tl EESTAT

u u'

(16)

/!
u—u
‘S I I

[[ull IIM’II max{|u|l, [[u’[l}

Hence, we can choose € > 0 and § > 0 small enough, such that for all § € j + Ve 5(v)
we have (y, g(3)) € (3, g(3)) + Ve (v, Vg(¥)v). Now statement (d) follows from [13,
Example 9.44]. Finally, we prove the implication (d) = (b) by contraposition. Assummg
thatthereare 0 # A € R”, i € R? with Vg(y)T A = 0and (0T V2g(3)TA+Vg(M) T

we have

Ve + )T A +1) = Ve Ta+ (T V2gGNTA + Ve T i) + o(t) = o(r)

and therefore ~ -
IVe(y +1v)" A
0F£1ERP A1l

=o(t)
contradicting (d). |

Remark 1  Statement (d) of Proposition 2 says that for every y € y + Ve 5() withy # y
the Jacobian Vg(y) has full rank and its smallest singular value is bounded below by
Ily — ¥||/«’. Consequently, for every right-hand side @ € R? the system Vg(y)u = « has
a solution u satisfying

K el

lull <
ly =3I’

The following lemma is useful for estimating index sets of active constraints:
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LEmMma 1 Let g : R™ — RP be twice Fréchet differentiable at y € R™, g(y) = 0, let
I Cc {l,...,p}and let v € R™ with Vg(y)v = 0 be given. Then there are sequences
(tr) 4 0, (vx) — v such that

klim tk_2g,-(&+tkvk) =0, iel, 1imsupt,:2gi(y+tkvk) <0, ie{l,...,p}\I (17)
—00

k—o00

if and only if there is some 7 € R™ with

o _ =0 ifiel
Vei(Mz+ v Vg (G f

. (18)
<0 ifiefl,...,pI\ L

Proof To show the ‘only if” part, let (#;) | 0 and (vx) — v be given, such that (17) holds
and consider for every b € R” the set

A):={zeR"|Vgi(Mz+bi =0, i€l, Vgi(z+b <0, iefl,....,p}\1}.

By Hoffman’s Lemma, there is some constant B such that for all z € R and all b with
A(b) # () we have

d@. AB) < B (D IVeiDz+bil+ Y. max{Vgi(F)z + bi, 0}
iel ie{l,...,p\I

For every k let rk = 2g(y + tkvk)/tlg — 2Vg(y)(vg —v)/tx + vTvzg(y)v). Because of
(vg) = v, g(y) =0and Vg(y)v = 0 we have

g + tvp) — (8(5) + Vg + 51207 V2 (3)v)

0= lim > = lim k.
k— 00 tk /2 k— 00
Setting
oo |V =265+ non) /1 ifi el

T Ve (v 4 rf = 2max{gi (5 + newe), OY/17 ifi e {1, ph\ T,
we have 2(vy — v) /1 € A(b" ) and therefore there is some z; € A(b¥) satisfying
lzell = d©, AG) < B[ D 161+ Y max{bf,0}
iel ie{l,...p\I

Because of (17) and (r¥) — 0 we have (b¥) — vT V2g()v. Hence, the sequence (zx) is
uniformly bounded and, by eventually passing to a subsequence, (zx) is convergent to some
z. Then we also have 7 € A(vTvzg(y)v) and therefore z fulfills (18).

The “if” part follows immediately from the observation that, for every z € R, we have

1 1
limt2g(3 +tv + =£22) = limt 2 [ g(3) + tVg(P)v + =12(Vg(3)z + vT VZg(F)v)
110 2 110 2
1 =, To2, (=
= E(Vg(y)z +v' Vg(v)

due to [13, Theorem 13.2]. O



Downloaded by [Czech Academy of Sciences] at 04:30 29 July 2015

Optimization 11
The notion defined below represents a crucial CQ, needed in all our main results.

Definition 5 Let v € Trﬁn(y). We say that 2-LICQ holds at y in direction v for the
constraints ¢;(y) < 0,7 = 1, ..., [, if there are positive numbers ¢, §, such that for every
ye @+ Ves) NI,y #y, the mapping (¢;)icz(y) is 2-regular at y in direction v.

We now present a second-order sufficient condition for 2-LICQ. We denote by Z (v) the
solution set of the linear programme

min —5*Tz subjectto  Vg;(5)z + v  Vigi(3)v <0, i € L, (19)
Z

which is the dual programme to (10) at (y, y*), and we denote by E(v) the feasible region
of (19). Take z € E(v) and define the following index subset

J (@) =i € Z() | Vqi(F)z + v Vg (F)v = 0}.

Consider now the collection of index subsets JW) :={J )|z € E(v)}. In what follows
we say that an index set Jed (v) is maximal , if it is maximal with respect to the inclusion
order, i.e. for any indexset J € J (v) such that j c Jwe have J J . Note that for each
element J € j (v) we can always find a maximal element j of j (v) such that 7 C j .

ProrosiTioN 3 Letv € Tlli“ (y) and assume that for every maximal index set j € j(v)
the mapping (qi); 7 is 2-regular at y in direction v. Then 2-LICQ holds at y in direction
v.

Proof By contraposition. Assuming on the contrary that 2-LICQ does not hold at y in
direction v, there are sequences () | 0, (vx) — v such that (g;)iez(y,) is not 2-regular at
y in direction v, where y; := y + fzvr # y. By passing to a subsequence, we can assume
that Z(yz) = Z holds for all k. It follows that

- i —q®) |=0, iel
Vg Gy = lim 10K 90 L
qi(y)v . im m —o

\Z
showing 7 c Z(v), and by using Lemma 1, there is some z satisfying
=0, iel
\Y +0Tv? v ’ - -
i (y)z qi(y) {< 0. ieciw\7.

Putting 7 = z + v for « sufficiently large, we obtain

0, i€ T
\Y Z+0'V? v .
qi(y)z qi(y) {<0 e T\7.
showing IcJg (z) € J (v). Choosing J as a maximal index set with JR) C J , the
mapping (g;); . 7 is 2-regular at y in direction v and we can conclude that (g;);_ 7 is
2-regular at y in direction v, a contradiction.

ProrosiTiION 4 Letv € Tlli“ (y) and a maximal index set J e J (v) be given and assume
that (qi)iej is 2-regular in direction v at y. Then for every subset J C J there exists some
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T > 0.and a mapping y : [0, T] — T such that y(0) = y, Z(y(t)) = J, LICQ is fulfilled
at y(t) for every t € (0, T) and

i 2 =Y

im——— =y

70 T

Proof LetJ C j be arbitrarily fixed and consider an element Z € @(v) with
T =1{i €eI()|Vqi(3)z + v V?q;(F)v = 0}.

