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Abstract
Let © C R™ be a bounded NTA-domain and let Q7 = Q x (0,7") for some 7" > 0. We
study the boundary behaviour of non-negative solutions to the equation

Hu = 0yu — Oy, (aij(z,t)0;u) = 0, (z,t) € Q.

We assume that A(z,t) = {a;j(x,t)} is measurable, real, symmetric and that

BTIA@IEP < Y aijlx )& < BM@)[¢f? for all () €R™E, £ € R,

1,j=1

for some constant 5 > 1 and for some non-negative and real-valued function A = \(x)
belonging to the Muckenhoupt class A;,5/,(R"). Our main results include the doubling
property of the associated parabolic measure and the Holder continuity up to the bound-
ary of quotients of non-negative solutions which vanish continuously on a portion of the
boundary. Our results generalize previous results of Fabes, Kenig, Jerison, Serapioni, see
[18], [19], [20], to a parabolic setting.
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1 Introduction and statement of main results

In a sequence of papers, see [18], [19], [20], Fabes, Kenig, Jerison and Serapioni (in the following
refered to as Fabes et al.) developed the theory concerning the boundary behaviour of solutions
to linear degenerate elliptic equations of the form

> 0y, (aij(x)0y,u) = 0 in R™. (1.1)

i,j=1

Fabes et al. assume that A(z) = {a;;(z)} is measurable, real, symmetric, for every z € R", and
that

BTA@)EP < Y a()6g; < BA()E (1.2)
ij=1
for all z € R™, ¢ € R™ and for some constant 5, 1 < 8 < oo. The weight A = A\(x) is assumed
to belong to the Muckenhoupt class A»(R™). While the results by Fabes et al., to some extent
are straight forward generalizations of previous results established in the uniformly elliptic
case, that is when A(z) = 1, see [5], [12], [2], [32], [43] and the references in these papers,
the results by Fabes et al. have recently proved important in several fields within the area of
partial differential equations. In particular, firstly in [4], [3], [47], the results are used in the
study of the boundary behaviour of non-local operators exemplified by the fractional Laplacian.
Secondly, in [34]-[41], a theory concerning the boundary behaviour for solutions to operators
of p-Laplace type is developed. Part of the technical toolbox developed in [34]-[41], consists of
techniques for establishing boundary Harnack inequalities for p-harmonic functions vanishing
on a portion of the boundary of a domain which is ‘flat’ in the sense that its boundary is
well-approximated by hyperplanes. In this case, at the final stage of the analysis, results are
derived in the non-linear case by a reduction to linear degenerate elliptic equations of the form
considered by Fabes et al.
Based on the above it is natural to attempt to develop a parabolic counterpart of the elliptic
theory developed by Fabes et al., and in this case the operators of interest are second order
parabolic partial differential operators of the form

H=0,- Y 0u(a;(x,t)0y), (v,1) €R" xR, (1.3)
ij=1
where again A = A(z,t) = {a;;j(z,t)} = {a;;} is assumed measurable, real and symmetric,

for every (z,t) € R™ x R. To allow for degeneracy we assume that there exists a real valued
function A : R"*! — R such that

BN, IEP < ) ayla, 0)6€ < BA 1)IEP (1.4)

i.j=1

for all (z,t) € R*™, ¢ € R", and for some constant 3, 1 < 8 < oco. In fact, for this type of
equations results of interior character were established in [6], [7], [8], [9], [10], [11], under various
integrability conditions on the weight A = A(z,t). For example, in [8] the authors establish
a Harnack inequality for non-negative solutions to Hu = 0 assuming that A(z,t) = A(x), i.e.,
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A is time-independent, and A € A 5/,(R"). Furthermore, in the same paper the authors
also show, by way of examples, that when n > 3 and )\ is time-independent, the condition
A E A1+2/n(R”) is sharp among the Muckenhoupt A,-conditions for the continuity of weak
solutions. This is in contrast to the elliptic case, where the condition A € Ay(R") is sufficient
for the same conclusion. See also [9] for many interesting examples concerning the difference
between the elliptic and parabolic case in the context of degenerate operators, and some results
in the context of degenerate parabolic operators with time-dependent weights.

This paper is the first in a sequence of two papers devoted to the study of the boundary
behaviour of non-negative solutions to linear degenerate parabolic operators satisfying (1.4).
In this paper we consider operators as in (1.3), satisfying (1.4) for some A(z,t) = \(x), and we
assume

A€ Ao/, (R™) and we will denote the A; 5/, (R")-constant of A by A. (1.5)

In a subsequent paper we intend to consider the case of time-dependent weights as part of
an ambition to understand the boundary behaviour of non-negative solutions to non-linear
parabolic equations of p-parabolic type somehow along the lines of the elliptic theory developed
in [34], [35], [38], [36]. However, already the case of time-independent weights \(x,t) = A\(z) €
Ai42/n(R") forces us to revisit essentially all the relevant arguments used in the corresponding
context of uniformly parabolic equations. The contribution of the paper is a generalization
of results previously established for uniformly parabolic equation in divergence form in the
celebrated papers of Fabes, Safonov and Yuan, see [21], [22], [46], to operators as in (1.3)
satisfying (1.4) for some A(z,t) = A(z) as in (1.5).

1.1 Statement of main results

Let the operator H be as in (1.3), satisfying (1.4), for some A(x,t) = A(z) as in (1.5). We will
work in cylinders Q7 = Q x (0,7T), T > 0, where Q2 C R" is a bounded domain, i.e., a bounded,
connected and open set in R". Let the parabolic boundary of the cylinder Qr, 9,27, be defined
as
GPQT = ST @) (Q X {O}), ST = 0f) x [O,T}

Some restriction on {2 will be needed. We will assume that {2 is an non-tangentially accessible
domain, or NTA-domain for short, as introduced in [32]. If Q is a NTA-domain, with parameters
M and Ry, then for any zy € 02, 0 < R < Ry, there exists a non-tangential corkscrew point,
that is a point Ag(zg) € €2, such that

MR < d(xg, Ap(70)) < R, and d(Ag(z0),0Q) > M 'R,

where d is the Euclidean distance d(x,y) = |z —yl. In Section 4 we prove that if {2 is a bounded
NTA-domain then there exists, for each f € C(9,Qr), a unique (weak) solution u € C(€2r) to
the continuous Dirichlet problem

Hu=0in Qp, u= f on 0,Qr. (1.6)

As a consequence there also exists a unique probability measure w(z,t,-) on 0,y such that

u(z,t) = - fly, s)dw(zx,t,y,s) (1.7)



whenever v is the unique solution to the continuous Dirichlet problem (1.6). We will refer to

w(z,t,-) as the H-parabolic measure, or simply parabolic measure, relative to (z,t) and Q7.
The Harnack inequality proven in [8] does not hold in standard parabolic cylinders but

rather in cylinders associated with the weight A. The same is true for our results. Given R > 0

and x € R", we let
1/n
= ([ aere)
B(z,R)

Ch(z,t) = B(zo, R) x (to — 14(R)*, to + 74, (R)?) ,
ALz, t) = Sp N Ch(x,t).

and

Note that by construction the cylinders {C%(xo,t)} take the degeneracy of H into account
and that the use of these intrinsic cylinder allows us to state our main theorems with constants
which do not depend on the weight A directly. We let diam(€2) = sup{|z —y| | =,y € Q} denote
the Euclidean diameter of Q and we let diamy(Q2) = sup{r.(|x — y|) | z,y € Q}. When we in
the following write that a constant ¢ depends on the operator H, ¢ = ¢(H), we mean that c
depends on the dimension n, the constant § in (1.4) and the constant A in (1.5). The following
theorems are the main results proved in this paper. For notation and definitions, we refer to
Section 2 and Section 3.

Theorem 1.1. Let H be as in (1.3), assume (1.4) and (1.5). Let Q@ C R™ be a bounded
NTA-domain with parameters M, Ry and let Qpr = Q x (0,T) for some T" > 0. Let u be
a non-negative solution of Hu = 0 in Qp wvanishing continuously on Sp. Then there is an
7o = To(H, M, Ry, diam (), diam,(Q2)), 7o > 0 such that the following holds. Let §, 0 < § < Ty,
be a fized constant, let (xg,tg) € St, 62 < to, and assume that R satisfies r,,(R) < §/2. Then
there exists ¢ = c(H, M,diam,(Q2),T,9), 1 < ¢ < oo, such that

u(z,t) < cu(Ag(zo), to)
whenever (z,t) € Qp N Cy(xo, to).

Theorem 1.2. Let H be as in (1.3), assume (1.4) and (1.5). Let Q@ C R™ be a bounded NTA-
domain with parameters M, ro and let Qr = Q x (0,T) for some T > 0. There then is an
7o = To(H, M, 1o, diam(Q), diam,(2)), 7o > 0 such that the following is true. Let 0 < 6 < 7y be
a fized constant. Let (xo,ty) € St be such that 166> < ty and §* < T — to, and suppose that
T2 (R) < /2. Then there exists a constant ¢ = ¢(H, M, diam,(Q2),T,0), 1 < ¢ < 0o, such that

w(z,t, ASp(xo,to)) < cw(z, t, AR(xo,to)),
whenever (x,t) € Qp is such that t > to + 167, (R)?.

Theorem 1.3. Let H be as in (1.3), assume (1.4) and (1.5). Let @ C R™ be a bounded NTA-
domain with parameters M, ro and let Qr = Q x (0,T) for some T > 0. There then is an
7o = To(H, M, Ry, diam(Q2), diam,(Q2)), 7o > 0 such that the following is true. Let u,v be non-
negative solutions of Hu = 0 in Qp vanishing continuously on St. Let §, 0 < 6 < 7y, be a fized
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constant. Then u/v is Holder continuous on the closure of Qx (6%, T). Furthermore, let (zg,ty) €
Sr, 6% < to, and assume that r,,(R) < 6/2. Then there exist ¢ = c(H, M,diam,(Q),T,?),
1<c¢< oo, and a = aH, M,diamy(2),T,0), a € (0,1), such that

(r2z =yl + s — 12 " u(Ag(xo), to)
= ( Tao (1) ) v(Ar(zo), to)

u(z,t)  uly,s)
v(z,t) vy, s)

whenever (z,t), (y, s) € Qr N Cg, (w0, o).

Note that by a covering argument, versions of Theorems 1.1-1.3 could also be stated using
the standard parabolic cylinders {Cg(xo, to) = B(xg, R) X (to — R?,ty + R?)}. However, in this
case the constants would depend on the quotient of r,,(R) and R.

Note that Theorem 1.1 and Theorem 1.3 have a global flavor in the sense that we assume
that v and v are non-negative solutions of Hu = 0 in all of {27, vanishing continuously on the
entire lateral boundary Sp. Naturally, also local versions can be formulated but we here omit
further details.

