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Graphynes, a new family of carbon allotropes, exhibit superior
mechanical properties depending on their atomic structures and
have been proposed as a promising building materials for nanode-
vices. Accurate modeling and clearer understanding of their
mechanical properties are essential to the future applications of
graphynes. In this paper, an analytical molecular mechanics
model is proposed for relating the elastic properties of graphynes
to their atomic structures directly. The closed-form expressions
for the in-plane stiffness and Poisson’s ratio of graphyne-n are
obtained for small strains. It is shown that the in-plane stiffness is
a decreasing function whereas Poisson’s ratio is an increasing
function of the number of acetylenic linkages between two adja-
cent hexagons in graphyne-n. The present analytical results ena-
ble direct linkages between mechanical properties and lattice
structures of graphynes; thereby, providing useful guidelines in
designing graphyne configurations to suit their potential applica-
tions. Based on an effective bond density analysis, a scaling law is
also established for the in-plane stiffness of graphyne-n which
may have implications for their other mechanical properties.
[DOI: 10.1115/1.4030502]

1 Introduction

From fullerenes, carbon nanotubes to graphene, synthetic carbon
allotropes represent a growing fascinating and esthetically pleasing
architecture with outstanding materials properties [1], which has
attracted a considerable attention to the search for more carbon allo-
tropes [2–4]. Graphynes, a theorized carbon allotrope, are one-atom-
thick two-dimensional materials similar to graphene. However,
unlike graphene, which has aromatic bonds, graphynes have single
and triple bonds. These single and triple bonds lead to potentially
unlimited lattice structures, endowing graphynes with versatile me-
chanical [5–14], electrical [12–21], and chemical properties [22,23].
Therefore, graphynes are more attractive for potential nanoelectro-
mechanical systems (NEMS) applications.

The lattice structure of graphynes can be simply viewed as
replacing a portion of the aromatic C–C bonds in graphene by
acetylenic linkages with single and triple bonds [3,4]. Different
portion of replacements results in different types of graphynes
[2–4,17,18]. For example, complete replacement of aromatic
bonds by acetylenic linkages in graphene leads to a-graphyne or
supergraphene; replacements of two-third, one-third, and fifth-
twelfth of aromatic bonds by acetylenic linkages give rise to b-, c-,
and 6,6,12-graphynes, respectively [2–4]. Furthermore, unlimited
graphyne structures are possible by increasing the length of acety-
lenic chains [2–4,17,18].

Among these different types of graphynes, graphyne-n, in
which two adjacent benzene hexagons are interconnected by n
acetylenic linkages (i.e., one-third of aromatic bonds in graphene
is replaced by acetylenic linkages, see Fig. 1(a)), is of particular
interest because of their interesting electronic properties
[13,17,19]. As a sister material of graphene, graphynes are
expected to possess comparable mechanical properties to gra-
phene. However, numerical results from both molecular dynamics
(MD) simulations [6–9] and first-principle calculations [10–13]
showed that the in-plane stiffness of graphyne-n is substantially
lower than that of graphene. Some other mechanical properties,
such as Poisson’s ratio and shear modulus, are hitherto rarely
explored. A clearer and more comprehensive understanding of the
mechanical properties of graphynes is needed for their possible
applications in NEMS.

In the present work, we use a stick-spiral model to investigate
the elastic properties of graphyne-n. The stick-spiral model was
pioneered by Chang and coworkers [24–27], for analytically link-
ing the elastic properties of carbon nanotubes with their geometric
parameters. The model has been also used to study the chirality-
and curvature-dependent bending stiffness of graphene [28].
Herein, we extend this model to capture the degradation of the in-
plane stiffness of graphyne-n with increasing acetylenic linkages.