Since (gi); . 1s assumed to be 2-regular in direction v and

_ 1 5. _ B 1 A _
qi (y + v+ §r2z> = ¢;(5) + Vg (v + zrz(ti Mz + v V2q;()v) + o(z?)
=o(t?).i e J,

by means of Proposition 2(c), we can find for every sufficiently small r > 0 some (1)
satisfying ¢;(5(r)) = 0,i € 7, q:(3(r)) = —7*,i € J \ J and

A ; L 5, kllr (@)l
19() = G + 7o+ 37D = — o = 0(@),
llrv + 3722
where
qi()'i+rv+%r22) icJ,

ri(t) = " R i ”
' qi(y+rv+%rzz)+r4 ieJ\J.

We w111 now show by contraposition that there is some constant ¢ > 0 such that g; ($(t)) <
—ct?iel W)\ J, for all T > 0 sufficiently small. Assume on the contrary that there is
an mdex j € I(v) \ J and a sequence (tx) | 0 such that liminf;_, rk q] (y(tx)) > 0.
Applying Lemma 1 to the mapping (gl)lEJU{j} givenby g = ¢q;,i € J and gj = —qj,we
can find some z with Vg; (3)z+ v V2¢;()v = 0,i € J,and Vqi(y)z+ UTV2C]/ v = 0.
The number

o :=max{a € [0, 1]] Vgi(5)((1 — )2 + az) + 0" Vg (G)v < 0,i € Z(v) \ J}

1sp031t1vebecause0qu, (y)z+vTV2ql (y)v <0,i € I(v)\j Thuszy := (1—a)Z+az €
E(v), but by construction, the index set Jis strictly contained in {i € Z(v)| Vqi(V)za +
vT'V2g;(¥)v = 0} contradicting the maximality of J . Therefore our claim is proved. Since
we also have ¢;(§(1)) < Vqi(5)v/2 < 0,i € T\ Z(v), and ¢;((v)) < ¢:(5)/2 < O,
i ¢ T, for all T > 0 sufficiently small, we see that () € I" and the constraints active
at y(7) are exactly those given by J. Further, our assumption of 2-regularity ensures that
LICQ is fulfilled at y(7), cf. Remark 1, and this completes the proof. U

4. Computation of the limiting normal cone
By the definitions, we have the representation

Nt 555 = N 5 5. 59U N o (G, 71 (0, v)).
(v,v*)#0
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We split the calculation of the limiting normal cone in directions of the form (0, v*) into
two parts:

Nggn 5 (G 75 (0,05) = N & (G55 0,0 ) UNZ | o (5, 5): (0,0%)),

where

(D Nglth ((y, y%); (0, v™)) is the collection of all (w*, w) such that there are
sequences (1) | 0, (ve, v vf) — (0,v%) and (wf, wy) — (w*, w) with v # 0
and (w}, wy) € Nopn 5 (F + trvr, y* 4+ txvy), and

2) szhN ((y, y%); (0, v™)) is the collection of all (w*, w) such that there are

sequences (f) | 0, (v}) — v* and (w}, wi) — (w*, w) with (w}, wy) € N

o . gph Nr
¥, y* + tvp).

In what follows we use the following notation:
M@.v*) = () € A@) x Ty, 4n D 1vF = VAT )G+ Va() ).
=0 ifiel™t, }
<0 ifieZ\IT
Q. 4 I, T) = {(w*, w) |w € K+ 7(v), w* + VAT 9)(Gyw € K+ 7(1))°),

131+’I(v) = weK1+I|3zeR’” Vgi(y)z +v Vq,(y)w{

where I C 7 are arbitrary subsets of 7. Further, for every (A, u) € M(v, v¥), we set

IT(hpw) =17 U{i | A =0, u; > 0}
LEmMMA 2 One has
(Kp+ 70)° ={Vg@ n+ V0 )G, v e Prv g, Vg v =0}
Proof We have
Ko z() = {w 1vT V24 (5)w € Range Vq(5) + P;;,I} N Koz

and therefore (1€1+ 7(v))° =cl ({w | v V2¢(y)w € Range Vq(3) + Py I}O + k;ﬂI)'

Since Range V¢ () + P}, 7, [w |v" V2 (5)w € Range Vq(3) + Pp, I}, Ks. I

vex polyhedral cones and hence so are also their polar cones, we obtain

are con-

Ky 7@)° = [wl v V2g(Ghw € Range Vg(3) + Pp. 1| + K5 7
= (" V*q(3)" (Range Vg () + P}i 7)° + Va3 Prv 1
= W'V (ker Vg N P+ 1) + Vg3 P+ 1

and the claimed result follows. O

LemMma 3 Consider convergent sequences (ti) | 0, (v, v ) — (v, v%), W) > X and
an index set It such that \¥ ¢ A(ye, y§) and ITOk = I+ for all k, where (yi, yi) =

3, ¥y*) + tx(vg, v). Then % € A and there is some [i such that (x, i) € M (v, v*) and
1T, ) It
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Proof Obviously, wehave A € A and It (1) C I c Z.Now consider for every u* € R”
the set

AW =1 eR Vg A =u* 2 =0,i ¢ IT).
By Hoffman’s error bound, there is some constant 8 such that for every u* with A(u*) # )
and every A € R one has

A, A@) < B IVgG 2 —u*l+ Y Inil+ Y max{—;, 0}

igl+ iel+
Since A € A(3*), for every k there is some AX € A(*) satisfying
1K =25 < BIVg)A* = 51 = BI(Va(F) — Va2 + ngl
= Blllvf — V22X el + o)),

showing that the sequence u* := (A¥ — 1¥)/# is bounded. By passing to a subsequence if
necessary we can assume that the sequence (1¥) converges to some 1. If i € TN (@) (A)s

we can take ji = fi. Otherwise the index set L := {i € [T\ I*(X) | i; < 0} is not empty
and we fix some index k such that /Li-( < [i/2Vi € Landset fi := 1 +2(F — A)/t;. Then
for all i with A; = O we have ft; > j1; and for all i € L we have
fu = fui + 205 =)/t = i+ 2005 = 1)/ = 0

and therefore i € TN]R]_ (¢(5) (%) Taking into account that A € A, ik e AG*) c A and
thus Vg(3)7 o = V()7 ji, we obtain
VamTel -2 v+ (Va@) - Va(u)Tak — 5

17% k=00 173
=v* =V )

Vg3 = lim

showing (A, ) € M(v, v¥). By the construction of [z, it is clear that It i) c IT and
this finishes the proof. O

On the basis of these auxiliary results, we may now state the first of the main results of this
paper. Note that for the calculation of the directional limiting normal cone, we only have to
take into account ilirections (v, P*)_*e Toph v (3, y*) because ongph 8 (s ) (v, v¥)) =
¢ whenever (v, v*) & Tgphﬁr >y, y5).

