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The Effect of Structural Damping on the Forced
Vibrations of Cylindrical Sandwich Shells

This paper presents an examinalion of the effects of structural damping on the axisym-
melric vibralions of « cylindrical sandwich shell.
rials with high damping properties can result in large reductions in resonant response over
conventional materials.
radial load 1is firsl calculated by an exact method. The radial vibration is then calculated

It is shown that the use of core male-

The radial vibration of the shell resulting from a time harmonic

by an approximate formula, which requires onky a knowledge of the damping properties
and the natural (undamped) modes. In numerical examples the resonant vibrations of
two steel-faced cylinders are compared. One has a polymeric, the other an elastomeric

core.

The results indicate that for the assumed conditions they are both effective for

suppressing resonant vibration, the polymeric core being generaliy more effective than

the elastomeric core.

Introduction

THIS paper represents a continuation of an investiga-
tion of the forced vibrations of damped sandwich structures. In
two previous publications [1, 2]% the authors investigated the
effect of structural damping on the forced vibrations of homoge-
neous and sandwich plates, vibrating both in vacuo and in fluid
media. Various aspects of the problem of sandwich plates with
structural damping have been investigated also by other authors;
for example, Keer and Lazan [3] and Y. Y. Yu [4]. It wasshown
in [2] that a considerable reduction in resonant vibration could be
realized by the use of special high-damping materials as cores in
sandwich plates. This was indicated by reductions in the quality
factors (and dynamic magnifications) of about two orders of mag-
nitude over those of conventional sandwich plates. Such reduc-
tions are of particular practical benefit in design applications
where excitation of the structure at frequencies that coincide with
its natural frequencies cannot be avoided; as, for example, when
a structure is subjected to intensive noise. The emphasis in this

1 Work done under contract Nonr 4199(00) for the Office of Naval
Research, U. S. Navy Department.

2 Numbers in brackets designate References at end of paper.

Contributed by the Underwater Technology Division and pre-
sented at the Winter Annual Meeting, Chicago, Ill., November 7-11,
1965, of THE AMERICAN SOCIETY OF MECHANICAL IKNGINEERS.
Manuseript received at ASME Headquarters, June 4, 1965. Paper
No. 66—WA/UnT-1.

paper, as in the previous publications, is placed on suppressing
resonant vibratory motion by the optimal use of structural
damping,.

The structure considered 1s an infinitely long civcular cylindri-
cal sandwich shell. The sandwich shell is made up of two thin
face sheets, usually metal in practice, with a thick high-damping
core between them. The damping is provided primarily by
the core, which must be a double-purpose material with both shear
stiffness and shear-damping properties. Both the facings and the
core are elastic materials with linear structural damping The
sandwich configuration represents one of two configurations that
were found to be most efficient for damping in the study on plates
[1, 2]. The other was the sandwich plate with lightweight core,
e.g., honeycomb, and with damping layers applied to the surfaces.

The problem considered in this paper can be stated formally
as that of a damped cylindrical sandwich shell subjected to a time-
harmonic radially symmetric pressure. The pressure is assumed
to vary sinusoidally in the longitudinal direction. The primary
objective is to determine quantitatively the damping effectiveness
of various materials when used as cores in the sandwich shell and
to show how their effectiveness varies with frequency, wave-
length, and geometric parameters.

While the shell is assumed to be infinitely long, it will be seen
that the results apply immediately to a finite-length shell simply
supported at the ends. Also, the response to a pressure of any
longitudinal variation can be obtained from the results of this
problem by superposition.

Nomenclature
x, 0 = coordinates in longitudinal direction; wavelength fi = load
and circumferential direc- parameter m;j, kij, ¢;; = inertia,elastic,and damping
tions, respectively p = pressure coefficients
t = time hy, ke = one-half core thickness, fac- M,,(,, I, = generalized mass, damping
w, @ = angular frequency, fre- ing thickness coefficient, and force
quency parameter p1, p2 = core density, facing density ® = normal mode number
u, w, ¥ = displacement at middle sur- h = h+h ¢,, @, = normal coordinate, ampli-
face in longitudinal direc- E, v, @ = elastic constants tude of normal coordinate
tion;  displacement at , 7, G = damping constants W = dimensionless radial dis-
middle surface in radial Ter ™ _ density, thickness, and elas- placement
direction;  rotation of rm, 7| tic-property ratios
normal i'f the longitudi- d = thickness ratio Subscripts
nal direction 7,8 = damping-loss factors
a = radius of cylinder middle k = shear coefficient 1,2 = core, facings
surface z; X; = displacement; amplitude 1, j = displacements, forces
I, A\ = wavelength in longitudinal of displacement r, 8, p = modes
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AXISYMMETRIC
LOADING