2 Analytical Model and Results

In the stick-spiral model, the total potential energy, Et, of car-
bon allotropes (e.g., carbon nanotubes and graphene) at small
strains can be expressed as a sum of energies associated with the
variance of bond length (modeled as an elastic stick with an axial
stiffness of Kq and an infinite bending stiffness), Uq, and bond
angle (modeled as a spiral spring with a stiffness of Ch), Uh

[10,19,20].

Et ¼ Uq þ Uh ¼
X

i

1

2
KqðdriÞ2 þ

X
j

1

2
ChðdhjÞ2 (1)

where dri is the elongation of bond (stick) i and dhj is the change
of bond angle (spiral spring) j.

The main difference in the structure of graphynes from gra-
phene is the presence of the acetylenic chains with repeating sin-
gle and triple bonds. These acetylenic chains are considered as a
carbon allotrope on their own—carbyne [29–32]. According to
the previous studies [29–31], the axial stiffness of acetylenic
chains can be expressed as
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Kn ¼
Y1D

l
¼ Y1D

ðnþ 1Þbþ nc
(2)

where Y1D is the one-dimensional tensile modulus (for example,
Y1D¼YA, the product of Young’s modulus Y and the cross-
sectional area A for beam elements) of carbyne, n is the number of
acetylenic linkages, l is the length of acetylenic chains, and b and
c are the lengths of single and triple bonds, respectively (Fig.
2(a)). The spiral stiffness associated with the bond angle variance
in acetylenic chains, Cbc, can be related to the bending stiffness of
carbyne D as Cbc¼ 2D/(bþ c).

When the structure of graphyne-n is treated as a stick-spiral sys-
tem, the elastic properties of graphyne-n can be obtained by ana-
lyzing the force-deformation response of their unit cells. We
consider the case of graphyne-n subject to tension along the arm-
chair direction as shown in Fig. 2(a). By analyzing the force equi-
librium of local structures (Fig. 2(b)) in a unit cell, we have the
following governing equations:

2f2 ¼ Kn½ðnþ 1Þdba þ ndca� ¼ Kndla (3)

az

2
f2 sin aþ m2 ¼ ðCab þ 2CaaÞda ¼ ðCab þ CaaÞdaþ Cabdb

(4)

f2cosa ¼ �Kadaz (5)

and

f1 ¼ Kadaa (6)

ðf1 � f2Þcosb ¼ �Kn½ðnþ 1Þdbz þ ndcz� ¼ �Kndlz (7)

bz

2
þ n

2
ðbz þ czÞ

� �
ðf1 � f2Þ sin b ¼ Cabðdaþ 2dbÞ (8)

ð1�ð�1ÞiÞcz

4
þð1þð�1ÞiÞbz

4
þðn� iÞ bz

2
þcz

2

� �� �
ðf1� f2Þsinb

¼ Cbcd/i; 1� i� n (9)

In the above equations, Ka is the stick stiffness of aromatic
bond a (the subscripts a and z represent the bond orientations as
shown in Fig. 2(a)), Caa, Cab, and Cbc are the spiral stiffness of
bond angle a, b, and /i, and f1, f2 and m2 are the internal forces
and moment (shown in Fig. 2(b)). Based on Eqs. (3)–(9), we can
express daa, dla, daz, dlz, da, db, and d/i as functions of f1 and f2.

The unit cell lengths can be expressed as

ua ¼
aa

2
þ ba

2
þ n

ba

2
þ ca

2

� �
� az cos a

¼ aa � bz cos b�
Xn

k¼1

ðbz þ czÞ cosðbþ
Xk

i¼1

/iÞ
 !

(10)

uz ¼ 2az sinaþ bz sinbþ
Xn

k¼1

ðbz þ czÞ sinðbþ
Xk

i¼1

/iÞ
 !

(11)

Equation (10) shows that ua can be expressed in two formats. To
ensure the geometric continuity, the variances of ua obtained from
the two expressions should be equal to each other, which indeed
leads to a geometric compatible equation that gives the relation
between f1 and f2.