To put Theorem 1.1-Theorem 1.3 in perspective we note, as briefly mentioned at the be-
ginning of the introduction, that for uniformly parabolic equations, the case A = 1, the study
of the type of problems considered in this paper, and in particular Theorem 1.1-Theorem 1.3,
have a long and rich history which culminated with the celebrated papers of Fabes, Safonov
and Yuan [21], [22] and [46]. In these works the authors proved Theorem 1.1-Theorem 1.3 for
linear uniformly parabolic equations, both in divergence and non-divergence form. We remark
that, while these authors work in Lipschitz cylinders, one can easily see that their proofs can
be generalized to the setting of bounded NTA-cylinders. While the works Fabes, Safonov and
Yuan completed, for linear uniformly parabolic equations, the line of research considered in
this paper, contributions by other researchers are contained in [17], [23], [25], [33], [16], [21],
[44]. For the elliptic versions of Theorem 1.1-Theorem 1.3 we refer to [18], [19], [20], and we
emphasize that in the elliptic case the assumption A € A3(R™) on the weight is sufficient for
the validity of the corresponding versions of Theorem 1.1-Theorem 1.3.

1.2 Organization of the paper

In Section 2, which mainly is of preliminary nature, we introduce our main technical tool which is
a weighted distance function d related to the function r,(R). In this section we also define weak
solutions and we state fundamental principles like Cacciopoli estimates, the Harnack inequality,
interior Holder continuity estimates and the weak maximum principle. Section 3 is devoted to
geometry. We here introduce the notion of A-NTA-domains, NTA-domains with respect to dj,
and we prove, see Lemma 3.4 and Lemma 3.3 below, that the A-NTA-domains are exactly the
classic NTA-domains introduced in [32]. However, the setting of A-NTA-domains facilitates the
use of the Harnack inequality of [8] and is used in the remainder of the paper. In section 4 we
establish existence and uniqueness for solutions to the continuous Dirichlet problem stated in
(1.6) and the existence of the parabolic measure, assuming that €2 is a A-NTA-domain. This is
done by approximating H with a sequence of uniformly parabolic operators. In Section 5 we
establish some technical lemmas and prove Theorem 1.1. In Section 6 and Section 7 we prove
Theorem 1.2 and Theorem 1.3, respectively, by first proving the theorems for approximating
uniformly parabolic operators and then passing to the limit.
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2 Preliminaries

In this section we introduce notation, definitions and preliminary results that will be used
throughout the paper.

2.1 Notations and conventions

Points in Euclidean (n + 1)-space R™™ will usually be denoted by (z,t) = (x1,...,7,,t). The
notation (y, s) or (§,7) will also be used when needed. Given a set E C R", let E,0E, be the
closure and boundary of E. Let x -y denote the standard inner product on R™, and |z| = /x - x
the Euclidean norm of x. Let dx be Lebesgue n-measure on R” and for any measurable £ € R"
we let |E| = [, dz. Given E € R" let diam(F) = sup{|z — y| : =,y € E}. Given (z,t) € R
and R > 0, let B(z, R) denote the standard Euclidean ball

B(z,R) ={y e R": |z — y| < R},
and let C'r(x,t) denote the standard parabolic cylinder
Cr(z,t) = B(z,R) x (t — R*,t — R?).

Note that the Euclidean radii of balls will always be denoted by R. Throughout the paper ¢
will denote a positive constant ¢ > 1, not necessarily the same at each occurrence. In general
c=c(ay,...,a,) denotes a positive constant ¢ > 1 may depend only on ay,...,a, and which
is not necessarily the same at each occurrence. Let H be as in (1.3) and assume (1.4) and
(1.5). That ¢ depends on the operator H, ¢ = ¢(H), means that ¢ = ¢(n, A, ) where n is the
dimension, A is the Ay 45/,-constant of A and 3 is as in (1.4). Two quantities A and B are said
to be comparable, or A ~ B, if c7! < A/B < ¢ for some ¢ = ¢(H), ¢ > 1.

2.2 Weights and distances

Recall that a function A is said to belong to the Muckenhoupt class A, = A,(R"), for some p,
1 < p < o0, if A is non-negative, measurable and satisfies

(\B(yﬁ /B(%R) A(i'f)di”) (m /B . Aa) ™ (p‘”d:v)p1 <Ay, <oo  (21)

for all y € R", R > 0. The constant A, = A, is called the A, constant of A\. Let A\(E) =
[z A(z)dz, for all measurable sets E. Then, in particular, every A € A,(R") gives a doubling
measure with doubling constants depending only on n, p and A,. In the following we let A be
as in (1.5), that is A € Ay49/,(R™) with constant Ayys/,, = A. Let

hley) = </B(x,:v—y|) )\n/2(£)d£> : 22)

whenever x,y € R". The function d) will be used to measure distances weighted by A. Note
that, up to normalisation, d, coincides with the Euclidean metric when A = 1. The function d)
has some of the characteristics of a metric. To start with, for x € R™ fixed, d)(z,y) increases
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as | — y| increases. Furthermore, dy(z,y) = 0 if and only if x = y. However, in general
dx(z,y) # dx(y,z) and d, only satisfies a relaxed triangle inequality making d, only a quasi-
semi-metric on R”, see Lemma 2.2 below. Having introduced d) we let

diamy(E) = sup{dy(x,y) : x,y € E}.
for any set £ C R". For each x € R" and r > 0, we let
By(z,r) ={y e R" : dx(z,y) <}, (2.3)

denote the corresponding open ball with center at = and with radius r, measured with dj.
Furthermore, for (z,t) € R"™ and r,ry, 75 > 0, let

CMx,t) = Ba(z,7) x (t — 12t +1?), C,j\hr?(:c,t) = By(x,71) X (t — 73, t +713),
CM(z,t) = By(w,7) x (t,t +1?), C» (z,t) = By(z,7) x (t — 1% 1),
Nt (1) = Ba(z,m) % (£t +13), Cho(wt) = Bale,r) x (= 1), (2.4)

Finally, let the (weighted) parabolic distance, be defined as

dA,P((xvt)v (y’ 8)) = dkap(xv 257 S) = ((dx(l‘, y>)2 + |S - t|)1/27 (25)

whenever (x,t), (y,s) € R*"". To gain further intuition concerning our weighted setting it is
important to note that the set By(z,r) is in fact an Euclidean ball. In particular, for every
x € R" and R > 0 there is an r such that By(z,r) = B(z, R) and vice versa. To formalize this
we define, if A € Ay49/,, x € R" and R > 0,

ro(R) = ( / " A"/Q(ﬁ)dé> " (2.6)

and we note, using this notation, that By (z,7,(R)) = B(z, R). Also note that the cylinder used
in the statement of Theorems 1.1-1.3 is exactly C,(z,t) = C;\m( R) (x,t), however for the sake of
brevity we avoided this notation in the introduction of the paper. Since the function r,, is strictly
increasing, it has an inverse R,(r) = r;'(r). This means that B(z, R,(r)) = Bx(z,r). Note
also that R, is strictly increasing. The connection between d) and the Euclidean metric allows
us recover some geometrical information from the quasi-semi-metric. In particular, combining

the A, condition and the Holder inequality we derive the useful comparison

Rn+2

ra(R)" = 5 (B(z, R))

valid for every x € R™ and R > 0, with comparison constants depending only on n and A.
Furthermore, when comparing the radii of two balls, the following lemma allows us to switch
between the weighted and the Euclidean settings.

Lemma 2.1. Let A be as in (1.5). Let z,# € R™ and R, R > 0 be such that B(&, R) C B(z, R).
Then there ezist ¢ = c¢(n, ), ¢ > 1, such that

(i) <2 <o (iym)” 27



Proof. Let pu(x) = A™"2(z) for all x € R". Then, by (2.1), u € Ao/, with A; 5,-constant
depending only on n and A. Noting that r,(R) = u(B(x, R))Y", the lemma follows from
Lemma 5 in [12]. O

Lemma 2.2. Let X be as in (1.5) and let dy(z,y), z,y € R™, be defined as in (2.2). Then there
exists a constant cax = ca(n,A), 1 < ca < 00, such that

dx(z,2) < ealdr(z,y) + dr(y, 2)) (2.8)

and
d)\(Z',Z) S CAd)\<Z7‘Z.) (29)

whenever x,y,z € R".

Proof. We first note that if |x — z| < |z —y|, then d,(x, z) < d)(x,y) and hence there is nothing
more to prove. We may therefore assume that |z — z| > |z — y|. Assume now that x, y, and z
are collinear and y lies between x and z. Then B(y, |y — z|) C B(x,|r — z|) and using Lemma
2.1 it follows that

y— 2 - z—y|°

| ‘c < d)\(ya 2)7 c ldA(IE,Z)ﬁ < d,\(IE,y),

|z — 2|

for some ¢ = ¢(n,A) > 1. Adding the estimates in the last display we see that

cldy(z, z)(

ctdy(z, 2)

[z —yl ]y — =
|z — 2[°

) <dx(x,y) + d\(y, 2).

Since |z — 2| < 271 (|z — y|° + |y — 2|°) the proof of (2.8) is complete in this case. In the
general case, let 2z’ be the point collinear with x and y such that y lies between z and 2’ and
such that |y — 2/| = |y — 2|, |z — 2| < |x — 2| and |x — y| < |z — 2/|. We can then apply the
previous argument to x, y, 2’ and we deduce that

dx(z,2) < dy(z,2") < cld(z,y) +d(y,2")) = c(d(z,y) + d(y, 2)).

This finishes the proof of the triangle inequality in (2.8). The inequality in (2.9) follows from
Lemma 2.1, since

di(z,y) = r(lz —y|) < a2z —yl) < ery(jz —y]) = cdr(y, z).
Hence the proof is complete. O]

Remark 2.2. If ca > 2 the triangle inequality (2.8) does not give any lower bound for
dx (0Bx(z,1),0Bx\(x,2r)). However, dy (0Bx(x,r),0Bx(x,2car)) > r. This technical remark
1s of some importance since you for example can not construct a function that is constant 1 on
By(z,7) and supported By(x,2r) and has controlled gradient.