Eig. 1

Infinite cylindrical sandwich shell and loading

Equations of Motion

The equations of motion for the forced, axisymmetric vibra-
tions of a damped sandwich cylinder, as shown in Fig. 1, have
been obtained by modifying the displacement equations of motion
for the free vibration of an undamped sandwich cylinder as given
by Yi-Yuan Yu in [5]. These equations have been modified by
adding a time-harmonic forcing function acting in the radial
direction, and by replacing the real material constants with com-
plex constants. The latter modification properly introduces
linear structural damping in the case of forced vibrations under
simple harmonic motion.

The pertinent equations for the shell with thin face sheets are
equations (18) of [5]. The first modification requires the addition
of a term p(z, t) = p(x)ei”’ on the left-hand side of the second of
equations (18). The terms of this equation represent force
components per unit area in the radial direction.

The second modification is made as follows: The stress-strain
equation for each layer of the damped sandwich cylinder can be
written

o, = (Aue, + Anep) + #(Bue, + Bisep)
o9 = (Amne, + Aneg) + {(Bae, + Baneg) (1)
T = AssY:e + iBwYze

In equations (1), both the A and B may be frequency and tem-
perature-dependent quantities. The manner in which these quan-
tities vary with temperature and frequency is quite different for
different materials. Therefore, in the present derivation we shall
assume for generality that they are constants, and for specific
cases later, we use the appropriate values for the temperature and
frequency ranges concerned. We shall let

An=E By, = E
A‘z = EV Bn = E_ﬁ (2)

A33=G B33=G-

In equations (2), E is in the simplest cases Young's modulus
divided by (1 — »?) where v is Poisson’s ratio. In some cases,
however, it varies with frequency [6]. If the elastic constants of
equations (18) of [5] are replaced by complex constants whose
real and imaginary parts are given by equations (2), we obtain for
the three governing equations of motion:
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) 2h; 1
2(E]hl + Ezhz)u + E1 '_3_ + 2Ezh1hzh ; l,’/”

1 -
+ 2(Ewihy + EzVahz) z w' + 21:(E1h1 + Eahz)u'

i 2h,3 a4 1 T = 1
+ 1 (El ? + 2E2h1h2h> ; IP” + 2 Eivihy + EaVohs) ; w’

i Ohy? 1
= 2(p1h1 + pzhz)u + <p1 ? + 2pzh1hl;h> '(; d’ (30)

2]\71G1h1(\1/, + w") e 2(E1V1h1 + Ezllghz) %’u’

1 =
= 2B + Baa) — w + 2k Gha(§ + w)

— 1 _
— 2(Emih + Eavohs) ; w' — 2i(Eh + Ezha) % w
+ p(x)e’® = 2(pihy + peho)id  (3b)

2h 3: v
(El ?‘ § 2E2h,hgh)<1—;— d ;b") — 2kGiha(Y + w')

o = 2m® u’ .
+ 13 <E, -+ 2Eahlh2h><—a + W) — 2k Cihed(P + w')

3
2hy? i,
= (Pl % + 2P2h1h2h)<l; + ‘#) (8¢)

where dot (*) means derivative with respect to time and prime
(") means derivative with respect to the longitudinal coordinate =.
Here, also, the subseript 1 refers to the core while the subseript 2
refers to the faces of the sandwich. The coefficient k is a shear
coellicient whose exact value is determined in [5] by matching
the simple thickness-shear frequency calculated from the sand-
wich-shell theory with that from the theory of clasticity. The
value of k; is usually near unity; in fact it is shown in [5] that if
piha/paha > 2, we may take k = 1 without appreciable error.
We set

2
p(x) = posin %r z (4)

where | is the wavelength. Then the equations of motion can be
reduced to ordinary differential equations by the following sub-
stitutions:

w(x, t) = u(t) cos 2T1r T
w(z, t) = w(l) sin %” z (5)

Wz, t) = Y(t) cos 2;_r z

The equations of motion are more useful in dimensionless form.
We therefore introduce the ratios

oo, kB -

i P 4 h S 1 2—G1
G E, E,

Bi = = = = =22

1= Mty mTgm (6)
hy 2ra P2

d=— XN=— = — qw?
a ! E2aw

With the foregoing ratios substituted into equations (3), and after
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some manipulation, the equations can be written in the following

form:

3 3
> omgE; + Y (k4 i)z = fie®t i=1,2,3 (7)

j=1 i=1

where
My = Myj, ki = kijy Cji = Cyj
The coefficients are given by the following expressions:
2Q

my = Mae = —— (1 4 o1 )d
.pw2

Mz = Mz = 0

Mz = My =

20
—— (1 4+ 3ron(1 4 1))
3rpw?