Fig. 1 Schematic illustration of geometric structure (a) and bond types (b) of graphyne-n.
Benzene rings with aromatic bonds (labeled a) are connected by acetylenic linkages (/) with
repeating single (b) and triple (c) bonds.

Fig. 2 (a) Graphene-n (n 5 2) subject to tension. The dashed-dotted box indicates the
unit cell (with lengths of ua and uz), while the dashed box marks are the representative
local structures used in the present analytical model. (b) Force equilibrium of local
structures.
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f1 ¼ cf2 (12)

in which

c ¼ 1

4Ka
þ 5

4Kn
þ 3 k2Caa � k1Cabð Þr2

0

8 2Caa þ Cabð ÞCab
þ 3k3r2

0

8Cbc

� ��
1

2Ka
þ 1

4Kn

�

þ 3 k2Caa � k1Cabð Þr2
0

8 2Caa þ Cabð ÞCab
þ 3k3r2

0

8Cbc

�

with k1 ¼ na nb þ n nb þ ncð Þð Þ, k2 ¼ nb þ n nb þ ncð Þð Þ2, k3

¼ nbþncð Þ nðnþ1Þ 4n�1ð Þ=12ð Þ nbþncð Þ½ �� 2nþ1ð Þ�ð�1Þn=ð½f
8Þ nb�ncð Þ�g, na¼a=r0, nb¼b=r0, and nc¼ c=r0, where r0 is the
reference aromatic bond length in graphene.

Now, we are ready to write the expressions for the strains along
the armchair and zigzag directions.

ea ¼
dua

ua

¼ f2
ga

2cþ 1

4Ka
þ 1

Kn
þ 3ðc� 1Þk1r2

0

8ð2Caa þ CabÞ

� �
(13)

ez¼
duz

uz

¼ f2

ga

1

2Ka
þc�1

4Kn
� c�1ð Þð2k1þk2Þr2

0

8 2CaaþCabð Þ � c�1ð Þk3r2
0

8Cbc

� �
(14)

where g ¼ na þ nþ 1ð Þ=2½ �nb þ n=2ð Þnc.

The in-plane stiffness YS and Poisson’s ratio � can then be
obtained as

YS ¼
f1 þ f2ffiffiffi

3
p

gaea

¼ cþ 1ffiffiffi
3
p =

3ðc� 1Þk1r2
0

8ð2Caa þ CabÞ
þ 2cþ 1

4Ka
þ 1

Kn

� �
(15)

� ¼ � ez

ea

¼ c� 1ð Þð2k1 þ k2Þr2
0

8 2Caa þ Cabð Þ þ c� 1ð Þk3r2
0

8Cbc

�

� 1

2Ka
� c� 1

4Kn

��
3ðc� 1Þk1r2

0

8ð2Caa þ CabÞ
þ 2cþ 1

4Ka
þ 1

Kn

� � (16)

Owing to the six-fold rotational symmetry of the lattice, the
in-plane elastic properties of graphyne-n should be isotropic at in-
finitesimal strains. Equations (15) and (16) are indeed the expres-
sions for the in-plane stiffness and Poisson’s ratio of graphyne-n
along arbitrary directions, even though they are obtained in the
armchair direction. According to the isotropic elastic theory, the
in-plane shear stiffness of graphyne-n can be expressed as

GS ¼
YS

2ð1þ �Þ ¼
cþ 1ffiffiffi

3
p =

c� 1ð Þð2k1 þ k2Þr2
0

8 2Caa þ Cabð Þ

�

þ c� 1ð Þk3r2
0

8Cbc
� 1

2Ka
� c� 1

4Kn

�
(17)

For graphene, we have n¼ 0, c¼ 2, k1¼ k2¼ 1, k3¼ 0, g¼ 3/2,
Ka ¼ K0 ¼ K, and Caa ¼ Cab ¼ C. Equations (15)–(17) are thus
reduced to

YS ¼
8
ffiffiffi
3
p

KC

Kr2
0 þ 18C

(18)

� ¼ Kr2
0 � 6C

Kr2
0 þ 18C

(19)

GS ¼
2
ffiffiffi
3
p

KC

Kr2
0 þ 6C

(20)

which are identical to those obtained in the previous works
[24,27].