Repeated use of the triangle inequality gives
d(z,w) < calea(d(z,y) +d(y, 2)) + d(z,w)) < ea’(d(z,y) + d(y, z) + d(z, w))

and so forth. Adding j distances in this linear fashion makes the constant grow as ca?~!. This
simple iteration is usually enough. However, when the growth of the constant is important, the
following lemma is needed to make effective use of the triangle inequality.
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Lemma 2.3. Suppose that xqg,x1,...,xor € R™ for some k > 1. Then

2k

dx (o, Tor) < ca® Z dx(xi—1, ;).

i=1
Proof. For k = 2 we have by the triangle inequality that
da(z0, 21) < ca(dr(wo, 22) + d(22,24))
<ca (CA (dr(zo, 21) + dr(21, 22)) + ca(da(22, 23) + di (23, 964)))-

The general case follows by induction. O

2.3 Weak solutions

Let in the following A € Aj42/,(R") and let Q@ C R" be a bounded domain. Let L3(£2) denote
the Hilbert space of functions defined on {2 which are square integrable on €2 with respect to
the measure \(z)dz. Let L3(Q) be equipped with the natural weighted L*-norm || - |12 (q)-

Furthermore, let VV/\1 2(Q), be the space of equivalence classes of functions u with distributional
gradient Vu = (ug,, ..., Uy, ), both of which belong to L3(Q). Let

||u||wj’2(§z) = [[fllzz + 1Vl lz2 0

be the norm in W,*(Q). Let C°(Q2) denote the set of infinitely differentiable functions with
compact support in €2 and let W;S(Q) denote the closure of C3°(€2) in the norm | - HWALQ(Q)'

W/\li)C(Q) is defined in the standard way. Given t; < ty, let L*(¢y, to, W;Q(Q)) denote the space
of functions such that for almost every t, t; < t < ty, the function z — wu(z,t) belongs to
W,?(Q) and

t2 1/2
||u"L2(t1,t2,W;’2(Q)) = <//(|u(x,t)’2 + |Vu(x,t)|2)/\(x)dxdt> < 0.
t1 Q

The space L? (t1, 1, Wifac(ﬁ)) is defined analogously. Let H be as in (1.3), assume (1.4) and
(1.5). Let Q be a bounded domain and 7" > 0. A function u is said to be a weak solution of
Hu = 0 in Q7 if, for all open sets Q' C Q and 0 < t; <ty < T, we have u € L?(t1, to, WAM(Q’))

and
to to
//aij(x,t)amiuﬁzjﬁdxdt—//u@ﬂdmdt

o to
—l—/u(:c,tg)e(:c,tQ)dx—/u(m,tl)e(x,tl)daz’zo (2.10)
o o

whenever 6 € C5°(€). Furthermore, u is said to be a weak supersolution to Hu = 0 if the left
hand side of (2.10) is non-negative for all § € C§°(§¥;) with § > 0. If instead the left hand
side is non-positive v is said to be a weak subsolution. For the existence of weak solutions to
Hu = 0 we refer to [9].



2.4 Fundamental principles

Lemma 2.4. (Parabolic Cacciopoli type estimate) Let H be as in (1.3), assume (1.4) and
(1.5). Let Q C R™ be a bounded domain, T > 0, and let Qpr = Q x (0,T). Suppose that
u s a bounded weak subsolution to Hu = 0 in Qp. Let (x9,t) € R*™ 7 > 0, ry > 0.
There exists a constant n = n(H), 1 < v < 0o, such that the following holds. Assume that
CX (o, to) C Qr, and that ¢ is a smooth function defined in C). (20, t) satisfying ¢(x,t) =0

whenever © € R™\ By(xo,r1). Then

sup / u? ¢*(w,t)dx +n7" // |Vul?¢* M(z)dwdr

t0—7’3<t<t0
B)\(ifoﬂ"l) Tl r2 (:Eo to

< /u2¢2<x,to dx +n // u? [Vo|* MNz)dxdr +n // u® ¢ ¢y dadr.

A=
BA(xO’Tl) 7‘1 7‘2 IO tO Crl,v‘g (3307t0)

Proof. The proof follows by standard manipulations by formally taking 6 := u¢? as the test
function in the weak formulation of subsolutions. [

An important tool is the interior Harnack inequality for positive solutions to Hu = 0 where
H satisfies (1.4). Harnack inequalities have been established for operators satisfying (1.4), for
various assumptions on A, see [8], [9], [10], [29], [28]. As shown in [9], if H is degenerate, the
Harnack inequality does not hold in standard Euclidean cylinders with constants independent
of the cylinder.

Lemma 2.5. (Harnack inequality) Let H be as in (1.3), assume (1.4) and (1.5). Let (xg,to) €
R r >0 and vy > 0. Let R = Ry, (r). Suppose that u is a bounded weak solution to Hu =0
in B(xo,2R) x (tg — yr?, to +~r?). Then there is a constant ¢ = ¢(H,~) such that

sup u<c inf u. (2.11)

1
By (zo,r) % (to—%yﬂ,to—ivﬂ) Bx(zo,r) % (to+7772 to+7r?)

Proof. For v = 1 the lemma is just a reformulation of Theorem 1.1 in [8]. For 7 > 0 the lemma
follows from either a modification of the proof in [8], or can be derived directly from Theorem
A in [28). 0

Lemma 2.6. (Interior Hélder continuity) Let H be as in (1.3), assume (1.4) and (1.5). Let
(zo,t0) € R™™ and r > 0. Let u be a solution to Hu = 0 in Cj,(xo,t0). Then, after a
redefinition on a set of measure zero, u is continuous on C3.(xg,ty). Furthermore, there exist
constants c=c(H), 1 <c< oo, a =a(H), 0 < a <1, such that

e, ) — uly, s)] < ¢ (M) sup [ul

r C;‘T(xo,to)
whenever (z,t), (y,s) € CMxo, to).

Proof. The lemma follows from Lemma 2.5 by a standard iteration argument. O]
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Lemma 2.7. (Weak mazimum principle) Let Q C R™ be a bounded domain, T > 0, Qp =
Qx(0,T). Let uw and v be a (weak) supersolution and a subsolution to Hu = 0 Qr, respectively.
Assume that min{u —v,0} € L*(0,T, Wig(Q)) Then uw > v a.e. in Qr.

Proof. This follows by standard arguments. See for example [13, pp.160-161], for a similar
situation. n

3 (Geometry and Harnack chains

The Harnack inequality stated in Lemma 2.5 holds in cylinders given by the weighted distance
function introduced in Section 2. We need to be able to compare the values of a non-negative
solution u to Hu = 0 in Qp, where 2 C R" is a domain and 7" > 0, by repeatedly applying
the Harnack inequality. To do this in a controlled fashion, some restrictions on the domain
Q) is needed, especially when considering points close to the boundary. In this section we
formulate and analyse such restrictions using the notion of non-tangentially accessible domains
with respect to the weighted distance.

3.1 Notion of \-NTA-domains

In what follows, ca denotes the constant in the triangle inequality, Lemma 2.2.

Definition 3.1. Let A € Ai49,,(R"). Given a bounded domain Q@ C R™ and M > 2ca, we say
that By(x,r) C Q is M -non-tangential (with respect to dy) if

M~'r < dy (Bx(z,7),00Q) < Mr.

Given x,2" € Q a sequence of M-non-tangential balls in 2, Bx(x1,7r1),..., Bx(xy,rN), is called
a M-Harnack chain of length N joining x and ', if x € By(x1,7m1), 2 € Bx(zn,TN), and
B,\(:Ez-,ri) N B/\(l‘i—l—lari—l—l) 7é (%) fO?"i S {1, ,N — 1}

Remark 3.1. Note that since two consecutive balls in a Harnack chain are both M-non-
tangential and have non-empty intersection, they have comparable radii.

Definition 3.2. Let A € Ai;9/,(R"). Let Q C R™ be a bounded domain. We say that Q is
a non-tangentially accessible domain in R™, with respect to dy, a \-NTA-domain hereafter, if
there exist M > 2ca, ro > 0 such that the following holds.

(i) (Interior corkscrew condition) For any xo € 0 and r < rq there exists A)(xo) € Q such
that r/M < dy(AMzo), z0) < 1 and dy(A)(zo),0Q) > r/M.

(ii) (Exterior corkscrew condition) Q¢ = R™ \ Q satisfies property (i).

(i1i) (Harnack chain condition) Whenever € > 0 and x1,x2 € Q0 are such that dy(x;,02) > e,
i € {1,2}, and dy(z1,x2) < ne, for some constant n > 1, then there exists an M-Harnack
chain, of length N = N(n, A, M,n), joining x; and ;.

Remark 3.2. The constants M, rq, will be called the \-NTA parameters of . When it is clear
from the context, will suppress the A\-dependence and write A,(x¢) = AN o).
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If X\ is constant, d is the standard Euclidean metric and ca = 1, then Definition 3.1 and
Definition 3.2 coincide with the original definition of NTA-domains formulated in [32]. We refer
this classical notion of NTA-domains as NTA-domains defined with respect to the Euclidean
metric or simply NTA-domains. For a general weight A we will always use the label A-NTA-
domains. However, the following two lemmas show that in our setting the two notions are
essentially equivalent.

Lemma 3.3. Suppose that X € Aj9/n(R") and that Q C R™ is a bounded domain. For any
M > 2, there exists M = M(n, M, \), M > 2ca such that if B(x, R) is M -non-tangential (with
respect to the Buclidean metric), then By(x,r.(R)) is M -non-tangential (with respect to dy).
Similarly, for any M > 2, there exists M = M(n,M,\), M > 2ca, such that if By(z,r) is
M -non-tangential (with respect to dy), then B(x, R.(r)) is M-non-tangential (with respect to
the Euclidean metric).

Proof. We only present the proof of the first implication since the second implication is proved
similarly. Let & € 0B(z, R). By Lemma 2.1 we see that

d)\<i’,aQ) S T@(MR) S CMCTQA:(R),

and
dy(#,00) > r3(M~'R) > ¢ "M ~“rz(R),

for some ¢ = ¢(n, A). Similarly, since B(z, R) C B(z,2R) we have that
c'r:(R) < ro(R) < crz(R),
for ¢ = ¢(n, A). Letting M = ¢2M¢ the proof is complete. O

Lemma 3.4. Suppose that A € Apio/n(R") and that @ C R" is a bounded domain. For
every M > 2 and Ry > 0 there exist M and 7o, with M = M(n,A, M), 2cA < M < oo
and 7o = To(n, A, M, Ry, diam(Q2), diam,(2)), 7o > 0, such that if Q is an NTA-domain, with
respect to the Euclidean metric, with parameters M and Ry, then ) is a A\-NTA-domain with
parameters M and 7o. Conversely, for every M > 2ca and 7o > 0 there exist M = M(n, A M)
2 < M < oo, and Ry = Ry(A, n, M, 7y, diam(2), diamy (), Ry > 0, such that if Q is a \-NTA-
domain, with parameters M and 7, then € is an NTA-domain, with respect to the Euclidean
metric, with parameters M and R,.

Proof. Tt is enough to prove the first implication, the second implication is proved similarly.
Assume that €2 is an NTA-domain with parameters M and ry. To establish the Harnack chain
condition, let x, 2" € Q, ¢ > 1 and n > 1 be such that

dx(z,00),dy(z',00) > ¢, (3.1)
and

dx(z,z") < ne. (3.2)
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Let R = max{R,(¢), Ru(€)}, so that d(x,d9),d(«’,09) > R. Then, using Lemma 2.1, we see
that

|z — 2’| = Ry (da(2,2)) < Ru(ne) < en°Ry(e) < en°R.

