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model considers the effect of elastic and translational motions of the beam on each
other. The properties of the eigenfunctions of a fixed-free beam are exploited to
obtain closed-form expressions for several domain integrals that arise in the model.
It is shown that neglecting the effect of elastic motion on the rigid body motion

leads to inaccuracies in positioning control. Issues associated with the feedback
control of such a beam are discussed.

1 Introduction

Modeling issues associated with flexible links in translational
motion and with a prismatic joint at one end have been re-
ceiving attention lately. It is usually assumed that translating
flexible links can be modeled as beams in flexure with fixed-
free end conditions [1-5]. Tabarrok et al. [1] presented certain
properties of the mode shapes of fixed-free beams in flexure,
as the beam length varies, and these properties are often ex-
ploited in deriving the dynamic models for systems containing
translating flexible links. The dynamic model of a manipulator
consisting of a translating flexible link was presented in [2, 3]
that considered the spatial variation of the trial functions, and
a similar approach was pursued earlier in [5] for modeling the
deployment of the SAFE extension mast from a spacecraft. A
lumped mass formulation of an emerging/retracting beam from
a rotating base is proposed in [6]. A recent approach in [7]
presents a continuum model for a problem similar to that in
[6]. However, the model in [7] does not reduce to that in [1]
for the no spin case and when fixed-free eigenfunctions are
used in the assumed modes method.

The effect of flexible motion on the translational motion of
the link was not studied in the above investigations. All these
approaches are limited to the case where the translational ve-
locity and acceleration are prescribed a priori. While rigid body
motion was considered prescribed in the past, recent research
[8, 9] indicates a growing interest in investigating the effect of
elastic motion on the rigid body motion. It is especially im-
portant in the area of robotics where an accurate dynamic
model is important for closed-loop control. It will be shown
here that neglecting the effect of elastic motion on the trans-
lational motion of a link results in pointing inaccuracies in
manipulators.

Consider the mechanism shown in Fig. 1. It consists of a
rigid support and a flexible link that slides in and out of the
support. We assume that the beam was uniform mass and
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stiffness properties and denote the translational velocity of the
beam by L. It is clear that at any instant, a part of the beam
is outside the rigid support and is free to vibrate, while the
remaining part of the beam is inside the support and is re-
strained from vibrating. As the beam is extended (positive L
in Fig. 1), the length of the vibrating section of the beam
increases, while that held inside the rigid support is reduced
(vice versa if the beam is retracted); but the total length of the
beam remains constant.

We denote the total length of the beam by L, and the length
of the beam outside the support by L and assign the spatial
variable x to denote the material point on the outside part of
the beam. Let x=0 and x= L correspond to the fixed and free
ends, respectively. Now, the part of the mean outside the
support can be modeled as a fixed-free beam at any time
instant. The flexibility in the beam is described by the Euler-
Bernoulli model.

2 Properties of the Eigenfunctions of a Fixed-Free
Beam

The boundary value problem associated with a uniform beam
with an end mass is defined by

L)O —_—

Fig. 1

A beam with a prismatic end condition
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EIu"" (x) —hou(x)=0 €))
with the associated boundary conditions
u@)=u’(0)=0
Elu”(L)=0
Elu" (L)= ~M,w'u(L) )]

where, EI and p are the stiffness and mass per unit length,
respectively, M, is the end mass, and u(x) is the elastic dis-
placement of a point along the beam with spatial coordinate
x. Primes denote differentiation with respect to x.

By solving the eigenvalue problem, the characteristic equa-
tion is obtained as

1+cosBLcoshBL = MZ‘" (sin 8L cosh BL
o
—cosBLsinhBL) (3)

and the eigenfunctions associated with each of the solutions
of the characteristic equation are given by
¢e(x, L) =C,[(cos 8,x— coshf,x)
+A,(sinBx—sinh Bx)] (@)
where,
Ao
64251’ )
_ sinf, L —sinh 3,L

= 6
" cosB,L +coshB,L ©
and C,’s are the normalization constants obtained from
L
S idjdx+Mb;(L)d; (L) =0 M
0

where, §;; is the Kronecker delta. The natural frequencies are
obtained from the relation w*=A\.

If such a system is under deployment, i.e., a flexible beam
is used to deploy a satellite or a payload, the length of the
flexible beam will be changing at the deployment rate. The
frequencies of the beam also undergo a continuous change.
This can be seen by differentiating the characteristic equation,
Eq. (3), with respect to the instantaneous length L of the beam
to obtain

e

ANy Me) |
dL oL
pL?