Once the molecular parameters of graphene-n are determined,
the in-plane stiffness, Poisson’s ratio, and shear stiffness can be

predicted using Eqs. (15)–(17). To show the applicability of these
equations, we simply take r0 ¼ 0:142 nm, na � nb � 1, nc � 0:85
[6,9,11,16] and Ka ¼ 742 nN=nm, Caa � Cab ¼ 1:42 nN=nm [24].
Based on these values and Eqs. (15) and (16), taking
YS ¼ 180 N=m and � ¼ 0:19 for graphyne [9] from MD simula-
tions, we can obtain Kn ¼ 79:4 nN=l ¼ 559=ð1:85nþ 1Þ nN=nm,
and Cbc ¼ 0:423 nN=nm. We note that the obtained Kn and Cbc

are in reasonable agreement in magnitude with existing numerical
results. For example, MD simulations and first-principle calcula-
tions suggested that Kn¼ 32.3 [29], 159 [30], and 147 nN/l [31];
and Cbc¼ 0.258–0.384 [29], 0.109 [30], and 0.040 nN/nm [31].

Figures 3(a) and 3(b) depict the in-plane stiffness, shear stiff-
ness, and Poisson’s ratio of graphyne-n against the number of ace-
tylenic linkages predicted by Eqs. (15)–(17). It is clearly seen that
the in-plane stiffness of graphyne-n decreases with increasing ace-
tylenic linkage number, and is in excellent agreement with the
existing numerical results [7,10,13]. For instance, Yang and Xu
[10] showed that with increasing acetylenic linkage number n
from 1 to 5, the in-plane stiffness of graphyne-n degrades from
150 to 50 N/m with almost 67% reduction. This decreasing trend
has been confirmed by Yue et al. [13] in their first-principle

Fig. 3 (a) In-plane stiffness, (b) shear stiffness, and (c) Pois-
son’s ratio of graphene-n as functions of the number of acety-
lenic linkages
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calculations. Cranford et al. [7] further showed via a spring-
network model that the in-plane stiffness of graphyne-n is approx-
imately an inverse function of the number of acetylenic linkages.
The shear stiffness too decreases with the number of acetylenic
linkages, e.g., from 75.6 to 12.3 nN/nm with n from 1 to 10. The
reduction in the in-plane stiffness and shear stiffness is attributed
to the smaller atom/bond density, as will be shown next. In con-
trast to the in-plane stiffness, Poisson’s ratio increases from 0.19
to 0.30 as the number of acetylenic linkages increases from 1 to
10, as shown in Fig. 3(c). This is because a longer acetylenic
chain has a lower bending resistance which leads to a larger lateral
deflection and thus to a higher Poisson’s ratio.

At relatively large strains, the mechanical properties of graph-
yne-n along different directions may be different [6–13]. This is a
consequence of the strain-induced anisotropy as found in carbon
nanotubes and graphene [26,28]. It is noted that the present formu-
lae are based solely on a static structural analysis, and the predic-
tions are typically limited to idealized crystalline orientations
when the deformations are restricted to in-plane. This is applica-
ble to the mechanical properties of graphynes at an extremely low
temperature or adhered to a substrate. For free-standing graphynes
at relatively high temperatures, due to the out-of-plane rippling
and deformation, it is unlikely the predicted Poisson’s ratio would
be observed. Further studies are needed.

3 Scaling Law

As the number of acetylenic linkages increases, the bond density
in graphynes decreases. This is the main reason for the acetylenic
linkage number dependent mechanical properties of graphyne-n. In
this section, we will establish a scaling law for the in-plane stiff-
ness of graphyne-n based on the bond density analysis.