Since €2 is an NTA-domain, x and z’ can be joined by an Euclidean M-Harnack chain of length
N(n, M, cn). By the proof of Lemma 3.3, this chain is M, -non-tangential with respect to \ for
M, = M€ for some ¢ = c¢(A,n). Noting that N = N(n, M,cn®) = N(n, A, Ml,n), the proof
of the Harnack chain condition is complete. To verify the corkscrew conditions, an appropriate
scale parameter ry has to be found. Let y,y € 0 be such that diam(Q2) = |y — ¢|. By the
triangle inequality diam,(§2) < car,(diam(2)). Since B(xg, Ro) C B(zo,diam(2) + Ry) for all
xo € 02 it follows, using Lemma 2.1, that

v (Ro) > ¢! (ﬁ)cry (diam(Q) + Ro)
) (B8
()

)+ RO) dia
B diam(Q2) + Ry 1
> 2 ! Q
=¢ (diam )+ RO) ( diam(€?) ) ca diam,(2),

whenever xy € 0€2. Let

o= <d1am(?zg + RO)C (dia;laﬁ)(g) RO) diam, (€2)

Consider zg € 9Q and r < 7. Then R,,(ca™'r) < Ry and hence, since Q is an NTA-domain,
there is a point Ap, (e -1r) (xo) satisfying the interior corkscrew condition with respect to the
Euclidean distance. Let A} z0) := Ag, (ca—1r)(0), then by definition

dy (A;}(xo),xo) < ATz, (!A;\(:Uo) — xg‘) < ATy (Ryg(ca™'1)) =1,
and, by Lemma 2.1,
dy (A (x0), 89) > ca My, (d(AR,aQ)) > Ty (M’lRIO(cA’lr)) > cx 2 M =2 Moyr.

The exterior corkscrew condition is verified in the same way. Setting M = max{M,, M}
completes the proof. O

Remark 3.4. By Lemma 3.4 we see that ) is an NTA-domain if and only if it is a \-NTA-
domain. However, the construction of M and 7o in the proof of Lemma 3.4 is not reversible. In
other words, the mappings M — M and 7 7o — Ry are not the inverses of M M and Ry — 1.

3.2 The Harnack inequality in \-NTA-cylinders

Lemma 3.5. Let H be as in (1.3), assume (1.4) and (1.5). Let Q C R™ be a bounded \-NTA-
domain with parameters M and rg, let T' > 0, and let u be a non-negative solution to Hu = 0
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in Qp. Assume that (x,t) € Qp and (2',t') € Qp are such that t' >t , (' —t)'/? > o~ 'dy(x, 2")
for some o > 1, and that dy(z,dQ) > €, dy(2/,dQ) > €, t > €%, dy\(z,t,2',t') < ne, for e >0
and n > 1. Then there exists ¢ = ¢(H, M,o,n), 1 < ¢ < 00, such that

u(z,t) < cu(z',t).

Proof. Without loss of generality u can be assumed to be a solution to Hu = 0 in Q2 x (0, 00).
Consider first the case when = = a’. Let r = r,(R,(€)/2). By Lemma 2.1 there is some ¢, such
that 7 < ¢j'e. Let k be the largest integer such that k < n’c2. Let t; = t+1r? andfor 1 <i <k
let t;,1 = t; + 12 so that t, < t + kcy?€? < t'. Then C’ér(x,ti) C Q7 and repeated application
of the Harnack inequality gives u(x,t) < cfu(x,t). Finally, letting ' := ¥ —t, < c'e,
applying the Harnack inequality to the cylinder B(z,2R,(r")) x (¢ — 312, + 1r'"?), gives
u(z,tr) < cou(z,t’). Now, assume that = # 2’. Since Q is A-NTA there exists an M-Harnack
chain {By(x;,7;)} of length N = N(n,A, M,n) joining = and 2’ . As noted in Remark 3.1
there is a constant ¢; = c¢;(n, A, M) such that r; < ¢yr;pq and hence r; < C{V ry for every
1 < ¢ < N. Without loss of generality it can be assumed that dy(z’,082) = € and hence
that r; < ¢ Me. Note that if B(z;,2R,,(r;)) C Q for each i, the lemma would follow by
applying the Harnack inequality to a sequence of cylinders with the balls from the Harnack
chain as bases. This is not the case in general, but the original Harnack chain can be refined
in such a way that this is true. By Lemma 3.3 the chain {B\(z;,r;)} is also an Euclidean
M-Harnack chain for some M. Without loss of generality, assume that M is an integer. Refine
the original Harnack chain by replacing each original ball By (z;,7;) with M balls of Euclidean
radii R,,(r;)/M to get a new (not necessarily non-tangential) chain {B,(Z;,7;)}, of length
N = MN, joining z and 2’. Then by construction B(Z;, 2R, (7)) C Q. Also note that
if B\(Z;,7;) C Bx(z;,r;) then 7; < r;. By Lemma 2.1 and Lemma 2.2 there is a constant
co = co(n, A, M) such that if dy(x,2’) < cor and 2’ lies in some M-non-tangential ball B (xzg, 1)
then dy(By (2, dx(2,2)),00) > M~'dy(2/,z). Hence in this case the original Harnack chain
could be replaced with just the ball B (:E',d,\(x’,x)). Let c3 := max{cy,co,0, M} then, by
the argument above, we may assume that dy(z,2’) > c3ry. Also note that by construction

7; < cry < ¢j e, Let v > 0 be a number to be chosen later, let s; = ¢ + $yr} and for

1<i<N let

1~y
si=t+ 572 (7 +77_,) -
=2
Now let v be so small that
si— 7 >t — NP > (1— ) e >0

and

N "o N
t’—sN:t’—t—%’yZ(ff—l—ffl) ZM—WZFZ?

=2 =1
- - 3
> (1 — ’}/NCQN) 7’]2\, > (1 — nycQN) o> Zf%.

Note that this choice of 7 does not depend on e. By repeated use of Lemma 2.5 we have that
u(z,t) < Nu(2', 55 + 37%). The lemma now follows from the case = = . O
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The proof of Lemma 3.5 does not use that u is a solution to Hu = 0 in the whole of Q7. In
particular, Lemma 3.5 can be refined as follows.

Lemma 3.6. There is a K = K(H, M) such that the following is true. Let H be as in (1.3),
assume (1.4) and (1.5). Let Q C R™ be a bounded \-NTA-domain with parameters M, ro,
and let T > 0. Furthermore, let (zo,to) € Sr and r < \/to/4. Assume that u is a non-
negative solution of Hu = 0 in Ck, ,.(xo,t0) N Qp. Assume that (x,t) € C)(xo,t0) N Qr and
(2, ) € CMwo,to) N Qr are such that t' >t , (' — )2 > o~ 'r, for some o > 1, and that
dx(z,dQY) > n7tr, dy(2',dY) > n~tr, for some n > 1. Then there exists ¢ = ¢(H, M,o,n),
1 < ¢ < o0, such that

u(z,t) < cu(z',t)
Proof. Note that dy(z,z") < 2car < Mr so x and z’ can be connected using a Harnack chain
{Bx(z;,1;)} of length N = N(M). By the triangle inequality there is a K = K(n, A, M) such

that (JY, Uyen, @i BAY, M~'r;) C By(wo, Kr). The conclusion now follows from the proof
of Lemma 3.5. ]

4 Approximation Results and the Dirichlet Problem

The purpose of this section is to solve the continuous Dirichlet problem for H, where H is as in
(1.3) assuming (1.4) and (1.5). Throughout the section, Q& C R™ is a bounded A-NTA-domain
with parameters M, rg, and Qr = Q x (0,7") for some 7" > 0 and A. An important tool to solve
the Dirichlet problem is the following lemma proved in [24].

Lemma 4.1. Consider p, 1 < p < oo, fized and let A € A,(R"™) with A,(R™)-constant bounded
by Apr. Assume that {a;;(x,t)} = {ai;} is measurable, real, symmetric, for every (z,t) € R™*,
and that .

BTA@)E <D ay(w, )68 < )€ (4.1)

ij=1

for all & € R™ and for almost all (x,t) € Q x [0,T] where Q@ C R" is a bounded domain.
Then there exist A1, Ao € Ap(R™), with A5, and A5, depending only on Ay, such that the
following is true for all ¢ € N. Given ¢ € N there exists a measurable function \* and a matriz

{ai;(x,t)} = {ai;} which is measurable, real, symmetric, for every (x,t) € R" X R, such that
the following holds.
) 5\1 S )\Z S 5‘2,

) ey < N < ol in Q, where ¢ = c1(n, Apx, ) and co = ca(n, Ay, ),
(i6i) A€ AR(R™) with A,y = Ay ne(Ap),

) There exists a closed set F* such that aj; = a;j, A\ = X,
and ¢y < X\ < )\ in F* where ¢ = c(0),
(v)  The set F* is increasing in { and the complement of o, F*

has Lebesque measure zero,

(vi) X — X almost everywhere in R".
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Furthermore,

@R < Y e 68 < AN e (4.2)
i,j=1
for all ¢ € R™ and almost all (z,t) € Q x [0,T].
Proof. This is Lemma 2.1 from [24]. O

We will also need the following lemma concerning weak solutions with zero boundary values.

Lemma 4.2. Let (zo,ty) € 9,Qr and r < ry. Let u be a solution of Hu = 0 in Qr N C(zg, to)
vanishing continuously on 9,Q7 N CMxo, to). Then there exist ¢ = ¢(H,M), 1 < ¢ < oo, and
"= 71(H> M): T € (07 1); such that

d t, @0, to) \ "
u(x,t) < c( pA (2, To, 0)) sup  |uf

r QTOC?(xo,to)

for all (z,t) € QrNC /C(xg,to)

Proof. To prove the lemma one has to consider three cases depending on the location of (o, ty) €
0,82r. However, using versions of Lemma 2.4 applied to (u — k)., for appropriate choices of k,
weighted Sobolev inequalities, properties of the weight A, and the uniform (in measure) outer
density condition satisfied at each point (z, %) € 9,€2r, Lemma 4.2 can be proved by a fairly
standard iterative argument. See for example [13]. Further details are omitted. ]

Lemma 4.3. Let H be as in (1.3), assume (1.4) and (1.5). Then for each f € C(0,8r) there
exists a unique weak solution u € C(S) to the problem

Hu=01inQp, u=f ond. (4.3)
Proof. Given {a;;(z,t)} = {am} and £ € N, let a;;(x,t) be as in Lemma 4.1 and let H, be the

operator corresponding to a’ (:L’ t). Then by the correspondmg result for uniformly parabolic
equations, see [14], [26], there exists a unique weak solution u, € C(Qr) to the problem

Hpuy=01in Qp, ;= f on 0,0. (4.4)

Furthermore, it follows from Lemma 2.4 that {u,}3°, is bounded in L2 (¢, s, W/\lfoc) whenever
0 < t; <ty < T, and hence that there is a subsequence {w,}2; of {u;}2; such that {w,}
converges weakly in L?(ty, ts, W/\IfOC(Q)) to some function u € L? (¢, t, W/\IEOC(Q)) Furthermore
it follows from Lemma 2.6, the Arzela-Ascoli theorem and a diagonal argument that there is
another subsequence of {uy}7°,, say {ve}p°,, such that v, — w locally uniformly, and hence u
is continuous on 7. To see that u is indeed a solution to Hu = 0 in Qp, let ' C Q be open
and let 0 < ¢; <ty < T. Since wuy is a solution to Hyuy = 0 in Q7 it follows from (iv) of Lemma
4.1 that

to to
//aij(:v,t)ﬁxiuﬁxjéd$dt—//W@tedﬁdt—i—/w(z t2)0(x, tg)dl'—/Ug(l' t1)0(x, t1)dz

t1 Q 94

t1
/ / ;i (2, )0y, w0y dedt—/ / (x,t) 8x2u58 Odxdt,

t1 Q\F? t1 Q\F?
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for every 0 € C§°(€Y). Using this relation we can now use (1.4), Lemma 2.4, the maximum
principle and the fact that the Lebesgue measure of Q'\ F* tends to zero, as £ — oo, to conclude
that u is a weak solution to Hu = 0 in ). Finally, to conclude that w is a solution to the
continuous Dirichlet problem in (4.3) it remains to prove that u is continuous up to d,€r. To
do this, consider (x¢,ty) € 0,82y and let € > 0. Now choose § > 0 so small that

|f(z,t) — f(x0,t0)| < € whenever (z,t) € 9,Q7 N CP (w0, o). (4.5)