It can be seen that the rate of change of the eigenvalues of the
beam is dependent on the instantaneous beam length L. The
same conclusions can be drawn for the mode shapes, Eq. (4).
The expression for de¢,(x, L)/dL is very complicated and hence
it not given here.

If eigenfunctions are used in the expansion of a deploying
beam in a multibody dynamics formalism, the time rates of
change of the eigenfunctions will be needed as well. However,
if the endmass is absent, Eq. (8) becomes

dn d

4L dL (BL)=0 )
which implies that the eigenvalues A\ are independent of the
length L, or the variation of 8’s and the natural frequencies
w’s are given by

M, 2sin 8L sinh BL
oL (sinfL coshBL —cos BL sinh BL) 8)
AM,

ag -8 d do —2w

——=— —_——— 10
a- L " aT L (19

A closed-form solution for w is given by
w(L)=D/L? 11

where the length dependency of the frequencies is stated ex-
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plicitly and D =w (L) L3 is a constant. It can then be shown,

for such beams, that the normalization constants
C,=1/~/pL for all the eigenfunctions, and also that
dé,(x, L) -1 x do,(x, L)
—_ e , L)y -— ——— 12
dL 2L e L= (12)

where, the length L on the right side of Eq. (4) is also treated
as a variable in obtaining the above result. Because of the
simplicity of the eigenfunctions of a fixed-free beam with no
end mass, and the associated properties given by Egs. (9-12),
the use of these functions as admissible function is more at-
tractive than using the exact eigenfunctions in an assumed
mode expansion for flexible beams deploying payloads. This
is because these trial functions display the length-varying prop-
erties, and their use results in a set of equations that is an order
of magnitude less complex than the equations with the exact
eigenfunctions. Hence, the eigenfunctions of a fixed-free beam
(Eq. (4) with C,=1/+/pL) will be used as the trial functions
in the derivation of the dynamics as described in the next
section.

3 Equations of Motion

_ Consider a beam moving longitudinally with a velocity of
L, with one end free and the other end connected to the base
with a prismatic joint, as shown in Fig. 1. Denote the elastic
displacement of a point A along the beam by u(x, L, ¢), where
the dependency on the length is made explicit and the material
point is defined with respect to the (instantaneous) fixed end.
Then, x=0 and x=L correspond to the fixed and free ends,
respectively. The total displacement of a material point A with
respect to the fixed-end then has the form?

r={(x+w(x, L, ))i+u(x, L, 1)} (13)
where w(x, L, t) describes the shortening of the projection
[8]. Assuming that the vibration in the longitudinal direction
is negligible, w(x, L, t) has the form

1 X
w(x, L, t) = —55 (u' (&, L, 1)*d¢ (14)
0
The absolute velocity r of the material point with respect to
an inertial frame is:

F=Li+w(x, L, i+u(x, L, 1)j (15)
The kinetic energy can be obtained as
1 1 S N
KEz—Si'.'r dm==(m +ME)L2+—S Perr(W (x, L, )
2 2 3J,
+2Lw(x, L, t)+u*(x, L, ))dx (16)

where Lyis the total length of the beam, p is the mass per unit
length of the beam, m=pL;is the beam total mass, M, is the
endmass and pr=p+M(x—L), where o represents the
Dirac-delta function.

Using the method of assumed modes, the displacement can
be expressed in terms of the instantaneous eigenfunctions of
a fixed-free beam, given by Eq. (4), as

N
u(x, L, )= be(x, L)1y (2) an
r=1
where u,(t) are the time-dependent amplitudes and N is the
number of terms retained in the expansion. The shortening of
projection then has the form
X

1 N N
w(x, L, )= ‘E.Z 21) Soqs;(sz LYo/ (¢, Lydui(£)u(2).
i=1j=
(18)

*Bold characters denote vectors and i and j are the unit vectors.
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The time rate of change of the elastic displacement can be
obtained by differentiating Eq.-(17) with respect to time as
N
. d .
x, L, t)= — (¢, (x, LY)u (8) +d.(x, LYu,(t)]. (19
u( ) §<dt(¢( Nu (1) + dr( )()) (19)

r=1

Note that u (x, L, t) represents the velocity of a material point
at a distance (L —x) from the free end. The expression for d/
dt (¢>,(x, L)) then is
(¢>r(x L))= ——¢>r(x, L) + (L=x)¢/(x, L). (20)

The expansion in Eq. (19) can be used to obtain the time rate
of change of foreshortening, which, along with Eq. (20), can
then be substituted into Eq. (16) to obtain the kinetic energy.
Since w(x, L, ¢) contains terms quadratic in u,(¢), w*(x, L,
t) contains higher order terms in u,(f), and assuming that the
elastic displacements are small, terms of order higher than
quadratic in u,(¢t) or u,(¢) will be neglected.