TueorEM 3 Let 0 # (v, v*) € Toph R (v, ¥*) and assume that M, is metrically subreg-
ular at y and metrically regular in the vicinity of y.

(1) Ifv # 0, assume that 2-LICQ holds at y in direction v. Then

N 5 (3. 5 v ¢ | U O, 1, 1", T) (20)
GoweMu®) ITwcltcIcT
VENAC)

and this inclusion holds with equality if for every maximal index set J € J (v) the
mapping y — (qi(y))icg is 2-regular at y in direction v.
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(2) Ifv =0, assume that 2-LICQ holds at 7 in every direction 0 # u € K. Then

gphNr((y ¥9): (0,v))

Ny U U 0@, A 1T, D). (2D)

ek (A, w)eM0,v*)recA@) ITwCItCcICcT
loll=1 JeJ @)

Now equality holds if for every direction 0 # u € K and every maximal index set
J € J(u) the mapping y — (qi(y))ic 7 is 2-regular at y in direction u.

Proof Inthe first part of the proof, we show the inclusions (20) and (21) respectively. Con-
sider (w™*, w) € N, aph N (9, Y “); (v, v¥))ifv # 0,and (W*, W) € N! 7 ((ﬁ, ¥5); (0, v™))
if v = 0, respectively. Then there are sequences (wk, wy) = (w*, w), (tk) 40, (vg, v,’(‘) —
(v, v*) such that vr # 0 and (w;, wy) € Ngph Ny (k> y§) where (ye, y) == (¥, ") +
1 (v, vy). Next we define O := v /|lvkll, ik = tllvell, if v = 0, and T := vy, t = &, if
v # 0. By eventually passing to some subsequence in case v = 0, we can assume that vy
converges to some v and we will now show that there are multlpllers (A M) e M(v, v¥)
with A € A(?) and index sets [T, Z, J with IT(A, 1) C IT c Z C J € J(¥) such that
w € K 7(0), w* + VA @) ()0 € (Kjy 7(0))°.

Since’ Yk # ¥y, as a consequence of the assumption that M, is metrically regular in
the vicinity of ¥, with each y;* there is associated some multiplier A* € N Ny (¢ (q (k)

with y/ = Vq ()T 2%, Due to [13, Example 9.44] we have A5 < k|ly¢ll. Hence the
sequence (AX) is uniformly bounded. By passing to subsequences if necessary we can
assume that the sequence (A%) converges to some A and that there are index sets It C 7
such that Z = Z(y), IT = I (A) Vk. By virtue of Lemma 3, we can find some /i such
that (A, 1) € M(v, v and It (X, 1) C IT.

Taking into account that

cs e i) — i) ifi eZ,

Vi (59 = lim 2 900 ied,
k—00 tr 50 ifi eZ\Z,

we obtain v € Tlli“ (y). This, together with AeAand ITQ) c It C 7, implies that

j)*Tf) = I\Tvq(y)g = 0 showing © € K. Further, for each A € A and every k we have

Mg <0 = 2Tq(yr) and together with ATq(3) = AT¢(F) = 0 and AT Vq([F) =

AI'Vq(3) = 7* , we conclude

O =Tq(m)

Oikgnolo f/?
~ b ¢ DTG + k0. — DT Vg@)ik + 557 V20 — DT @ik + o)
_k—>oo f]?

1 -
= EaTVZ«A -G

showing e A®).
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By Lemma 1, there is some z € R™ with

=0 ifiel
Vqi ()7 + 7 Vg (7)D T()\Z
Gi(MZ+7 ‘lf(y)”{fo ifi e Z(5)\ 1.

By adding some multlple of ¥ to Z, we can also assume that Vq, Nz + vTVq, M»v <0
holds for all i € Z \ Z(9). Using the inclusions /1 (1) C I+ C 7 again we obtain

1
= S L (Vi () + 37 Vai (D) = 7 2+ 5T V2T g (D
i=1

showing 7 € Z(v) Deﬁnmg J ={i € Z(D) |Vgi()zZ + vTVq, (y)v = 0}, we obtain
IT(A) c It cZcJ e J@).By our assumption of 2-LICQ in direction ¥ the mapping
Yy = (qi(¥)); 7 s 2-regular in direction v and therefore the gradients Vg; (yx), i € I are
linearly independent by Proposition 2(d). Hence, by Theorem 1, we have

wi € Kk, y) = (w| Vgiyw =0, i e [T, Vgi(yw <0,i e T\ 17},
T o
wi 4+ V20X @ rwrk € (K (v, 1))

and it follows that w € Ei+ 7- Now consider for every s = (s;), 7 and 7%, 7* € R™ the set

A(s, 2", 2%
_ - o si, ielt,
Vai(M)z + 0T Vi (w v =
._ m <sj, ie€eI\IT,
=1z pu,v) eR P 7 X Pps 7| o s N i
Vq(y) n+ Vg =z,
Vg =z*
Defining s/ = (=Vgi(wk + Vai(Mwg + k0" V2q;(3)D)/ik, i € I, we have

lim_ o0 55 = Obecause of (Vg; (yx) —Vqi (7) — k0! V2q; (7)) /f# — 0and wy — w. Since
(K (yk, yO)° = (Vg T e P 7}, we can find for each k some vector uk e Pi. 5
such that

T
Vg 1k = wi + V20F 9w =: 2.
It follows that the sequence Vg (yx)” X is uniformly bounded by some constant ¢ and by

Proposition 2(d) we obtain that there is some constant ' such that Ikl < «’c/iy V.
Setting r}* := (Vq(y) — Vq(3) — &7 V2q(3)T u¥, we have

lim = (Vg = Va () = 6" V23 /i) Gen) = 0.

because (Vg (yx) — Vq(3) — k0! V2q()) /i — 0 and 7 u* is bounded. Defining z} :=
Vg T uk, we have

lim z} = lim zk frzf = lim (Vg(3) — Vg T (u®) = 0.