Ad
kn = 2(n + ran)

7

A
ki = —2(ron + ravary,) 7f(
2 N3
ks = = [+ Bran(1 4 1)) —
3 s

d
ky = 2[kA? 4 (1 + rary)] =
2

A
Y.
T2
2 A2d® d
ks = — [+ 3rary(1 + )] — 4 2k —
3 72 T2
A\
en = 2(qry + narery) T
N
e = —2(nmP + naraVar,) N
; 13\2
Gz = [7'1 + 3 L I'zl'h(l + 7'h):| f i
3 n
cn = [2kN%; 4+ 2(mr + narary)) ’i
2
Py
ey = 2k "—d I
Ty
A dd
e = W+ Znran(L + 1) - 4 2k
p) T2

The dimensionless displacements and loadings are

u(t)Es,

r = h=20
Dot
w(t)E,

12=w(): fr=1
Dot
tE')

o YOB
Po

(8a)

(8b)

(8¢)

(8d)

The quantities m;;, ¢;;, and k;; are thus functions of the elastic
properties (71, 72, ¥1, ¥2) as well as of the damping-loss coefficients
(11, 12, and &), the damping-coupling coefficients (¥; and 7,), the
density parameter (r,), the geometric parameters (7, and d), the
wavelength parameter (), the shear coefficient (k,), and the fre-

quency parameter ().
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Solution for Radial Displacement
Exact Solution

With the equations of motion reduced to ordinary differential
equations, we can obtain an expression for the radial displace-
ment in a straightforward manner. As a solution to equation (7)
we let
(9)

x; = 1\7,'3"',[

where X; is complex. Substitution into equation (7) yields
3
Z: {(k” - wzm.;j) + 'l'C,')‘} Xj = fi, T = 1, 2, 3 (10)
i=1

The solution can be developed more conveniently from this
point using matrix algebra. Introducing the following matrices
defined by their zth, jth-terms

kij — wimg; — (Bl X; — {XR} + (X7}

(11)
o [C] fi—~ {f}
Equation (10) becomes
(B +deN({xe} + i x7) = {1} (12)

Expanding the left-hand side of equation (12) and equating real
and imaginary parts, we can write

[51e]l5] - 5]

If we denote the inverse of the 6 X 6 matrix of real coefficients by

(13)

— =1
G w
we have for the solution for the 7th-displacement
|Xi[* = (X + (XiP) (15a)
or
3 2 3 2
b= (5 )+ (5 o) 0w

Using f; from equations (8d), and denoting the amplitude of the
radial displacement | X2| as W, we can write

wE

Pot

W = = (Az.s? + Goa?)/ (16)

Approximate Solution

In many practical cases the normal modes are only slightly af-
fected by damping. In such cases the response can be determined
from a simpler calculation. If we express the displacements in
terms of the normal mode numbers ®;(” and the normal coordi-
nates ¢,(¢) we can put the equations of motion, equations (7), in
modal form by following the standard procedure. Thus we ob-
tain the following three modal equations replacing equations (7):

3
M, + wMg, + 14 Y, Cug, = L™ r=1,2,3

s=1
where
3 3
Cu= 3, Y, e B @,
i=1 j=1
3 (17)
rr = Z f‘.@'.(r)

=1

and M, and w, are the rth generalized mass and natural frequency,
respectively. As a solution to equations (17) we let
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Table 1

Facing material

Young’s modulus, E* psi..............
Extensional damping modulus, E, psi....
Extensional loss factor, n...............
Poisson’sratio, v............. ...
Density, p, Ib-sec?/in.t.................