The number of bonds per area, i.e., the bond density, in graph-
yne-n can be directly calculated by

q ¼ 4nþ 6ffiffiffi
3
p
ðgþ 1=2Þgr2

0

(21)

which is a decreasing function of the number of acetylenic link-
ages. As shown in Fig. 4, although the in-plane stiffness exhibits a
decreasing trend as the bond density, the dependence of the in-
plane stiffness on the number of acetylenic linkages is clearly dif-
ferent from that of the bond density.

We notice that c (¼ f1/f2) is close to 1 for graphyne-n (2 for gra-
phene, 1.12 for n¼ 1, decreasing with n). This means that the ace-
tylenic chains along the zigzag direction have negligible
contribution to the in-plane stiffness along the armchair direction,
implying that the effective bond number for in-plane stiffness

should be less than the real bond number. By taking an effective
bond number equal to 1 (which can ensure consistency for gra-
phene) for the acetylenic chain in the zigzag direction and a fur-
ther simplification with na � nb � nc � 1, we have an effective
bond density of graphyne-n as

�q ¼ 2nþ 6ffiffiffi
3
p
ðnþ 2Þðnþ 3=2Þr2

0

(22)

It is surprising to see from Fig. 4 that the dependence of the
effective bond density on the number of acetylenic linkages per-
fectly matches that of the in-plane stiffness. As a result, we can
directly have an empirical equation for the in-plane stiffness of
graphyne-n

YS ¼
nþ 3

ðnþ 2Þðnþ 3=2ÞY
ge
S (23)

where Yge
S is the in-plane stiffness of graphene. As seen in Fig.

3(a), this empirical equation gives excellent predictions for the in-
plane stiffness of graphyne-n, which confirms that the reduction
of the in-plane stiffness of graphyne-n is a direct result of the
reduction of the effective bond density (rather than the real bond
density).

For the in-plane shear stiffness, similar to Eq. (23), we have

GS ¼
nþ 3

ðnþ 2Þðnþ 3=2ÞG
ge
S (24)

where Gge
S is the shear stiffness of graphene. Again, perfect agree-

ment is found between the predictions from empirical equation
(24) and analytical equation (17), as shown in Fig. 3(b).

Owing to the physical basis of bond density analysis, it is
expected that some other mechanical properties such as tensile
strength of graphyne-n would obey the same scaling law as the in-
plane stiffness. For example, Cranford et al. [7] showed via a
spring-network model that the in-plane stiffness and tensile
strength are both inversely dependent on the number of acetylenic
linkages of graphyne-n (which is consistent with the present scal-
ing law for large n). The scaling law we obtained here for in-plane
stiffness may thus have implications for other mechanical proper-
ties of graphyne-n and other types of graphynes.

4 Conclusions

In summary, based on a molecular mechanics approach, we
have developed an analytical model to obtain closed-form expres-
sions for mechanical properties of graphyne-n. These expressions
are capable of linking macroscopic properties of graphyne-n to its
atomic structure in a direct manner. The predicted results from the
present analytical model are in good agreement with the existing
numerical results from MD simulations and first-principle calcula-
tions. Based on an effective bond density analysis, we establish a
scaling law for the in-plane stiffness of graphyne-n which gives
predictions in excellent agreement with the analytical expressions.
It is worth noting that, although herein we focus on the graphyne-
n structures, the model developed in this work can be easily
extended to predict the mechanical properties of other types of
graphynes with some further modifications. In this sense, our mo-
lecular mechanics model provides a helpful tool for a better
understanding of the mechanical properties of all different graph-
ynes, which is of significant importance for the development of
graphynes-based nanomechanical devices.
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Fig. 4 Dependence of the normalized in-plane stiffness, real
bond density, and effective bond density on the number of ace-
tylenic linkages
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