k— 00 k— k— 00
Taking into account that wy € K (yk, y) we have (wy /i, uk, ik e Ak, =iz
and therefore, by invoking Hoffman’s lemma, for every k there is some (zg, /lk, pk ) €
A(s, 7p — Iy, 2y) satisfying
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I Gzks 15, 55) | = d(0, AGs*, 2 — i, 20))

< B D] Isk =0TV Gyl + iz -l + 12
iel
with some constant 8 independent of k. Since the sequences (s¥), (zf —ry) and (Zf) are
bounded, so also is the sequence (zx, ¥, 7¥) and, by passing to a subsequence, it converges
tosome (2, i, D). Sincelimy s* = 0,limy 2} —r} = w*+ V2.7 ¢)(7)w and limy Z} = 0, we
have (2, i, D) € A(0, w*+ V21T ¢)(3)w, 0) showing the desired inclusions w € K, 5(0)
and w* + VZ(XTq)(y)w € (kﬁi(a))% This completes the first part of the proof.

In the second part of the proof, we show equality in the inclusions (20), (21) under
the stated assumptions. In case v = 0, we choose any ¥ from K with ||17|| = 1, otherwise
we set v := v. Then we consider mult1p11ers (A ) € M(v v*) with 1€ A(D), index
sets I, Z, J with ItT(A, 1) Cc It C c J € J@) and elements w, w* with
w € K1+ 7(0), w* + Vz(kTq)(y)w € (K1+ 7(0))°. We will show that for every t > 0
sufficiently small there are (y;, ¥/, w,, w)) with y, # ¥, (W), w;) € N oph Nr- (vr, yf) such
that lim, o (yr, ¥/, we, w) = (3, ¥, w, w*), limg o ((ye, y/) — (3, y*)/t = (v,v*) and
hence the claimed inclusion (w*, w) € ngh Nr &y, y); (v, v*)) follows. We can assume
without loss of generality that 7 is a maximal element in 7 (#) with Z C 7. Then, by
Proposition 4, there exists some T > 0 and a mapping y : [0, T] — I such that $(0) = y,
Z(3(r)) = Z, LICQ is fulfilled at $(z) for every T € (0, 7) and

. yo) -y .
im—= = 0.
)0 T
‘We now define 5
vty =i Sy
t+ vl

and observe that lim; |o(y; — ¥)/t = v. Next we define the multipliers A’ by
A At 412 ie 1:+,
! 0, igIr
and then it follows from i € T, (q()-,))():) that A” > 0 for all + > 0 sufficiently small.
Defining y; := Vg (y)TA!, we obtain

VoV (Valn) — VaG)A
— = l1im

V Th = V2 XT v V NT ~ — *7
10t 110 " +Va(y)© i A PMv+Vg) p=v

and since Z(y;) = Z and IT(A') = I+, we have K(y,,y ) ={w|Vqgipw =0, i €
T (y)w <0, i€ I\ [}, and (K(yr, y))° = Vg(y)T Pi. 3. Let z be some element
ass001ated with w by the definition of K, I(T)) Then

Vgqi(y(0))(w + tz)
= (Vg;(3) + 0" V2 )T (@ + t2) + o(7)
=o(t), ielt,

~T 72
= Vgi(Mw +t(Vqi(y)z + v Vg (y)w) + o(7) <o), icT\It
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implying ||s()|| = o(t) where s;(t) := —Vq; 3(t))(w + tz) fori € It and s5;(7) :=
—max{Vq; ((t))(w + 17),0} fori € f\ It. Using 2-regularity of (‘Ii)iei in direction
v, by means of Proposition 2(d), we can find for all T > 0 sufficiently small some e, with
Vgi(§(t))er = s(t) and

/
hin lell < —Ils(r)ll

¢0 ly(z) — ¥l
implying w; 1= w + t(t)z + ez ;) € K(yr, y) and lim; o w; = w. }
Finally, we choose i, v € Pi+,i such that Vq(y)TT) = 0 and w* + VZ(ATq)(jz)zb =
Vg i+ V2(©Tq)(5)v. Taking pr == it + v/7, we have 11 € Pj, 7 and
lim Vg ) 1 = lim(Vq () + 0" V2q(3) + o(t) e
=limz™ Va5 + Ve i+ VEET9) ()

= Vq<y> T+ v2ET ().

Defining w; = Vq(y(r(t)))T/Lr(t) — V2(A’ q)(yr)w; we have hm,w w; = w* and,
because of Vq(y(r(t)))Tuf(,) € (K(yr, ¥/))°, one has (w/, w;) € N, oph Nr- (ve, y§). This
completes the proof. ]

To compute a suitable estimate of N, oph N ((y, y*); (0, v™)), we turn now our attention
2 S ok *
to the cone ngh ﬁr((y, ¥*); (0, v¥)).

ProrosiTION 5 Let v* # 0 such that (0,v*) € T, aph N (V5 ¥ *) and assume that M, is
metrically subregular at . If K # {0}, then

Noon 7 (37 73 (0, v%))

c N U U Q@ 1T D). (22

PENG) | (1, eM(0,v%):2eA @) 1T cIt cIcT
TeT @)

where
Qo(w, A, I, T) := {(w*, w) |w € K+ 7(v), w* + VAT ¢)F)w € Vg3 P+ 7).
Further, if K = {0}, then

N2 5. (G, 75 0, v%) € R™ x {0). (23)

Proof Let (W*, w) € N? aph N ((y, *); (0, v*)) and consider sequences (wk, wy) —

(w*, w), (&) | 0, (v;:) — v such that (wk, wg) € ngh N v, yk) where yk = y* +tkvk
Consider first the case when K # {0} and K (¥, yi) # {0} for mﬁmtely many k and let
v € N(9) be fixed. We will now show that there are multipliers (, ) € ./\/l(O v*) with
A€ Ag(v) and index sets 11,7, J with It (X, ,u) c it cZcJ e J®) such that
W € Kpi 7(0) and w* + V2G0T ) (w € Vg Pry 7.



Downloaded by [Czech Academy of Sciences] at 04:30 29 July 2015

Optimization 19

By passing to a subsequence, we can assume that K (y, y;) # {0} holds for all k. By
Theorem 2, we have

wi € WG, yi1 ) = (w e K@, yp) |w! V2 =2HT 9o =0val, 22 € AG. v} 9)
and there is some
AS (3, yi; D) if b # 0,

conv U AS (5, Vi u) if v =0,
0£ueK (5.37)

e A8, yis 0) =

such that
T - - o
wi € =V2OE @) (Pwg + (K (F, yi)°.