At this stage, it is helpful to introduce the following defi-
nitions to improve the clarity in further development.

Lio , 1 ,
Mrs: SO <_E¢)r+ (L"“x)(t)r) <_E¢S+ (L_x)qu)peffdx

=Mm+j’¢,<L)¢S(L) @1
L 1
N,s=§ ¢,<—§¢s+(L~x)¢s’>peffdx
0
.M
=Nrs_7€¢r(L)¢)s(L) (22)
L
S,S:LS Py (L—X); b1 dx
0
(23)

= Srs
The terms independent of the endmass are represented by a
hat () in the above equations. At the outset, it may appear that
these integrations must be carried out for all possible lengths
of the beam. However, it can be shown [1] that the matrices
M, N, and § are constants are are independent of the length
L, mass density and stiffness (if they are not functions of x),
and if the eigenfunctions are normalized according to Eq. (7),
for fixed-free beam eigenfunctions. Hence,
ers_ dNrs_%" 0
dL  dL dL
In addition, the values of the eigenfunctions at the tip are
given by

(24)

_ 1)r+1 (25)

2

$(L) ==

Vel

Thus, no additional domain integrations need to be per-

formed at each time step during either control or simulation.

The matrices M, N, and S are tabulated in [7] for a uniform

beam.

Substituting Eq. (25) into Egs. (19)-(23) and the result into

Eq. (16) the Xinetic energy can be obtained as

1 3 i+
KE=E(m+ML,)L2 ZZ(U -1) f>uu,

3
+§Zizz (Mj+5ij)uiuj+z ZZ (Nji=Sip)uiu;  (26)

The potential energy is given by

L
PE:-ZI—S EI(u")dx 27N
0

Note that the w’s correspond to the instantaneous length of
the beam. Substituting Eq. (17) in Eq. (27), we obtain
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PE== E whid? (28)
Using Eq. (11) in Eq. (28) we obtain
1 2
E=>r3 Z DA, (29)
The Lagrangian £ is formed as
L=KE-PE (30)

The equations of motion can be obtained in the standard
form using Lagrange’s equations. The independent variables
are: the beam length L, and the modal amplitudes u;, u, ...,
Up.

Assuming that control force for the rigid-body motion ma-
nipulation of the beam is provided inside the ‘“built-in’’ end
as shown in Fig. 1, the virtual work is obtained as:

SW=FGL (31)

where § represents the variation, and F is the control force.
Using Eqgs. (26), (29) and (24), and the Lagrange’s equations,
the equations of motion are obtained as

m+M,+— ! Zi +8;; -I-K( O Y uu, | L
12 M;;+.5; it

+-1~ZZ Nji= 8= (= 1"

1 .

ll,‘l}j

M. L
“(— 1)’“} Uill;

A . . M, .
+— M+ Si+— (=" |y,
13 Y. N132
—ZZZS,-ju uj— _ZF ul=F (32)
im1j=1
for the translational motion of the beam, and
N s N
4M, . L N a
B, (-1 |+ = N,;—S,;
P R >V
oM. . 2N .
e -1 r+i ; e -1 r+i .
LD } Z{ ) }u,
N
2M,
+2= Z[ 1)I‘+I}
r=1,2..N (33)

for the flexible motion coordinates. Note that Eq. (33) agrees
with the elastic motion equations in [1] in the absence of an
end mass.

It can be observed that it is important to include the geo-
metric stiffening effect in the dynamics, because its contri-
bution, as indicated by the S;; terms, is of the same order as
M;; that is due to the coupling between the deployment and
vibrational motions.

Equations (32) and (33) represent a set of coupled nonlinear
equations. These equations clearly demonstrate the effects of
elastic and translational motions on each other. It can be seen
that no domain integrations need to be performed to evaluate
these terms, no eigenvalue problem needs to be solved as the
length varies and that the dynamic model does not contain any
time-varying coefficients.

Note that the dynamics of a telescopic boom can be similarly
formulated with the mass and stiffness densities p and EI
replaced by p(x, L) and EI(x, L), respectively. The equations
of motion will be more complicated because the variation of
integrals in Eqgs. (21)-(23) with respect to the length L must
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Fig. 2 An open-loop force profile
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Fig. 3 Translational velocity during during deployment, N=2and N=3

now consider an additional term that corresponds to dp(x,
L)/dL and the derivaties of kinetic and potential energies will
contain the terms dp(x, L)/dL and dEI(x, L)/dL. Explicit
expressions for p(x, L) and EIl(x, L) will be required if the
evaluation of domain integrations at each time step is to be
avoided when solving the equations of motion.