Let ¢ be a test function satisfying 0 < ¢ < 1, with support in C(xg, %), such that ¢ = 1
on Cy(wo,to). Let fa,t) = o(a,t)(f(x,t) — f(zo,to)) and f(z,t) = (1 — @(z, 1)) (f(z,t) —
f(zo, to)). Now let w, and w, be the unique solutions to the problem in (4.4) with f replaced

by f and f respectively. It then follows from the maximum principle that wy(x, t) — f(xo, to) =
wy(x,t) + We(z,t) whenever (x,t) is in the closure of 2 and that

[|e]| oo 2y < €. (4.6)

Arguing as above we conclude that u(x,t) — f(xo,to) = @(x,t) + @(z,t) on Qp where @, @, are
the uniform limits on compact subsets of appropriate subsequences of {w,}2; and {w,}72,,
respectively. Using (4.6) and the maximum principle, we see that

lall~@n < (47)

By Lemma 4.2, each element in the sequence {w;}72, is Hélder continuous up to the parabolic
boundary with constants independent of /. In particular this means that

lim a(z,t) = 0. (4.8)

(z,t)—=(z0,t0), (z,t)EQr
Combining (4.7) and (4.8), it follows that

lim sup u(z,t) — flzo,to)| < €.
(.Z‘,t)—)(xoﬂf()), (x,t)EQT
Since € > 0 and (z,t) € 0,91 are arbitrary it follows that w is a solution to the continuous
Dirichlet problem in (4.3). Uniqueness follows from the maximum principle. ]

It follows from the proof of Lemma 4.3 that the solution u to the problem in (4.3) is given
as
u(z,t) = lim uy(z,t) (4.9)
£—00
where uy solves (4.4) and where H, is an operator approximating H in the sense of Lemma 4.1.
It also follows from the maximum principle and the Riesz representation theorem that there
exists a probability measure w(z,t,y, s) on 0,2r such that

u(z,t) = [y, s)dw(a,t,y, 5), (4.10)
B, Qr
for each f € C(9,{2r). The measure w is called the parabolic measure associated to the operator
H. In the same way one defines the probability measures wy(x, t,y, s) associated to the operators
H,. In fact, w, — w in the weak-* topology of Radon measures as we here note the following
lemma.
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Lemma 4.4. Suppose that w and w, are as above. Then
we — w in the weak-* topology of Radon measures.

Proof. 1t follows directly from (4.9) that

fly, s)dw(w,t,y, 5) = lim [y, s)dwe(z,t,y,s), YfeC(0,0r), (4.11)
8,Qr 3,1

or equivalently that wy converges to w in the weak-* topology. O

5 Proof of Theorem 1.1

The purpose of this section is to prove Theorem 1.1. Throughout this section, let H be as
n (1.3) and assume (1.4) and (1.5). Let also @ C R"™ be a bounded A\-NTA-domain with
parameters M, ry and let Q7 = Q x (0,7") for some T > 0. Let

A;r(l'[), to) = (Ar<l'0), to -+ 27"2) and A; (l’o, to) = (Ar<.’ll'0), to — 27’2).

Furthermore, if z € Q let dy(z, 02) denote the distance from x to 92 measured by the weighted
distance function d,.

Lemma 5.1. There ezists K = K(H, M) > 1 such that the following is true. Let (xg,to) € St
and v < min{ry/2, /(T — to)/4,\/to/4}. Let u be a non-negative solution to Hu = 0 in
Qr N Clygp(wo,to). Then there exist ¢ = ¢(H,M), 1 < ¢ < 00, and 3 = v2(H, M), 2 > 0,
such that

r

() ulen)<c (m) (A (20, 10))

and

(i) w(A-(z0,t)) < ¢ (m)w u(z, t)

for all (z,t) € Qp N CMxop, to).

Proof. We only prove (i) since (ii) can be proven analogously. Let K be as in Lemma 3.6 and set
K = M'K. Let (z,t) be a fixed, arbitrary point in Q7 N CMzo, to). If dy(x,0Q) > r/(2M) the
conclusion follows directly from Lemma 3.6 and thus we may assume that dy(z,0Q) < r/(2M).
Let k denote the largest integer such that

r

(20)" < dy(z,09)

(5.1)

Let Ty € 0N denote any point such that dy(z,Ty) = dy(x,09). For each integer 1 < i < k
let r; = (2M)'dx\(z,09), &; = A (Tp) and &; = t + r?/2. By definition &;_1,2; € Qri/M*
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Bx(Zo, Mr;) and t; — ;- > r?/3 for all 1 < i < k. Furthermore, by the triangle inequality and
the choice of K we have that

C?(MW,QMW (To,t) € Ceygr(o, to)
forall 1 <7<k —1. Thus u is a solution to Hu = 0 on C}\%MrizMri (ZTo,t) N Qp and applying
Lemma 3.5 we see that
u(z,t) < cu(d, ) (5.2)
and
w(@i, 1) < cu(®ipr, tivr) (5.3)

for all 1 <i <k — 1. It follows from (5.2), and (5.3), that
u(z,t) < cku(i"k,fk).

Finally, since &4, A, (20) € Q/™M* N By(xo, Mr) and to + 2r2 — ), > 12/2, we can again apply
Lemma 3.6 to conclude that

u(z,t) < Fuldy, i) < (A (), to + 2r7). (5.4)

By combining (5.1) and (5.4) the proof of (i) is complete since (z,t) is an arbitrary point in
Cﬁ\ (l’o, to) ]

Lemma 5.2. There ezists K = K(H, M) > 1 such that the following is true. Let (xg,to) € St
and v < min{ry/2, /(T —to)/4, /to/4}. Let u be a non-negative solution of Hu = 0 in
Qr N Cg, 90 (20, to) vanishing continuously on Sy N C) (2o, o). Then there exists ¢ = ¢(H, M),
1 < ¢ < oo, such that

u(z,t) < cu(Af (w0, t0)) (5.5)
for all (x,t) € Qr N C’;\/w(xo, to)-

Proof. The argument follows along the lines of [2] and [45]. Let K be the constant from Lemma
5.1 and let ¢ := max(cy, c2,2ca) where ¢; is the constant from Lemma 4.2 ¢y is the constant
from Lemma 5.1, and ca is the constant in the triangle inequality, see Lemma 2.2. Let v,
denote the exponent from Lemma 5.1 and 7, the exponent from Lemma 4.2. By rescaling, we
may assume that 7 = 1 and w(A;(zo,%)) = 1. The proof is by contradiction and we assume
that there exists (g, o) € Qp N C{\/C(xo, to) such that

u(g0,£0> > CN—{_1 (56)

for some N to be determined later. Denote dy = dy(go,0€2). Then, using Lemma 5.1 we see
that

w(o, to) < edy . (5.7)
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Combining (5.6) and (5.7) we have that dy < ¢™/2. Let &y € 9 be any point such that
dx(90, %0) = do and let py = ¢ V/2FL/" for some L > 7, to be determined later. Then by
Lemma 4.2

L o; do\ "
(Yo, to) < c (—0 sup  u<ctt sup  u.
Po QrNC), (#0,t0) QrNC), (#0,t0)

Hence, there must exist (i1,%1) € Qp N 031(:%0, to) such that

u(Yo, fo) < "y, ??1)7 (5.8)

and by (5.6) and (5.8) it follows that u(gy,%;) > ¢"*%. Note that if N = N(L) is large enough,
then C’;‘O(jo,fg) C O, to) so the argument above can be repeated for (#y,%;). Indeed for
any k > 2 there is some N = N(k, L) such if we define p; = c((=L)=N)/2+L/m and if §;, 2; and
d; are defined for 1 < i < k by the same procedure as above, then u(g;, ;) > ¢/F=D+N+1 and
(95, 1;) € C’ L (#iy,ti) C CM(zo,t), and hence d; < c=1)=N)/72 To find L and N, not
depending on k, such that C’;‘k (21, tx) C CPMxo,to) for all k > 0, note that it follows from the
triangle inequality that

k—1
d(fo, k) < e (dn (95, 24) + dr (&4, Gis1))
1=0
k—1 00
S Ci"r]. (dz + pz) g 02+L/’71—N/"}/2 Zci(l-i-(l—L)/’yz)’ (59)
=0 =0
and likewise that
k
|£k _ tAo| S Z 2(L/y1—N/v2) Z 2i(1— L)/72 (510)
i=0 i=0

Now choose L so large that c2(1=1/72 < ¢1+(-L)/72 < 1/2 and choose N so large that

AL/Mm=N/v2) - 2=N/p2=Lm 1/20'

Then, using the triangle inequality and (5.9), we see that

d(..'['(),gk;) S CA(d(an gﬂ) + d(gOa gk)) S (i (1/0 + ]'/C) S 1

and, using (5.10), that
[t —to] <1/ +1/c< 1.

Thus there exists a sequence of points (§;,%;) € C(wo,to) such that d(g;,0Q) — 0 and
u(2;,t;) — oo as i — oo, contradicting that u vanishes continuously on Sz N C7 (2o, to). O

Remark 5.2. If u is a non-negative solution to Hu = 0 in all of Q0p which, in addition to the
assumptions of Lemma 5.2, vanishes continuously on St N Cac,ror (%0, to), then, by a covering
argument and Lemma 3.5, the estimate (5.5) holds for all (x,t) € C}xo, to).
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Lemma 5.3. Given 0 <6 < \/T/4, let Q° = {z € Q : d\(x,09Q) > §}. Let u be a non-negative
solution to Hu = 0 in Qr and assume that u vanishes continuously on St. Then there is a
constant ¢ = ¢(H, M, diam,(2), T, ), 1 < ¢ < 0o such that

sup u<c inf wu
Q8% (82,T) Q9% (82,T)

Proof. The proof of the corresponding lemma in [44] can easily be adapted to prove Lemma
5.3. We omit further details. O

Lemma 5.4. There exists a K > 1, K = [A((H), such that the following is true whenever
(wo,t0) € R*™ r >0, K > K. Let u be a non-negative solution to Hu = 0 in C’;\(’;’T(xo,to)
vanishing continuously on By(xo, Kr) X {ty — 7?}. Then, there exists a constant ¢ = c¢(H),
1<c¢<oo, andv=v(H), ve(0,1) such that

sup uw<ce ® sup .

