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Abstract

A new method namely, decomposition method for solving integer linear
programming problems with fuzzy variables by using classical integer linear
programming has been proposed. In the decomposition method, ranking functions
are not used. The proposed method can serve managers by providing the best
solution to a variety of integer linear programming problems with fuzzy variables in
a simple and effective manner. With the help of numerical examples, the
decomposition method is illustrated.
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1 Introduction

Linear programming [2] has applications in many fields of operations
research. It is concerned with the optimization of a linear function while satisfying a
set of linear equality and/or inequality constraints or restrictions. In real world
situation the available information in the system under consideration are not exact,
therefore fuzzy linear programming (FLP) was introduced and studied by many
researchers [10, 9, 4, 3, 6, 7, 8, 11]. Fuzzy set theory has been applied to many
disciplines such as control theory and management sciences, mathematical modeling
and industrial applications. The concept of FLP on a general level was first
proposed by Tanaka et al. [10]. FLP problems have an essential role in fuzzy
modeling, which can formulate uncertainty in actual environment. Afterwards, many
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authors have considered various types of the FLP problems and proposed several
approaches for solving these problems. In particular, the most convenient methods
are based on the concept of comparison of fuzzy numbers with help of ranking
functions [3,7,8]. Usually in such methods authors define a crisp model which is
equivalent to the FLP problem and then use optimal solution of the model as the
optimal solution of the FLP problem. Mahdavi-Amiri and Nasseri [7] introduced a
dual simplex algorithm for solving linear programming problem with fuzzy
variables and its dual by using a general linear ranking function and linear
programming directly.

Recently, Herrera and Verdegay [5] have proposed three methods for
solving three models of fuzzy integer linear programming based on the
representation theorem and on fuzzy number ranking method. Allahviranloo et al.
[1] have proposed a new method based on fuzzy number ranking method for a
FILP problem via crisp integer linear programming (ILP) problems. Nasseri [9] has
proposed a new method for solving the FLP problems in which he has used the
fuzzy ranking method for converting the fuzzy objective function into crisp
objective function.

In this paper, we have proposed a new method namely, decomposition
method for solving a ILP problem with fuzzy variables by using the classical ILP.
The significance of this paper is providing a new method for solving ILP problems
with fuzzy variables without using any ranking functions. This method can serve
managers by providing the best solution to a variety of integer linear programming
problems with fuzzy variables in a simple and effective manner. The decomposition
method is illustrated with the help of numerical examples.

2 Preliminaries

We need the following definitions of the basic arithmetic operators on fuzzy
triangular numbers based on the function principle which can be found in [9] .

Definition 1. A fuzzy number a is a triangular fuzzy number denoted by
(3,,8,,85) where a;,a, and a; are real numbers and its membership function

U 5 (X) is given below.
(x—a)/(a,—a) fora <x<a,
Uz (X)=<(ag—x)/(ag—a,) fora,<x<a,
0 otherwise

Definition 2. Let (&a,a,,a;3) and (b;,b,,b;) be two triangular fuzzy numbers.
Then
(1) (a,a,,85) © (by,by,bs) = (a +by,a, +by, a5+ by).
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(i) (a,a;,a3) © (by,by,b5) = (8 — by, 2, —by,85-by).
(iii) k(ay,a,,a;) = (kay,ka,,kaz), for k >0.
(iv) k(ay,a,,85) = (kag, ka,,ka,), for k <0.

Let F(R)be the set of all real triangular fuzzy numbers.
Definition 3. Let A= (a,,a,,a;) and B = (b,,b,,b;) bein F(R).Then,
(i) A=B< a =b, forall for i=1to3 and
(i) A<B < a<h, forall for i=1to03.

Definition 4. Let A= (a,,a,,a;) bein F(R). Then,
(1) A is said to be positive if a >0, forall for i=1to03;
(i) A s said to be integer if a, >0,Vi=1to 3 are integers and
(iii) A is said to be symmetric if a, —a, =a, —a,.

Definition 5. A real fuzzy vector b= (t.)ui)mxl is called nonnegative and denoted by

b >0, if each element of b is a nonnegative real fuzzy number, that is,E;i >0,
1,2,...m.

Consider the following mxn fuzzy linear system with nonnegative real
triangular fuzzy numbers:

AX <b, (1)
where A:(aij)mxn is a nonnegative crisp matrix and X = (X;), Ez(b}) are

nonnegative fuzzy vectors and ij, 5, e F(R), for all 1<j<nand 1<i<m.

Definition 6. A nonnegative fuzzy vector X is said to be a solution of the fuzzy
linear system (1) if X satisfies equation (1).

Using the definitions 3 and 6 and the arithmetic operations on triangular

fuzzy number, we obtain the following theorem.
Theorem 1. Let AX<b be an mxn fuzzy linear system where A:(aij )mxn is a
nonnegative crisp matrix , X = ()?j) b= (Bi) are nonnegative real triangular fuzzy
vectors and YJ- = (xlj,xzj,x3j) and 5, :(bli,bzi,b?,i) eF(R), for all 1<j<n and
I<ism. If X :(x;)nxl Is a solution of the system Ax, <b,,x, >0 where
X, =()pa and by =(0,)pg, X =(")pq is a solution of the system

Ax <by % >0, % — X, <O where X = (x{)pq and by = () and x; = (xJ),q is
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a solution of the system Ax; <bs, X3—X, >0 where X3 = (), and b = (N

then X° = (X;) is a solution of the system AX < b where Xj = (x1j°,xzj°,x3j°) .

Note 1. If X =(x,X,,X;) and Ez(bl,bz,b3) are symmetric, we can obtain X
from the relation x; =X, + (X, —X) without solving the last system Ax, =b,,

Xg =X, 20.