Core material

Shear modulus, G, psi.... _.............
Shear damping modulus, G, psi.........
Shear loss factor, 8. ...................
Poisdon’s 1atio; ¥. o i v wunnssiasan i i
Density, p, lb-sec?/in.4.. ...............

g = Qi) (18)

With equation (18) substituted into equation (17), and with w
equal to one of the natural frequencies, say, w,, the first two terms
of the pth of equations (17) cancel. If, in addition, the motion is
assumed to be entirely in the pth-mode, then ¢, = 0 for s # p, and

the pth-equation reduces to
1C,,Q e @rt=#n = T elvt (19)

Thus we find that ¢, = m/2 and

3
Z fi@sm
— T,
Q= 55+ = (20)
Z Z ci; B P, "pp
i=1 j=1

If the normal modes are normalized with respect to the radial
displacement x,, then the radial displacement at the pth-reso-
nance, W, becomes simply @,:
wh, |
Pot

Q, =W, = (21)

It has been shown [7] that if the damping matrix is a linear
combination of the mass and stiffness matrices, then the normal
modes of undamped vibration are unaffected by damping. In
such cases the radial displacement given by equations (20) and
(21) is exact.

For nonresonant vibration, structural damping usually has a
negligible effect. Thus, if we neglect the damping terms of
equations (17), we obtain the following solution using equation
(18):

T,
Qr =

- —1 )} = ll 2’ 3
M(w? — w?) :

(22)

With the modes normalized with respect to the radial displace-
ment », the nonresonant radial displacement is simply

3
=3 Q (23)

r=1

Thus equations (21) and (23) form an alternate solution to equa-
tion (16) for caleulating the radial displacement; equation (21)
for resonant vibration and equation (23) for nonresonant
vibration.

A common measure of damping effectiveness is the quality
factor of the system. For the rth-mode, this factor is given by

w,2M
Crr

QF = (24)

Numerical Examples

Numerical calculations were performed for two sandwich
cylinders with quite different high-damping materials as cores.

Journal of Engineering for Industry

Table of material properties

Example A Example B
steel steel

........ 30 X 108 30 X 108
........ 108 100
........ 0.0033 0.0033
........ 0.3 0.3
........ 7.8 X 1074 7.8 X 10—

Polymer Elastomer
........ 10¢ 102
........ 102 50
........ 0.1 0.5
........ 0.4 0.4
........ 1.4 X 10~ 1.1 X 10~

These calculations illustrate the effectiveness of typical damping
materials for controlling the resonant vibrations of a shell.

In the first case, labeled example A, the core was given proper-
ties that are typical of a high-damping polymeric material.
These properties were obtained by taking representative experi-
mental data from [8]. These properties approximate those for
polystyrene and some methacrylates. The elastic and damping
properties for the facings, which are steel, were also obtained from
experimental data of [8].

In example B, the same steel facings were used but the core
was given properties representative of an elastomeric, or rubbery
material. These properties correspond to experimentally derived
data on butyl rubber and Thiokol rubber. The significant ma-
terial properties for both shells are summarized in Table 1. Notice
that while the stiffness and damping moduli of the elastomer are
much lower than those of the polymer, the loss factors of the
elastomer are much higher. The significance of this is seen later
in the results.

The geometric properties used were as follows:

hs 2ra

2
— = 0.045 — =010 =—17=1.0
a h] 0 l

Thus the total shell thickness 2(1, + hz) was one tenth of the
radius and the core was ten times as thick as the facings. The
half-wavelength 1/2 was equal to 7 times the radius.

The radial displacement parameter W is plotted against the
forcing frequency parameter ) for example A in Fig. 2. Shown
for comparison (as a dashed line) is the response curve for the
shell with the damping moduli set equal to zero. The curve for
example B is of similar shape. Several observations regarding the
response can be made from these curves:

(a) While the sandwich shell under a longitudinally sinu-
soidal loading has three degrees of freedom and three natural
modes, there are only two peaks in the response curve, This is
because only two natural modes, the lower two, involve the radial
displacement. This is clear from an examination of the natural
modes, which are shown in Fig. 3 for example A. The
natural modes for B are quite similar.

(b) The undamped natural frequency parameters (£2,) for
the steel/polymer shell (example A) and the steel-elastomer shell
(example B) are shown in the following:

Q, X 10—
B

Mode No.
1 23.60 22.53
2 53.14 52.64
3 148.8 64.43
1t is seen that only the third natural frequencies are substantially
different. Examination of the associated mode shapes gives an

explanation for this. In the first two modes there is relatively
little shear deformation while the third mode is predominantly
shear. Thus the shell with the stiffer core, shell A, has the higher
third natural frequency.