A A
Cr 7 (wo,to) Cipr(@osto)

Proof. Let K = (2%01/ ) where ¢; and 71 are as in Lemma 4.2. We may assume, without loss
of generality, that ¢; > ca. Given K > K let k be the largest integer such that 2kcAkK < K.
Let 79 = Kr and let, for each integer 0 < j < 2F,

Tjq1 = sup{d(aso,y) :y € By(x, IA(T),JJ € 8BA(xg,fj)}

and let z; be an arbitrary, fixed, point on dB,(zo, 7;). Note that by construction By (x;, [A(r) C
By(zo,7j+1), and by Lemma 2.3 we have that 7, < 2kcAkKr < Kr. Now let v be a solution
to Hv = 0 in C%’:“(xj,to — r?) such that v = u on 9, C'A (a:j,to —7?) and v(z,t) = u(z,to)
whenever (z,t) € apC;\A{’:r(a:j, to —12)\ apC’f(’:r(:cj, to—r ) Then, by the maximum principle
and the construction of v,

sup v < sup u < sup  u (5.11)

A+ A+ A=
CIA{T' (z1 7t077”2) Cf{r,r(xl ,t077”2) Cf'jJrl 7,,,(af(j,to)

Furthermore, it follows from Lemma 4.2 and the construction of K that

dy(z,t,0,Q7)\ ™"
v(x,t) < ¢ (M) sup v<cet sup v (5.12)
KT C;\%’j((ltl,tof’!a) C;\?’:r(xl,tosz)
whenever (z,t) € CMF(x;,to—r?). Noting that v(z,t) = u(z,t) for all (z,t) € C’ (x],to—rz)
and in particular for all (z,t) € C}*(xz;,t9 — r?), we have by combining (5.11) and (5.12) that
u(z,t) <c ' sup w (5.13)

A—
ﬁj_s_lm(l‘mto)

for all (z,t) € CM*(x;,tg — 1?). Since x; was taken arbitrarily on 9,B,(zo,7;) we have that
(5.13) holds for all (z,t) € dBx(xo, ;) X (to—1?, to) and, remembering that u = 0 on By (zg, K) x
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{ty — r?}, we can use the maximum principle to conclude that (5.13) holds whenever (z,t) €
C’%’;(xo,to). Finally, iteration over j = 1,2,...,2* yields
sup u < 2 sup = u.
O (o0,t0) Crp(@05to)

By the choice of k we also have that 28 Lea* 1K > K so 28 > K¥/c with v = 1/(1 + log,(ca))
and ¢ = K" /2ca. Thus

sup u<c K sup w

Y (o0,t0) Crp(z05t0)
which completes the proof. O]

Theorem 5.5. Let H be as in (1.3), assume (1.4) and (1.5). Let Q@ C R™ be a bounded \-
NTA-domain with parameters M, rq and let Qp = Q x (0,T) for some T > 0. Let u be a
non-negative solution of Hu = 0 in Qp vanishing continuously on Sr. Let §, 0 < § < ro/2,
be a fized constant, let (wg,to) € St, 6% < to, and assume that r < §/2. Then there exists
c=c(H,M,diam,(Q2),T,6), 1 < ¢ < oo, such that

u(z,t) < cu(Ar(:EO,to))
whenever (x,t) € Qp N CM(wo, ty).

Proof. To begin the proof let § < ry be a fixed constant, let (zg,ty) € Sz, 62 < tg, and assume
that r < 0/2. Let u be a solution to Hu = 0 on Qr vanishing continuously on Sr. Extend u to
a solution on €2 x (0, 00) by defining u to vanish continuously on 02 x (0, 00). In the following,
let p be the largest number r < p < §/2 satisfying the inequality

sup u(z,t) < (r/p)™* sup u(z,t), (5.14)

QTﬂC,%’_(x(hto) QTOCS’_(CE(),t())

where 7, is the exponent appearing in Lemma 5.1. Using Lemma 5.1, and the definition of the
point A (xg,to), one sees that

U(A;(Z'Q,t())) < c(p/r)u(A; (o, t0)). (5.15)
Assuming that

sup u(z,t) < cu(A; (2o, t0)), (5.16)

QTﬂC;\’_($o,to)
it follows from (5.14), (5.16) and (5.15) that

sup u(z,t) < cu(A; (zo,t0)). (5.17)
QTmcﬁ\"i(xo,tQ)

In particular, Theorem 5.5 then follows from (5.17) and Lemma 3.5. Hence it suffices to show
the estimate (5.16). To this end, let K > 1 be a degree of freedom to be chosen, and divide
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the proof into two cases. First, assume that §/(2K) < p. In this case p is large and, combining
Lemma 5.2 and Lemma 5.3, one sees that

sup  u(z,t) < cu(Af (20, t0)) < cu(A, (xo,t0)), (5.18)

QTQC‘[);’i(ZBO,tO)

for some ¢ = ¢(H, M,diam(Q2),T,0, K), 1 < ¢ < oco. Hence the proof is complete in this case.
Next, assume that r < p < §/(2K) and note, by the definition of p, that

sup u> K™ sup u. (5.19)

QTQCS’_(Io,to) QTQC;{’; (Io,to)
Using (5.19) we intend to prove that show that there exists K = K(H, M) > 1, such that
sup w>27" sup u, (5.20)

A, —
Qrn (BA($0,Kp)X{t0—4p2}) QrnCy ™ (wo,to)

and from this, the estimate (5.16) follows from by applications of Lemma 5.2 and the Harnack
inequality. Hence it only remains to prove the estimate in (5.20). To do this we argue by
contradiction and we assume that

sup u <27t sup u (5.21)
(QOBA(xo,Kp)) x{to—4p2} QrnC, (z0,to)

for all K > 1. Note that one may also assume that

sup u > sup u, (5.22)
QrNCR, ,, (x0.to) QrNC,~ (zo.to)

since otherwise (5.20) is trivially true. Let ¢ € Cg° (B,\ (o, Kp) ) e a function such that
0<¢<1land ¢ =1 on By(zo, (K —2p)). Furthermore, let f € C(8,C%,2,(z0,t0)) be defined
as follows

p2p

0, (%,t) € 8pCI)‘(’;2p(a:0,t0) \ QT7
fla,t) = (1=o(@)ul@,t), (x,t) € Ba(wo, Kp) x {to — 4p°} N O,
u(x,t), (x,t) € OBx(wo, Kp) x (to — 4p*, to) N Q.

Now let u; be the solution to Hu; = 0 in C’;\(’;p(xo, to) with u; = f on 8,C'x. 5, (To, to). By the

definition of u; we see, using (5.22) and the maximum principle, that

p,2p

sup  u; < sup u. (5.23)

Cpap(T0,t0) QrnCy, ,, (0,to)
Extend u to CKPQp(a:O,tO) by setting u(x,t) = 0 for (z,t) € Qp \ CKPQP(xo,tO). Since the
function v is continuous on CKp 2p(xo, tp) and a solution in Q7 N CKp 2p(ﬂcg, to), it is easily seen

to be a weak subsolution in Cr Kp2 p(xo, to). It then follows from the maximum principle and
(5.21) that

1
u(z,t) — = sup u < uy(x,t), whenever (x,t) € C’;‘(’;Qp(xo,to). (5.24)
QTﬂC?’_(Io,to)
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It now follows by (5.24), Lemma 5.4, (5.23), the maximum principle and (5.19) that

1 v
— sup u< sup w3 < ce”(K=2)"/c sup Uy
QTQC;\’_(xo,to) C?’_(J:(),to) C?I%iQ)p,p(xO’tO)
< ce K/e sup u < ce KK sup u (5.25)
QrnCy, ,, (0,to) QrNCy ™ (zo,to)

for every K > K+ 2, where K= I?(H, M) and v are as in Lemma 5.4. For any K > K+2
such that

v 1
ce Ko < 5 (5.26)

the estimate (5.25) is contradicted, and hence the proof of (5.20) is complete. This completes
the proof of Theorem 5.5. n

Proof of Theorem 1.1. By Lemma 3.4 every NTA-domain is a A-NTA-domain and thus
Theorem 1.1 follows directly from Theorem 5.5 and the Harnack inequality. O

6 Proof of Theorem 1.2

The purpose of this section is to prove Theorem 1.2. The proof uses techniques available for
uniformly parabolic operators, specifically the existence and properties of the Green function.
However, using Lemma 4.1, the degenerate operators of interest here can be approximated by
uniformly parabolic operators. Let H be as in (1.3) and assume that (1.4) and (1.5). Let 2 be
a A-NTA-domain with parameters M and rq and 7" > 0. The adjoint operator of H is given by

H* = at + Z axi(aij(xut)azj)’ (ZL’,t) S R" x R. (61)

ij=1

Note that all the results stated in the previous sections concerning solutions to Hu = 0 remain,
with appropriate reformulations, valid also for solutions to H*u = 0. In particular, there exists
a unique probability measure w*(z,t,y, s) with support on 8*Qr = Sp U (Q x {t = T'}) such
that the solution to the continuous Dirichlet problem H*u =0 in Qr, u = f on J;Qr, is given
by

u(z,t) = - [y, s)dw™(x,t,y,s)
QT

for each f € C(9;€r). In what follows adjoint versions of some of the lemmas established in
the previous sections will be used. It should be clear from context how the lemmas are modified
to hold for the adjoint operator. In the following we assume, in addition to (1.4) and (1.5),
that there exist constants ¢y, ¢ > 0 such that

aléf <) ay(e 6g < ealél. (6.2)

1,7=1
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Then, using [1] we can conclude that there exists a fundamental solution I' to the operator H.
A Green function for Qp, with pole at (z,t) € Qr, can be defined as

G(x,t,@,t) =T(x,t,2,t) — / T(y,s, &, t)dw(z,t,y,s) (6.3)
9,

where w is the parabolic measure on ,7. By construction G(z,t,#,t) = 0 whenever ¢t < ¢, or
(z,t) € 0,97, and

H%tG(.fC,t,fE,tA) == 5(‘@75)(1'71;), (64)

where §; ) is the Dirac delta at (z, t), in the sense of distributions. Furthermore,

>

G(x,t,2,t) < T(x,t,2,t) whenever (z,t), (2,1) € Qp, (x,t) # (2,1). (6.5)

Let G* denote the Green function for the adjoint operator H*. Then G(z,t,%,t) = G*(,t,x,t),
that is

G(x,t,&,t) =T(z,t,2,1) — / [(x,t,y,s)dw* (2,1, y,s) (6.6)
e

where w* is the adjoint parabolic measure. In particular, note that G(z,t,,t) = 0 whenever
t>t, or (2,t) € 9;Qr, and

A

H;fG(x?tai‘?i) = 5(:E,t)<i‘7t) (67)
Finally, note that if § € C$°(RN*1), then
bat) = [ by 9)dala by
Bpir
_ / (Z a;;0,,G(,t,y, $)0,,0 — G(z,t,y,5)0,0)dyds (6.8)
Qr ;=1

and

B, 1) = / 0(y, s)d (2, 1,3, 5)
9397

_ / (Z aij0y,G(y, s,7,1)0,,0 + G(y, s,x,t)ase)dyds, (6.9)
Q

T ij=1

whenever (z,t) € Qr.