By (11), there is some x > 0 such that £(y, y;) is contained in a ball with radius « ||y} .
Hence the sequence (1¥) is uniformly bounded. By passing to subsequences if necessary we
can assume that the sequence (AX) converges to some A and that there is some index set T
such that It = I (A¥) Vk. By Lemma 3, we can find some /i such that (&, i) € M(0, v*)
and It (X, ) C IT. Since

- Vgi(Mv =0, i € "5
kY m o
KO-y = {” SR GgGw <0, i e T\ 1)
forevery k, thereis some u € Py, 7 with wZ+V2(kkTq)()7)wk = Vq(y)Tu.Now consider
the linear optimization problem

min V2T @)()5  subjectto wi + V20K ) (Fwk = Va() pop € Pr 7.
(24)
This problem has some solution, since the feasible region is not empty and the objective is
bounded below on the feasible region. Indeed, otherwise there would be some v € Py, 7
such that Vg(7)Tv = 0, 37 V2 (0T q)(y)v > 0 and consequently A* + av € A(7, y;) and
o' V2((OK + ow)Tq)(y)v > vTVZ(Ak q)(y)v for @ > 0 sufficiently small contradicting
e Ay, y;; U). By duality theory of linear programming, the dual problem

T =0, iel"
max(w + V2K Hwi) 'z subject to V 2+ 97v? v ’ - .

ax (wi A" @) (y)wi) ] qi(y) qi(y)v <0, e\t
also has a solution zx which, together with any solution 1 of (24) fulfills the complementarity
condition u; (Vg; (3)zx + 07 V2q; (7)0) = 0,i € Z. We now select ju* among the solutions
of the problem (24) such that the cardinality of the index set J (Mk Yi={i eI\IT: uf >
0} is minimal. Then

Vg v =0,v € Pis friyg = Vi =0, i€ (),

because otherwise we can find some scalar « such that uk +av e Pi+,i+UJ+(uk) C Pﬁj is
feasible for (24) and J T (g +ov) C J+(uux). This shows that uX 4 v is a solution of (24)
because the complementarity condition remains fulfilled, and |J ™ (ug + av)| < |J 7 (i)l,
contradicting the minimality of |J T (ub)).
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By eventually passing to a subsequence once more, we can assume that J ) =JT
holds for all k and we set Z := I UJ ™. Fixing z = z;, we obtain from the complementarity
condition that

=0 ifieZ
\Y z+97v? v . 25
qi (y) i (y)v <0 ifieZ\7 (25)

and therefore
5 - ST o2 s\Ey 1 k - ~T o2 ey
Ai(Vgi(y)z +v" Vg (y)v) = klggo Ay (Vgi(¥)z +v" V7gi(y)v) = 0.

Hence the pair (A z) is feasible for (10) and its dual (19) at (y, ¥y*) and fulfills the

complementarity condition, implying by duality theory of linear programming that € A(D)

and z € Z(D). Since ¥ € N(¥), we have I(v) 7 and we put J = {i € I| Vqi(y)z +
o7 V2g:(5)9) = 0).

In a next step, we show that X e Ag (v). The multlpher 2K is the convex combination
of ﬁnltely many extreme points A e A, yisu ) NEWY, v, j =1,..., pk, where
0 ;éu e K(y; ¥, whereu =0 Vk,jifv #0, and since A(y, y*; au) = A(y, y*; u)
Vo > O we can assume that ||u || = 1 in case v = 0. By passing to subsequences, we can
also assume that py = p Vk and u./ —uj,j=1,...,p,ask — ooand ITGkTy = IJJr
j=1,..., p,holds for all k. It follows that for each j the sequence Ak converges to some
A oe A with IT(AY) C I;r and thus A/ is an extreme point of A. Hence, X is a convex
combination of these ij, j=1....p,uj € K and since A/ € ]\(ﬁj), J = 1,...,p,
because of [22, Theorem 5.4.2(2)], we obtain AMoe Ag(ﬁj) and thus A € [\5(0). In case
that § # 0, we have u’; =3V, kand & € A% (D) follows.

It remains to show that w € I€1~+j(ﬁ) and w* + V2T ) (5w € Vq()'" Py ;. Letus
first prove by contradiction that w € K I~+j(f)).Assuming thatw ¢ K I~+j(ﬁ),by the Farkas’
Lemma, there is some v € Pii with Vg(3)Tv = 0 and 37 V2T ¢)(3)w > 0, yielding
V2T g)(7)wy > 0forall k sufficiently large. From (25), we deduce 37 VZ(vT ¢)(3)0 =
0. Hence, for every k sufficiently large there is oy > O such that At e Ay, y,’{k; v) and
wkTVZ(((Xk—Fa/fv) - 29T ¢)(3)D > 0, contradicting wy € W(7, y;; U). Hence, the desired
inclusion w € K, 7(v) holds true. Finally note that, by the way we constructed the index
set Z, for every k there is some uk e Py, 7 satisfying wy + Vz()»kTq)()'))wk = Vg k.
Utilizing Hoffman’s Error Bound, there is some constant 8 such that for every k there is
also an element ¥ e Py, 7 such that wy + V2(kkTq)(y)wk = Vg(»T ik and |35 <
B ||w7; + V2()\kTq)(y)wk |. Thus, the sequence (/1]‘) is bounded and we can assume that it
converges to some 1 € Pjy 7 satisfying w* 4+ V(AT ¢)(3)w = Vg ()T ji. This completes
the proof of the case When K(y yk) # {0} for all k.

In a next step we consider the case that K # {0} and K (¥, y;) # {0} only holds for
finitely many k. Without loss of generality, we can assume that we have K (3, y;) = {0}
and consequently wy = 0 Vk. We observe that we always have N'(y) C K (9, y;) and thus
N (¥) = {0} and we will proceed as in the first part of the proof with the only difference in
the choice of the sequence (A¥). Pick an arbitrary O # u € K. Then, since M, is metrically
subregular at (y, 0), by [21, Theorem 6.1(2b)] for every A € N (¢(y) with VgMHTr=0

we have u” V2(AT ¢)(7)u < 0. We obtain that the linear programme
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max u” VZ(AT q)(§)u subject to A € A(F, y}) (26)

has a solution and we select AF € A(7, yisu) NE, yi). This can be done since among
the solutions of a linear optimization problem, there is always an extreme point, provided
the feasible region has at least one extreme point. Then the same arguments as before
yield the assertion.