(¢) The peak values of radial displacement are as follows:
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Fig. 3 Axisymmetric modes of vibration for an infinite cylindrical sand-
wich shell
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The results indicate that core A (polymeric) is more effective for
suppressing vibration in this particular example for wavelength
A=1.

(d) A comparison of the response of the structure with damp-
ing and without damping shows that damping becomes significant,
only near resonance. This indicates that for nonresonant vibra-
tions, damping will not reduce the vibration amplitudes sig-
nificantly.

(e) The circles in Fig. 2 give the peak response as calculated
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of an infi cylindrical sandwich shell
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Fig. 4 Variation of natural frequency with wavelength for an infinite
cylindrical sandwich shell—example A

by the approximate formula, equation (20). These values are

practically the same as the exact values.

The response curve in Fig. 2, the mode shapes in Fig. 3, and the
foregoing discussion are all associated with wavelength parameter
A = 1. Figs. 4 through 6 show how the response varies with wave-
length of applied load. Figs. 4 and 5 give the variation in natural
frequency with wavelength and Fig. 6 gives the variation in the
damping effectiveness with wavelength as measured by the ratio
of Wax to the static value Wy This ratio is numerically equal
to the quality factor of the system, which is given by equation
(24).

Some points worth noting regarding these results are as follows:

(a) TFor example B, the curves for natural frequencies corre-
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Fig. 5 Variation of natural frequency with wavelength for an infinite
cylindrical sandwich shell—example B

sponding to the modes identified in Fig. 3 as 2 and 3 actually
cross, so that for long wavelengths (A < 0.85) the thickness shear
mode, formerly the third mode, becomes the second. The
possibility of this occurring was pointed out previously by
Yi-Yuan Yu [5]. It can be accounted for in this case by the low
shear modulus of the elastomeric core in shell B. Note also that
at A = 0.85 the two modes have the same natural frequency.

(b) The quality-factor curves for the two shells are quite
similar in shape. The curves show that shell A is superior for
suppression of resonant vibration for any wavelength.

(¢) The response curves show, as expected, that mode 2 be-
comes highly suppressed at short wavelengths; (QF). small for
large N\. As shown in Fig. 3, this mode is largely lateral shear
deformation. Owing to the large shear-damping capacity of the
core, this deformation is heavily damped.

(d) Tt is well known that the resonant amplitudes of vibration
(or quality factors) of actual structures cannot be predicted
accurately by a theory such as the present one which considers
only material damping, since an additional amount of damping of
possibly the same order of magnitude as the material damping
can result from friction in bolted or welded joints, shear in the
adhesive between the core and facings, and so on. However, the
importance of the present results is that they indicate the re-
ductions in resonant vibration (for example, as measured by the
QF, or quality factors) that are possible resulting from material
damping alone. By comparing the QF for the damped sandwich
shell, Fig. 6, with the theoretical QF for conventional structures
not especially designed for damping (which have been calculated
to be of the order of 10* for homogeneous shells and 10? for
honeycomb sandwiches), we can measure the effectiveness
of the present design concept. Such a comparison shows that the
present configuration, with QF of about 102 gives at least an
order-of-magnitude reduction over conventional structures.

The discrepancy between theoretical values such as those ob-
tained here, based only on material damping, and measured QF
seems to be from one to two orders of magnitude, depending on
the nature and amount of friction in the structure. If the present
results are to be used in connection with design, this fact should
be taken into account on the basis of experience or tests pending
analytical examination of the problem.
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Fig. 6 Quality factor versus wavelength for an infinite cylindrical sand-
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Conclusions
This paper has accomplished the following:

It has presented a solution for the steady-state response of a
damped cylindrical sandwich shell under a radially symmetric
time-harmonic pressure.

It has given a formula for the approximate calculation of
resonant peak responses, based on the classical mode shapes, and
demonstrated its accuracy in some typical cases.

It has illustrated, by way of examples, the relative responses of
cylinders with polymeric and elastomeric cores, also including the
effects of these core materials on natural frequencies and modes.

With the reduction of radial displacement by means of damp-
ing established for the axisymmetric modes, the authors intend
to extend the analysis to the study of lobar modes and ultimately
to the determination of the reduction resulting from damping of
sound radiation from sandwich cylinders submerged in fluid
media.
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