Note that in the following the assumption that H is uniformly parabolic, that is the as-
sumption (6.2), is only used for the existence and properties of the Green function. Recall the
notation AM(zg,te) = C(xg,to) N St
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Lemma 6.1. Let H be as in (1.3) and assume (1.4), (1.5) and (6.2). Let Q be a \-NTA-domain
with parameters M and ro and T > 0. Let (xg,ty) € Sy and let v < min{ro, /(T — to)/2}.
Then there ezists ¢ = ¢(H, M), ¢ > 1, such that

C_1|B>\(‘T07 T)|G(ZE, t A:(xm tO)) < CO(ZL', t Ai‘(l’o, to))
for every (z,t) € Qr N {(z,t) : t >ty + 4r?}.
Proof. Introduce the sets

S = {(@,t) € Qr: t =t +2r"} \ Cop, (A (2o, to)),
Sy = {(x,t) € Qp: t >ty + 2} NACY, 1, (AF (0, t0)). (6.10)

Note that G(xz,t, A (xo,t0)) = 0 if (x,t) € S;. By construction
G([L’,t,Ai(I’o,to)) S F(.’ﬂ,t,Ar(.’Eo,to)) if (.I',t) € SQ. (611)

The upper bound on the fundamental solution derived in [27] implies that

1 1 22

Ba(e,var)| IBA(Ar(fro),\/?T)I) ’ ’

for some ¢ = ¢(n,A) > 1, whenever (z,t) € Sy. In particular, using Lemma 2.1 and Lemma
2.2, it follows that

e AdA<z,Ar<zo>>2)”(1+”)

C(z,t, A (zo,t0)) < ¢ ( (6.12)

+ < ¢
F(I‘,t, Ar (Io,to)) ~ |B>\(1‘0,7’)|’ (613)

whenever (z,t) € S3. Combining (6.11) and (6.13) we see that
|Bx(o, 7)|G(x, t, A (w0, 1)) < ¢, (6.14)
whenever (z,t) € Sy. Next, using Lemma 4.2 and the Harnack inequality it follows that
w(x,t, AMwg, tg)) > ¢t (6.15)

whenever (z,t) € S3. Combining (6.14) and (6.15), Lemma 6.1 now follows by the maximum
principle. O

Lemma 6.2. Let H be as in (1.3) and assume (1.4), (1.5) and (6.2). Let Q be a \-NTA-domain
with parameters M and ro and T > 0. Let (zo,to) € St and let r < max{ro, \/to/8}. Then
there ezists ¢ = ¢(H, M), 1 < ¢ < oo, such that

W(ZL‘, t, A?(ZEO: tO)) < C|B/\(I07 T)|G($, t, A2_r('r07 tO))?

for every (z,t) € Qp \ Cacn2r2-(T0, o).
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Proof. To simplify notation let R = R,,(r). Let # € C*(R"!) be such that # = 1 on C} (¢, o)
and € = 0 on the complement of C\%CM ﬁT(Z‘O, to). Recalling Remark 2.2, we may also assume

that 6 is such that |9,0] < er~2 and such that |V,0| < ¢cR~!. Note that by definition

w(z, t, ANz, ty)) < / 0(y, s)dw(z,t,y,s). (6.16)
3pQr

Furthermore, by the representation formula in (6.8), we see that

0(x,t) :/a O(y, s)dw(z,t,y, s)

7

— a;;0,.G(x,t,y,5)0,.0 — G(x,t,y,s)0,0)dyds. 6.17
J~Yi Yj
Q

T ij=1

By construction #(x,t) = 0 whenever (z,t) € Qp \ C\/\/icﬂ /3, (%0,to), hence combining (6.16)
and (6.17) gives

w(z, t, AM(zo, t0)) < / (Z a;;0,,G(,t,y, $)0,,0 — G(z,t,y,5)0,0)dyds,

Q1 jj=1

for all (z,t) € Qr\ C\/\/ECM ﬂr(xg, to). Using the structure condition (1.4), the Hélder inequality
and the construction of @, it follows that

1/2
w(x,t, AMxo,to)) <cR (N By (o, 7))"? ( 10,,G(x, 1,9, 5)|2/\dyds)

-

whenever (z,t) € Qp\ O\)‘/%M /3. (To, o). Furthermore, using the adjoint version of Lemma 2.4,
it follows that

A
CﬁCAT,ﬁT (wo,to)

|G<:c,t,y,s>|dyds), (6.18)
%CAT,\/ET (x07t0)

0,,G(z,t,y,s)|*Adyds < cR™? |G (2,t,y, s)|* \dyds
C\A/ECAT‘,\/ET‘(IEOJO) C;CA2T‘,2r(xO7tO)
+er? Gz, t,y,5)]*dyds,  (6.19)
2)\ 2,9 ($07t0)
CcA“T2T
whenever (z,t) € Qr \ Cé\%zr o (%0, o). In particular, using the adjoint version of Lemma 5.2,

it is seen that

0,,G(z,t,y, s)|* dyds
C%CAT,&T <m07t0)

< C(R2r2)\(B,\(xo, 2cpa?r)) + | Ba(zo, 2CA27“)|) (G(z,t, A;r(xo,to)))z, (6.20)
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for all (z,t) € Qr \ C3, 2, 5. (%0, o). Combining the above estimates we can conclude that

w(x, t, ANz, to))
G(l’, t, AZ_T(IO, to))

1/2
< R (N(Bx(zo,7)))"? (R_2T2)\(B>\(Ig, 2ca”r)) + | Ba(wo, 20Ar)|> + ¢|Bx(zo,7)|
< ¢|By(xg, )| (6.21)

where Lemma 2.1 and the fact that A\(By(zo,7)) < cR*r~2|By(xg,7)| have been used for the
last inequality. This completes the proof of the lemma. O

Theorem 6.3. Let H be as in (1.3), assume (1.4) and (1.5). Let Q C R™ be a bounded A-
NTA-domain with parameters M, ro and let Qr = Q x (0,T) for some T > 0. There then
is an 7o = To(H, M, ro,diam(Q2), diam,(Q2)), 0 < 7g < ro such that the following is true. Let
0 <& <7y be a fived constant. Let (xg,to) € St be such that 166> < ty and §* < T — to, and
suppose that r < /2. Then there exists a constant ¢ = ¢(H, M,diam(Q2),T,d), 1 < ¢ < o0, such
that

w(,t, A).(20,10)) < cw(z,t, AN(20,10)),
whenever (x,t) € Qp is such that t > to + 1672
Proof. Let H be as in (1.3) and assume that (1.4), (1.5). For each integer £ > 1 let af;, A,
A1 and A be as in Lemma 4.1. Let H, be the operator corresponding to &fj. Let © be a
A-NTA-domain with parameters M and rq and let T > 0. Applying Lemma 4.1 we have that
Ay = Ay(n,A), and using Lemma 3.4 we can conclude that there exist M* = M*(H, M)
and 7§ = 75(H, M, o, diam(Q2), diam, (), diam,.(Q)) such that  is a M*-NTA-domain with
parameters M* and 7. Furthermore, using Lemma 4.1 we have that for all ¢ large enough we can
take M* = M and 7§ = 7 for some M* = M(H, M) and 7y = 7o(H, M, 1o, diam (), diam, (Q2)).
Note that M > M and 7y < ry. Let § < 7 be fixed and let (x¢,to) € St be such that 1662 < t
and 02 < T —to. Let also 7 < §/2. Let p‘(x) = (\Y(x))™™? whenever z € R™ and let

1/n
rt(R) = (/ ,udx) for R > 0.
B(z,R)

Using Lemma 4.1 we have that X — X\ almost everywhere in R” as ¢ — oo. Also by Lemma
4.1, A\ < X< )\ for all £ > 1. Thus ,t/ — p almost everywhere in R”, and by the Lebesgue

theorem on dominated convergence rt(R) — r,(R), for every x € R" and R > 0. Using this we

see, in particular, that there exists L > 1 such that |r® —r| < r—4/2 for all £ > L. To simplify
notation let r{ =75 (Ry,(6/2)) and let 75 = £ (Ry,(r + 6/2)). Let now L > 1 be so large that
also r{ < rf < § for all £ > L. Let w, denote the parabolic measure associated to the operator
Hy and Qp. Since, by construction, A}, (wg,ty) CC A?H/z(xo,to) = A;\f (xo,to) for all £ > L, it
follows from Lemma 4.4 that i

w (z,t, A}, (0, tg)) < ellm we (2,1, A;}M/Q(xo,to)) < gl'i)m we(z, t, Ai‘g (20, t0))- (6.22)
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Similarly, since A;\g (xo,to) = A5’\/2(:c0,t0) CC AN, tp), we see that

lim wy (Ai‘g(xo, to)) < w(AMN o, to)). (6.23)

l—00

Note that the operator Hy, for £ > L fixed, satisfies (6.2), and hence we can apply Lemma
6.1 and Lemma 6.2 to the corresponding parabolic measure w, and the corresponding Green
function Gy. In particular, using Lemma 6.2 we see that

‘0
we(z, t, A;\g(xo,to)) < c|BAz(ajo,r§)|G£(w,t,A;‘Té (2o, t0))- (6.24)

Furthermore, using Lemma 2.1, Lemma 2.2, the adjoint versions of Theorem 5.5 and the Har-
nack inequality, we have that

e _ 14
|B)\z(x0,r§)|Gg(x,t,A;\ré (w0, t0)) < c|BAe(m0,rf)|Gg(x,t,Aj{*(mg,to)), (6.25)
and, using Lemma 6.1,
|Ba(wo, 1)|Ge (.1, A, (20, 0)) < cwr(,t, A% (o, to) ). (6.26)

Theorem 6.3 now follows by combining (6.22), (6.24), (6.25), (6.26) and (6.23). O

Proof of Theorem 1.2. By Lemma 3.4 every NTA-domain is a A-NTA-domain. Theorem
1.2 now follows by iterating Theorem 6.3 and applying Lemma 2.1. O

7 Proof of Theorem 1.3

The purpose of this section is to prove Theorem 1.3. Throughout this section, let H be as
in (1.3) and assume (1.4) and (1.5). Let also 2 C R™ be a bounded A-NTA-domain with
parameters M, ro and let Qp = Q x (0,7) for some T > 0.

Lemma 7.1. Let H be as in (1.3) and assume that (1.4), (1.5). Then there is some Ty =
To(H, M, ro,diam(Q2), diam,($2)) and K = K(H, M) such that the following is true. Suppose
that (xo,to) € St and

r < min{7y/4, /(T — t0)/16), \/to/16}.