Finally, let us consider the case K = {0}. Given an arbitrary element (w*, w) €

2 S ok * : * * *
nghﬁr ((v, ¥%); (0, v*)), we consider sequences () | 0, v; — v* and (wf, wg) —

(w*, w) such that (w}, wy) € ﬁgphﬁr (. ¥5), where y; := y* + trv;. We will now show
by contraposition that K (y, y{) = {0} holds for all k sufficiently large. Assume on the
contrary that for every k there is some zx € K (¥, y{) with [|zx|| = 1. Then, by passing to
a subsequence, we can assume that (z;) converges to some z. Because z; € Tlli“ (y) and
Tllin (y) is closed, we have z € Tlli“()')) and, since j)*Tz = lim y,’{"Tzk = 0, it follows that
0 # z € K, a contradiction. Hence, from K (y, y;) = {0} and from (13), we conclude
Neph 5 (V5 yi) C R™ x {0}. It follows that wy = 0 implying w = 0 and this completes the

g
proof. U

We do not give a characterization when equality holds in (22) and (23), respectively,
because in many cases, we have N;ph 7. (O 75 (0, v)) C Néph 5. (O ¥%); (0, v*)) and
for the latter set an exact description is known. This issue is clarified in the next statement.

ProposiTiON 6  Assume that My is metrically subregular at (y, 0) and metrically regular
in the vicinity of y. Further assume that for every direction 0 # u € K and every maximal
index set J € J(u) the mapping y — (qi(y))icg is 2-regular at y in direction u and
assume that N'(3) # {0}. Then for every v* # 0 one has
2 = k. * r = =¥y, *
N2, 5, (.53 0,0) € NEL o (5,59 0, v%)).

Proof By Lemma 2 one has that Vg ()'))TPHJ C (121+’I(U))° and, consequently,
Qo(w, A, IT,I) C Q(v, A, IT,T). Now it is easy to see that in case N'(y) # {0} the
set on the right-hand side of the inclusion (22) is a subset of the set on the right hand side
of (21). Hence, the inclusion Ngzph 7.3, 59 (0.0%) € NL (5, 7); (0, v¥)) follows

. gph Nr
from Theorem 3 and Proposition 5. O

We summarize these results in the following theorem to give a complete description of
the limiting normal cone:

THEOREM 4 Assume that M is metrically subregular at (y, 0) and metrically regular in
the vicinity of y. Further assume that for every direction 0 # u € K and every maximal
index set J € j(u) the mapping y — (qi(y))ie7 is 2-regular at y in direction u and
assume that N'(y) # {0}. Then

nghﬁr‘()_}’ )_)*)
= Nopn 5 (5, ) U U U U O, 1 I, T).

(W, v*)ETgph N (3.5%) (L, w)eM@,v*) 1T, w)CItcZcT
v#£0 JeJ(v)
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Proof  The statement follows from Theorem 3 and Proposition 6 together with the obser-
vation that for any element (w*, w) € Nglph ﬁr((y, ¥*); (0, v*)) there is some ¥ € K with

19 = 1, (A, u) € M(O, v*) with A € A(D) and index sets J € J (), I and Z with
I, M) Cc It C I C J such that (w*, w) € Q(v, A, IT,T). Consequently, (A, ) €
M@, v* + V(AT q)(5)D), showing (w*, w) € Ny . (5. 5*); (@, v +v2(ﬂq)(y)v%

We conclude this section with two illustrative examples, the results of which will then
be used in the next section.

Example 2 LetT' C R? be given by

—Y% +
g = |-y —»
Y1

Put y = (0,0),y* = (0,1) and let us compute N oph Ni (¥, y*). Obviously, MFCQ is
violated at y. Owing to [18, Example 4] we have K =R_ x {0},

={heRI A —r=1,13=0}

and
{AeAlA]_l Ar =0} 1f07éveK

[\(U)z{ if v=0.

Further, M, is metrically subregular at (0, 0) and metrically regular in the vicinity of 0 and
by Theorem 2, we obtain

Tyon 7 G+ 7) = {0, v*) [v1 <0, v2 =0, v} = —2v1} U ({0, 0} x Ry x )

and
Ny 5 (5. ) = {(w*, w) w1 <0, wy =0, w} > 2wy).
Now consider 0 # v € K. Tt follows that v = (v;, 0) with v; < 0, f(v) = {1,2} and
that 7 (v) consists of the collection of all index sets J C {1, 2} such that there exists z with
Vgi(3)z+v" V(v =z — 207 <0 27)
Vgr(3)z + v Viga()v = —z2 — 207 <0 (28)
Vg3 (M)z+v" Vigs(v =21 <0
and J contains the active inequalities of (27), (28). Hence, J W) = {#, {1}, {2}}. Since

Vqi(y) = (—2y1,£1) #0,i = 1,2,forevery J C J(v) the mapping (g;);e 7 is 2-regular
in direction v, implying that 2-LICQ holds in direction v by Proposition 3.

Further, for every (v, v*) € Tgph Nr (7, ¥*) with v # 0 we have v € K, UT = —2v; and
thus

M, v*) = {(1,0,00} x {(11, p2, 13) [ 2 > 0, 1 — pa = v3,0 < 3 = v + 2v;})
={(1,0,0)} x {(1, u2,0) | 2 = 0, 1 — 2 = v3},
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yielding
Nopn 7 (5, 75 (v, 0)) = Q(v, (1,0, 0), {1}, {1})

by Theorem 3, where we have taken into account that the only index set J € J (v) with
IT(1,0,0) = {1} c J is J = {1}. Straightforward calculations give

Ky.0@) = Kaya) =R x {0,
Q(v, (1,0,0), {1}, {1}) = {(w*, w) |wz = 0, w} = 2w}.
In the next step, we want to analyze N eph N ((3, ¥%); (0, v*)) for (0,0) # (0,v*) €
(3, y*). It follows that v} > 0 and for every ¥ € K, ||0]] = 1, we obtain

gph Nr

{(h, ) € MO, v") [ € A@)} = {(1,0,0)} x {(e1, 2, v) | w2 = 0, puy — pa = v3}.