3 Fuzzy integer linear programming

Consider the following integer linear programming problem with fuzzy

variables :
(P) Maximize 7 =cX

subject to AX <b, (2)

X >0 and are integers, (3)

where the coefficient matrix A= (aij )mxn is a nonnegative real crisp matrix, the cost

vector ¢ =(c,,..,C,) is nonnegative crisp vector and X =(X;),, and b= (t;i)mx1

are nonnegative real fuzzy vectors such that ij, 5, eF(R) for all 1<j<n and
1<i<m.

Definition 7. A fuzzy vector X is said to be a feasible solution of the problem (P)
if X satisfies (2) and (3).

Definition 8. A feasible solution X of the problem (P) is said to be an optimal
solution of the problem (P) if there exists no feasible U = (Uj)nxl of (P) such that

cu > cX.

Using the Theorem 1. and the arithmetic operations of fuzzy numbers, we
can obtain the following result.

Theorem 2. A fuzzy vector X" =(x},X,,X;) is an optimal solution of the

problem (P) iff x_, x/ and x; are optimal solutions of the following crisp integer
linear programming problems (P,), (P,) and (P;) respectively where
(P,) Maximize Z, =CX,
subject to Ax, <b,, x, >0 are integers ;
(P) Maximize Z, =CX
subject to  Ax <b;, X, >0, X, <x; and are integers
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and
(P;) Maximize Z3 = CXg

subject to Ax; <b;, x>0, X3 > x; and are integers.

Proof: Suppose that X° = (xi,x"2 : xg) is an optimal solution of the problem (P).

Let X =(Xg,Xy,X3) be a feasible solution of the problem (P).
This implies that

C1X <CX° 5 CoXo <CoXo' ; CaXz <C3X3 ;
Ax® <bp; Ax° <by;  Axg"<bg, X', Xx3,X3° >0. (4)
Let Z = (21’ Z,, 23) be the objective function of the problem (P).
Now, from (4) we have,
Max. 2y =C%°; Max.zp =CoXy° ; Max. z3 =CoX3’ (5)
Now, from (4) and (5), we can conclude that x, x; and x; are optimal solutions of
the crisp integer linear programming problems (P,), (P,) and (P;).

Suppose that x,, x; and x; are optimal solutions of the crisp integer linear
programming problems (P,), (P,) and (P;)with optimal values Z;,Z; and Z;
respectively. This implies that X~ =(x,, X ,X]) is an optimal solution of the

problem (P) with optimal value Z* = (z,’,2;,2;).
Hence the theorem.

4 Numerical Examples
The proposed method is illustrated by the following examples.

Example 1. Consider the following integer linear programming problem with fuzzy
variables:
(P) Maximize Z =10x, + 20X,
subject to

6X; +8X, < (46,48,60)

X, + 3%, <(7,12,20)

X,, X, >0 and are integers.
Let Z=(2,2,,25), % = (Y1, % t) and X, = (¥, %,,15) .
Now, the problem (P,) is given below:
(P,) Maximize z, =10x; + 20X,
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subject to
6x, +8x, <48; x, +3x, <12
X, X, >0 and are integers.
Now, using an algorithm for ILP problem, the solution of the problem (P,) is
X, =5, X, =2 and z, =90.
Now, the problem (P,) is given below:
(P,) Maximize z; =10y, + 20y,
subject to
6y, +8y, <46; y,+3y,<7; Yy, <5;y,<2
y,, Y, >0 and are integers.
Now, using an algorithm for ILP problem, the solution of the problem (P,) is
y,=4,y,=1 and z; =60.
Now, the problem (P;) is given below:
(P;) Maximize z; =10t; + 20t,
subject to
6t, +8t,<60; t, +3t,<20;t>5;t,>2
t,,t, >0 and are integers.
Now, using an algorithm for ILP problem, the solution of the problem (P;) is
t,=6,t,=3 and 2z;=120.
Therefore, the solution for the given fuzzy integer linear programming problem is
X = (Y, %) =(4,56), X, =(Y,,%,t,)=123) and Z =(60,90,120).

Example 2. Consider the following integer linear programming problem with
fuzzy variables:
(P) Maximize Z = 4x, +3X,
subject to
X, +2X, < (4,812)
2%, + X, <(6,9,12)
X,,X, >0 and are integers.
Let Z =(z;,2,,23), X, =(Y, %, t) and X, =(y,,%,,t,) and also, X; and X
be symmetric.

Now, the problem (P,) is given below:
(P,) Maximize z, =4x +3X,
subject to
X +2X, <8; 2X +X,<9;
X;, X, >0 and are integers.
Now, by using an algorithm for ILP problem, the solution of the problem (P,) is
2, =19, x, =4 and x, =1.
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Now, the problem (P,) is given below:
(P) Maximize z, =4y, +3y,
subject to
Yi+2Y, <4; 2y +Y,<6; y,<4; y,<1
y,» Y, >0 and are integers.
Now, using an algorithm for ILP problem, solution of the problem (P,) is
=12, y,=3and y, =0,

Now, since X; = (Y, %,t;) and X, = (y,,X,,t,) are symmetric, we have

t,=51t=2 and z; =26.

Therefore, the solution for the given fuzzy integer linear programming problem is
X = (Y, %, 8) =(B,45); X =(y,X,t5)=(012) and Z=(12,19,26).

5 Conclusion

The decomposition method provides an optimal solution to FILP problems
without using ranking functions and applying classical integer linear programming.
This method can serve managers by providing the best solution to a variety of
integer linear programming problems with fuzzy variables in a simple and effective
manner.
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