Suppose that u and v are two non-negative solutions to Hu = 0 in Qr N Cy.(xg, ty) and assume
that w and v vanish continuously on StNC3, (xg,ty). Then there exists a constant ¢ = c(H, M),
c>1land K =K(H,M), K > 1, such that

u(A (o, t
w0 AL 0)

QTHC:‘/K(IO,{,O) v U(AQT(ZL’o,to)) ‘

Proof. 1t is enough to assume that H satisfies (6.2) since the general result follows by the
same type of approximation argument as used in the proof of Theorem 6.3. Let K be a
constant to be chosen. If K is large enough we can conclude, using Lemma 2.1 and Lemma
2.2, that there exists {(z;, )}, (@;,t;) € Sr N I,CN, (wo,t0), N = N(K,n,A), such that

r/ea
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C’j‘/K(:ci,ti) C Cs,.(20,t0) \ Cy/i (o, to) for every 1 < i < N and such that STmapCj/% (2o, t0) C

Uy, C’j‘/K(a:i,ti). Let ¢; be the constant appearing in the statement of Lemma 4.2. We will
base our argument on the auxiliary function

N

U(z,t) = Y wl(at, AN, k(i t:) + [Ba(xo,r)|G (2, t, Ap (0, to)). (7.1)

i=1
The first step is to prove that there exists ¢(H, M) > 1 such that
u(z,t) < cu(A3, (2o, t0)) ¥(z, 1), (7.2)
whenever (z,t) € Qpr N C’;\/K(xo,to). First, taking K > ¢; it follows from Lemma 4.2 that
w(a,t, A, k(i t;)) > ¢ whenever (z,t) € QrNCY (v, ;) and thus ¥(z,t) > ¢~' whenever
N

(z,t) € Qr N 0,CY., (w0, t0) N | O (i ).

r/ea
=1

Next, consider
N

(xv t) S (QT N aPO;\/CA (ZEo, to)) \ U CT)‘\/K(xi7 ti)'

=1

In this case it follows from Lemma 6.2, the Harnack inequality and Lemma 4.2 that
|B)\(I‘07T)|G(]}7t,AZT(.TO7t0)) = ¢! (73)

for some ¢ = ¢(H, M), 1 < ¢ < co. Thus we may conclude that W(x,t) > ¢! for all (x,t) €
QrN 3pC’;\/0A(xO, to). Furthermore, using Lemma 5.2 and the Harnack inequality we have that

» sup  u < cu(A (i, 1)) < cu(Az, (20, t0))
T/K(mi’ti)

for every 4, if K is large enough. Hence (7.2) holds whenever (z,t) € 9,C

r/cea (x(),to). Since V¥
is a solution to Hu = 0 in Qp N Cr)‘/% (w0,tp) and since u vanishes on A} (xg, 1) it follows, by

the maximum principle, that (7.2) holds, in particular, for all (z,t) € Qr N C,f\/K(xo, to)-
The second step is to prove that

v(z,t) > ¢ o (A (20, 1)) U, t) (7.4)

whenever (z,t) € QTﬂapCﬁ/ (20, o). However, arguing as in Lemma 6.1, using appropriate sets
S and Sy, estimates for the Green function, Harnack inequality and the maximum principle,
we immediately see that

v(z,t) > ¢t Ba(z,r)|G(z, t, Ay (w0, to) ) v(AZ, (20, L)), (7.5)
whenever (z,t) € Qr N CTA/ (20, o). By the maximum principle, it suffices to prove that

c|Ba(z,r)|G(z,t, A, (w0, t0)) > V(z,t) (7.6)
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whenever (z,t) € Qp N 8pC;\/K(x0,t0). Since |By(x,r)| = |Ba(zo,7)| whenever (x,t) € Qp N
C2 (o, to) it follows from the construction of ¥ that we only have to prove that

w(z,t, A;\M/K(xi, t:)) < ¢|Bx(z,7)|G(z, t, A, (20, t0)). (7.7)

whenever (z,t) € Qr N 61,07?‘/[((%,150). However, for K = K(H, M) large, this follows from
Lemma 6.2, Lemma 2.1, Lemma 2.2 and the Harnack inequality for the adjoint equation. This
completes the proof of the lemma. n

Theorem 7.2. Let H be as in (1.3), assume (1.4) and (1.5). Let Q C R™ be a bounded \-
NTA-domain with parameters M, ro and let Qp = Q x (0,T) for some T > 0. There then is an
7o = To(H, M, 1o, diam(Q2), diam,(2)), 0 < 7y < ro such that the following is true. Let u,v be
non-negative solutions of Hu = 0 in Qr vanishing continuously on St. Let 6, 0 < d < 7¢, be a
fized constant. Then u/v is Holder continuous on the closure of Q x (62, T]. Furthermore, let
(mo,to) € Sp, 62 < ty, and assume that r < /2. Then there exist ¢ = c¢(H, M,diam(Q2),T, ),
1<c<oo, and a = a(H, M,diam(2),T,4), a € (0,1), such that

S C(dp,)\«x? ?7 (yu 8)) )aquTExo’ ioig

u(z,t)  uly,s)
v(x,t) vy, s)

whenever (x,t), (y,s) € QrN 0;\/4(%, to).

Proof. Let u,v be non-negative solutions of Hu = 0 in 27 vanishing continuously on Sr. Let
To be as in Lemma 7.1 and let §, 0 < § < 7, be a fixed constant. Let (zg,ty) € Sr, 6% < o, and
assume that r < §/2. To avoid trivialities in the following argument, assume in the following
that u and v are defined in Q x (0,00). This is easily achieved by continuing v and v beyond
t = T in the natural way. Given (z,t) in the closure of Q x (6%, 7] and p > 0, define

W (z,t, p) = sup L inf Y (7.8)

QX(52,T]QC;‘(Z‘J/) v QX((;Q,T]QC?)‘(Q}J) v
To start with, note that it follows from Lemma 7.1 and Theorem 5.5 that
W™ (g, to, 2r) < oo whenever (zg,ty) € 9Q x (6%, T] and r as above. (7.9)

In the following, let (z,¢) be an arbitrary point in (Q x (6% 77) N C;\/4(1:0,t0) and let d =
da(z,09Q) = dpr(x,t,S7). Given 0 < p < r/4, consider two cases: p < d (interior case) and
p > d (boundary case).

We first consider the case p < d. Let

ily, s) == (W*(z,t,p)) " (u(y,s) - < inf u/v> (y, s)) ,

(Q2x(82,T)NCH (x,t)

and note that

(i) 0< 2‘233 <1, whenever (y,s) € (Q x (62,T1]) N C(x, 1),
(1) W% (x,t,p) = 1. (7.10)
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In addition, assume first that

ﬁ(ﬂj,t — P2/2)
v(z, t — p?/2)

Now, note that Hu = 0 in Q). Therefore, it follows from the Harnack inequality that

1
> —. A1
> (7.11)

i(z,t — p?/2) < ci(y, s) whenever (y, s) € C;\/Q(x,t), (7.12)
and that
v(y, s) < cv(x,t + p?/2) whenever (y, s) € C’?/z(x,t). (7.13)
Moreover, it follows from Theorem 5.5 that
v(x,t+ p°/2) < cv(z,t —p?/2). (7.14)
Combining (7.10)-(7.14), one then deduces that

’Il(%,t - p2/2) ﬁ(y, 5)
vzt - 772) = “uly,s)

whenever (y, s) € CS/Q(x,t). Hence

<

1
5 <e, (7.15)

W (x,t,p/2) < 0, (7.16)

where § = 1 —1/(2¢) € (0,1). Recalling the definition of @, and rearranging (7.16) one now
sees that

W (x,t,p/2) < OW™(z,t, p). (7.17)
Assume now, on the contrary, that (7.11) does not hold and that instead

w(z,t —p*/2) 1

vz, t — p?/2) <3 (7.18)

In this case let @ = v — 4. Then (7.10) and (7.11) hold with @ replaced by w. We can then first
conclude that W*?(z,t, p/2) < 6 and subsequently again that (7.17) holds. Next, iterating the
estimate in (7.17) we deduce that

20\ 7
Wt < (%) Wio ) (7.19)
for o7 = —log, 6.

We next consider the case p > d. Let Ty € 02 be such that d = dy(x,Zo). It then holds that
Oz, t) C Oy, ,(To,t), and hence that W*"(x,t, p) < W*"(Zo,t,2cap). Let K be as in the
statement of Lemma 7.1. We first assume that 4Kcap < /2. Let now @ be defined by

a(y,s) = (W""(Zo,t, SKCAp))_l (u(y,s) — ( inf - u/v) v(y,s)) :

(Qx(82,T)NC3x .
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As in the interior case, it then holds that

(1) 0< AEy, i <1, whenever (y,s) € (2 x (6>, T]) N Cig., ,(To, 1),
(7.20)

(1)  W™'(Z,t,8Kcap) = 1.

Assume first that
(7.21)

[\Dll—l

ﬂ(‘AZKcAp('%Oﬁ t)) >
U(AIKCAp(£O7 t)) B

Since @ and v are solutions to Hu = 0 on Qr, non-negative in Qr N Cy,, ,(To,t), and @ and v

vanish continuously on Sy, it follows from Lemma 7.1 that

WAk (F00)) _ ilys) (7.22)
v (AIKCM(:L'O, t)) v(y, s)
whenever (y,s) € (Q x (6%, T]) N Cs,, ,(Zo,t). By Theorem 5.5, it follows that
(AIKCAP To,t ) ﬁ(AZKCAp(fO t)) (7.23)
U(Afkenp(Tort ) U( 1xccap(Z0:t))
Hence it now follows from (7.22), (7.23) and (7.21) that
R
whenever (y,s) € (2 x (6%, T]) N Cs,, ,(Zo,t) and therefore
W (3, t, 2cap) < 6, (7.24)
where § = 1 —1/(2¢%) € (0,1). Rewriting this expression we see that
Wb (x,t, p) < WhY(Zo,t,2cap) < OW? (T, t, 8K cap). (7.25)
Assume now, on the contrary, that (7.21) does not hold and instead that
(7.26)

Ay (00.0) _

U(AZKcAp(i’()? t))
In this case, let @ = v — 4. Then (7.20) and (7.21) holds with u replaced by @. One can then
first conclude that W™"(Zy,t,2cap) < 6 and subsequently again that (7.25) holds. Iterating

N —

(7.25) gives that
Wt (x,t, p) < OW™(Zo,t,8Kcap)

K 72
< <8 CAP) Wu’v(l'o,to,T'),

r

(7.27)
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where 09 = —In(f)/In(c¢*K) and ¢* = ¢*(H,M), 1 < ¢* < oo. Obviously this also holds if
AKcap > 1/2.

From (7.19) and (7.27) it follows that if p < d < r, then

20\ 7! 20\ 7' (8K cad\™?
WW(x,t,p)g<§> W“’”(w,t,d)g(gp) ( CA) W™ (20, to, 7). (7.28)

r

With o« = min{oy, 02}, (7.27) and (7.17) imply that

W™ (z,t, p) < (;(5) W (2, to, 7), (7.29)

for all p < r/4. Now for (y,s) € Qr N C”\/4(x0,t0) let p = dy(z,t,y,s). It then follows from

r

(7.29) and Lemma 7.1 together with Theorem 5.5 that

~

) 0 e gy < o) o 2o £) D)

v(z,t  v(y,s) r r U(A,,(x,t
This completes the proof of Theorem 7.2. O
Proof of Theorem 1.3. Using Lemma 3.4 and Lemma 2.1, Theorem 1.3 follows directly from
Theorem 7.2. 0
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