Since J (9) = {#, {1}, {2}},if v} > O we obtain Nglph 7. (5. 51 (0. v%)) = . On the other
hand, if v’f = 0, similar arguments as before yield

N5 (G795 0,07) = {(w*, w) [y = 0, wi = 2w},

Finally, we cons_ider Ngzphﬁr (¥, ¥9); (0, v™)) for (0, 0) # (0, v*) € Toon 5 (5 ). We
have NV(7) = {0}, A¥(0) = {(1,0,0)},
{(h, w) € M0, v*) | 1 € 1:\5(0)} ={(1,0,0)} x {(re1, 2, v 2 = 0, w1 — po = v3}

and 7(0) = {{1,2}, {1,2,3}}.
Using Proposition 5, we obtain

Unjertczenzs €00, (1,0,0), 17, 7) - ifvf =0
U{1,3}C1+CIC{1,2,3} QO(O, (1, 0, 0), 1+, I) lf UT > O.

By the definition, we have Q¢ (0, (1, 0, 0), I, 1) ={(w*,w)|we IEI+’I, w*—Qwi,0) €
K7, ;}and

N2, 5 (G595 0,0%) ¢

(0, 0) if {l}cItcZc{l1,2,3}) A3el",
Ki+z={R_x {0} if{ljcITcZc{l,2,3} A3eZ\IT,
Rx {0} if{l}cItcZc{l2}.

Hence, we get the inclusions

N2 6 (G5 0,0%)
(R x R) x {(0,0)} U {(w*, w) |wy =0, w} = 2w}

C U{(w*, w) lwy <0, wy =0, w] > 2w} ifvf =0 (29)
(R x R) x {(0,0)} ifvy >0

and two-sided estimates

LCN,

oph i (3, 5 C LU R x R) x {(0, 0)} (30)
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with
L := Ny 50 (5. 57) U N 5. (3, 379: (=1, 0), (2,0)
= {(w*, w) | wi <0, wy = 0, w} = 2w} U{(w*, w) | wy =0, w} = 2uw}.

Let us now compute ngh ﬁr((y,y*); (0, v*)) exactly by the definition. By using
Theorem 2, we obtain

(R x R) x {(0,0)} if y[ > 0,97 >0,
Nepn 5 (3, ¥ = {{w*, w) [wy < 0,wy =0, w} > 2wy} if yf =0,y5 >0,
) ifyf <0,y5 >0

and consequently
2 = k. *
nghﬁr(()’, y )7 (09 v ))
)R xR) x {(0,0)} U {(w*, w) [wy <0, wy =0,w] >2w} ifv] =0,
| R xR) x {(0,0)} if v} > 0,
showing that the inclusion (29) is strict in case v{ = 0 and that the assertion of Proposition

6 does not hold due to N (y) = {0}. Nevertheless, the second inclusion in (30) holds with
equality.

Example 3 Now let I' C R? be given merely by

2
—yt»n
R O
y = (0,0) and y* = (0, 1). Again MFCQ is violated at y, but M, is metrically subregular
at (0, 0) and metrically regular in the vicinity of 0. Straightforward calculations yield K =
R x {0}, )
A=eRi|r—r=1)
. 1,00} ifo K,
A@w) = {((1,0)} : FVE
A ifv =0,
Tyon 5 (- 7) = {(v.v%) |12 = 0, v} = —2v}
and R
Nooh 5 (V5 VO ={w" w)| wy =0, wi = 2w1}._
Similarly, as in Example 2, we obtain for every 0 # v € K, that 7 (v) = {0, {1}, {2}
and that for every J C J (v) the mapping (g;);e 7 is 2-regular in direction v.
Further, for every (v, v*) € Toph N (3, y*) with v # 0 we have

M@, v*) = {(1,00} x {(i1, w2) | 2 > 0, py — pa = v3}

yielding
Ngph 7 (7, 7): (v, v9) = Q(v, (1, 0), {1}, {1})
by Theorem 3. As in Example 2, we can derive

K,y () = Ky ) = R x {0}, Q(v, (1,0), {1}, {1}) = {(w*, w) [wy = 0, w} = 2wy}
and N;phﬁr((i, ¥9:(0,v™) = {(w*, w) wz =0, wy =2wy}.
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Now we consider nghﬁr (¥, ¥); (0, v*)). N'(§) amounts to K = R x {0}, 1:\5(13) =
{(1,0)} VD € N(3) and

{(h, ) € MO, v") |1 e 1:\8(17)} ={(1,0)} x {(1, u2) [n2 = 0, uy —pa =v3} Vo e N (),
TJ@) =1{8,{1},{1}},0#£7 € N (3) and J0) = {{1,2}}. Using Proposition 5, we obtain
nghﬁr(()_’v ¥%); (0, v™) C Qo(v, (1,0), {1}, {1}) = {(w*, w) |wa = 0, w} = 2wy}

This verifies the inclusion Ng2ph e ((¥,%9; (0,v*) c N! h A (3, y%); (0, v™)) as
stated in Proposition 6. Moreover, all the assumptions of Theorem 4 are fulfilled and
Nooh 5 (V5 ¥ ={(w*, w) w2 =0, wi = 2w}

Note that the results of Examples 2 and 3 cannot be obtained by any technique developed
to this purpose so far.

5. Stability of parameterized equilibria
In this section, we consider a parameter-dependent equilibrium governed by the GE

0€ F(x,y) + Nr(y), (31

where x € R” is the parameter, y € R™ is the decision variable, F : R" x R™ — R™ is
continuously differentiable and I" is given by (6). Our aim is to analyse local stability of
the respective solution map S : R" = R™ defined by

S(x) = {y e R"0 € F(x,y) + Nr(»)} (32)

around a given reference point (x,y) € gphS. In particular, we will examine the so-
called Aubin property of S around (x, y) which is an efficient Lipschitz-like property for
multifunctions.

Definition 6 [23] S has the Aubin property around (x, y) provided there are neighbor-
hoods U of x, V of y and a non-negative modulus « such that

Sx)NY C S+« |lx1 —x2| B forall xy,xy el.

This property can be viewed as a graph localization of the classical local Lipschitz
behaviour and is closely related to the metric regularity defined in Section 2.

The Aubin property of solution maps has already been investigated in numerous works;
let us mention at least [12, Section 4.4.2] and [8], where the authors have dealt with general
parametric equilibria including (31) as a special case. In what follows, however, we will
confine ourselves with GE (31), make use of the results from the preceding section and
obtain a new set of conditions ensuring the Aubin property of S around (x, y).

As in the most works about Lipschitz stability our main tool is the Mordukhovich
criterion D*S(x, y)(0) = {0} which is a characterization of the Aubin property around
(x, y) [12, Theorem 4.10], [ 13, Theorem 9.46]. In our case it leads directly to the following
statement.
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ProrosiTiON 7  Let the mapping Nr have a closed graph around (y, —F(x,¥)) and
assume that the implication

0€V,F&E 9! b+ D*Nr(53, —F (X, 7)(b) = b =0 (33)

holds true. Then S has the Aubin property around (X, y).
If V. F(x,y) is surjective, then the above condition is not only sufficient but also
necessary for S to have the Aubin property around (x, y).

Proof The firststatement is a specialization of [ 12, Corollary 4.61]. The second one follows
directly from [12, Theorem 4.44(i)]. O

Combining Theorem 4 with the above statement, we arrive at the following criterion
for the Aubin property of S around (x, y).

TueoreM 5 Consider GE (31) and the reference point (X, y) and assume that My is
metrically subregular at (y,0) and metrically regular in the vicinity of y. Put y* =
—F (X, ¥) and suppose that for every nonzero direction u from K (= K (3, 3*)) and every
maximal index set J € J (), the mapping y v~ (q; (y))ic.7 is 2-regular at y in the direction
u and N'(y) # {0}.

Then the validity of the implication

V,F (%, 3)Tb
_[ ' (by) ]e U U U QA I*\T)=b=0
@UIET i 07 O e M @0%) It,wcltcZcg
v#0 JeJ (v)
(34)

implies the Aubin property of S around (X, y). If Vi F (X, y) is surjective, then implication
(34) is not only sufficient but also necessary for S to have the Aubin property around (x, y).

Proof The statement follows immediately from Theorem 4 and Proposition 7, provided
we show that gph Nr is closed around (3, ¥9), i.e. there is a closed ball B around (y, y*)
such that gph Nr N B is closed. To this aim, we will consider sequences yx — ¥, Vi —>
Y5 yE € Nr (yx) with (y, y*) sufficiently close to (y, y*). Note that M, is metrically
subregular at any point (a, 0) provided a € T is sufficiently close to y. This implies that

Nr(a) = Vq(a)" Ny (q(a)). (35)
Let us distinguish among the following three situations:
(1) y # y: From (35), we infer the existence of multipliers Ak e Npt (q(yk)) such that
Vi = VaG k.
By virtue of the assumed metric regularity of M, in the vicinity of y this sequence
is bounded, because otherwise the formula for the modulus of metric regularity in

[13, Example 9.44] would be contradicted. We can thus pass (without relabeling)
to a subsequence which converges to some A € Np: (y). It follows that
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¥ =Vq(y)Tx e Nr(y)

and we are done.
(2) y = y and y; = y at most finitely many times: Then, by passing to a subsequence
(without relabeling) one can ensure that y; # y Yk and proceed exactly in the same

way as in 1.
(3) y =y and y; =y infinitely many times: Then the result follows immediately from
the closedness of Nr(y).

O

We illustrate now the preceding stability criteria by means of two GEs with the constraint
sets analyzed in Examples 2 and 3.

Example 4 Consider the GE (31) with x, y € R? and F (x,y) = x. This GE represents
stationarity conditions of the nonlinear program

min(y, x) subjectto y €I (36)
y

First let us take I" from Example 3 and put x = (0, —1), y = (0, 0). An application of
Proposition 7 leads to the condition

{weRwy =0, wi=2w;, wf=0}=/{(0,0)

which is clearly fulfilled. Hence, the respective solution map S has the Aubin property
around (x, y).

Now let us consider the same situation with I" from Example 2. In this case, the respective
solution map would have the Aubin property around (x, y) provided the implication

[HeL:ﬂu:O, 37

holds true. Indeed, for the second term on the right-hand side of (30), the corresponding
implication follows immediately and so it suffices to consider only L. Clearly, (37) amounts
to

wy; <0,
wy =0, = w =0.
0> 2w

This implication is, however, clearly violated e.g. by the vector w = (—1, 0). Since by
virtue of (30) L is a lower estimate of ngh 8- ¥*), it follows that the respective solution
map does not possess the Aubin property around (x, y).

Example 5 Consider again the GE (31) with x, y € R? but F(x, y) = ay — x, where «
is a positive scalar parameter. For o« = 1, this GE represents stationarity conditions of the

non-linear program

1
min §||y —x|? subjecttoy € I, (38)
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whose (global) solutions are metric projections of x onto I'. As the reference point take
x=1(0,1),y = (0,0). With " from Example 3, we obtain the condition

(cw, w) € {(w*, w) |wy =0, wi =2w;} = w=0

which evidently holds true, whenever o # 2. So the Aubin property of the respective S
around (x, y) has been established for all @ # 2.
On the other hand, taking I" from Example 2, we arrive from (30) at the implication

(aw,w) € LUMR xR) x {(0,0)} = w =0.

An analysis of this implication tells us that for « > 2 the respective solution map does
possess the Aubin property around (X, ¥). On the other hand, for « < 2, there is a nonzero
w such that («w, w) € L. Since L is a lower estimate of ngh N (3, y*), we conclude that
in this case the solution map does not possess the Aubin property around (x, y).

Note that in Example 4 and in Example 5 for « < 2 y is only a stationary point in
the optimization problems (36), (38) for x = x but not a minimum. In (38) for x = x
with T" from Example 2, we have to do with two stationary points (where the other one
(—O.Sﬁ, 0.5) is a (global) minimum). As shown above, the respective S does not behave
in a Lipschitzian way around (x, y), but on the basis [18, Theorem 7] one can deduce that
it possesses the isolated calmness property at this point.

Remark 2 In the case of I" from Example 3 in both examples the mappings S~! are even
strongly metrically regular at (y, x).[24, p.179] The respective criteria (cf. e.g. [25], [26,
Section 8.3.4]), however, cannot be applied, because of a difficult shape of I" around y.

6. Conclusion

In the paper, we have derived a new technique for the computation of the limiting coderiva-
tive of N for I' given by C? inequalities. The needed qualification conditions are fairly
weak and, in contrast to [7,8], one obtains often exact formulas and not only upper estimates.
On the other hand, the computation can be rather demanding, which reflects the complexity
of the problem and corresponds to the results obtained for affine inequalities in [3]. The
results have been used in verifying the Aubin property of parameterized GEs with I" as the
constraint set and could be used also in deriving sharp M-stationarity conditions for a class
of MPCCs.
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