4 Numerical Example

We consider a uniform beam whose dimensions are the same
as in [8]. It is 3.657 meters (12 ft) long (L,=3.657 m) and has
a 15.24%0.952 cm (6% 3/8 in) cross section. The unit mass
and stiffness are p=4.015 kg/m (5.823 x 10™* Ib.s*/in?) and
EI=756.65 N/m” (263672 1b.in?%), respectively. Its transverse
vibration in the thickness direction is of interest. The first three
solutions of the characteristic equation are: 8L =1.875105,
4.694092, and 7.854758. We investigate the deployment and
retraction maneuvers with and without feedback control.

4.1 Deployment and Retraction Without Feedback Con-
trol. We first consider the case of beam deployment (L >0)
with no endmass. The deployment specification is that the
beam be extended exactly 1.0 m in 20.0 s and that there be no
translational motion after the deployment. An open-loop con-
trol can be easily realized so that these requirements are met.
Such a force profile is shown in Fig. 2. The initial length of
the vibrating section of the beam is L(0)=L,/2=1.8288 m,
and L(0) =0 at t=0. The first three natural frequencies of such
a beam for L =1.8288 m are: 14.4326, 90.4476, and 253.2557
rad/s. It was reported in [10] that initial tip displacement
strongly demonstrated the coupling between the elastic and
rigid-body motions. Hence, we consider the deployment with
an initial tip displacement of §=35 mm. The elastic curve of
the beam can be obtained from statics as

Y(x)= —8xX*3L—x)/2L°, 0<x<L (34)

The initial values for the amplitudes u,(f) can be obtained
from
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The tip is then released. The initial energy in the system is
solely due to the elastic motion, and is calculated from

N
Ezé Z; [2(0) + w? (LO)uX(0)] (36)

as 4.6177x 1073 and 4.632x 1073 Joules for two and three
terms in the modal expansion, respectively. It is not possible
to compute the energy in each mode for ¢#0 because of the
coupling between the elastic and rigid-body motions. The
translational velocity, the instantaneous vibrating length of the
beam, and the tip displacement are shown in Figs. 3, 4, and
5, respectively, for N=2 and 3. It can be seen that two modes
are sufficient to represent the elastic motion and that the elastic
motion has a significant effect on the translational motion of
the beam. The transfer of energy between modes does not
appear to be as significant as that of the transfer from the
elastic motion to the translational motion. Also plotted in Figs.
3 and 4 are the counterparts in the absence of the effect of
elastic motion on the rigid-body motion.

The total energy after the open-loop maneuver is 1.972x 10?
Joules and it is the same for both the N=2 and N=3 cases.
The first three frequencies of the beam for L =2.9006 m (for
N=3 and at t=25 s) are: 5.737, 35.953, and 100.67 rad/s.

Next we consider the case of retraction of the beam (L <0),
also with the endmass. The initial length of L(0)=L, and
L(0)=0. The first three natural frequencies for L =L, are:
3.6082,22.6119, and 63.3139rad/s. An open-loop force profile
is synthesized for the retraction of this beam that, in the absence
of elastic effects, results in a retraction of exactly 1.0 m in
20.0 s such that L (z=25)=0. This open-loop force profile is
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also shown in Fig. 2. Initial tip deflection is provided as in the
previous case, except that 6=14.142 mm so that the initial
energy in the system is the same as in the deployment case.

The translational velocity L, the length of the vibrating sec-
tion of the beam and the tip deflection are plotted in Figs. 6,
7, and 8, respectively. The effect of elastic motion on rigid-
body motion is once again apparent. The total final energy is
8.695x 107 % and 8.706 x 103 Joules, for N=2 and 3, respec-
tively. The frequencies of the beam at =25 s (for N=3) are:
6.442, 40.363 and 113.035 rad/s.

It can be observed from Figs. 3 and 6 that extension time
reduced and retraction time increased due to the effect of
flexible motion in the translation. This is due to the ‘‘pull”
exerted by the elastic motion on the translational motion and
is always directed away from the fixed end. Hence, the exten-
sion velocity increased and the retraction velocity reduced. This
fact is even more striking during retraction (Figs. 6 and 7).
The translational velocity gradually reduced to zero and then
became positive, i.e., the beam starts to move out. In the
absence of any active control force, the beam continues to be
“‘pulled’’ out.

The amplitude of the flexible motion increased during de-
ployment and decreased during retraction. This can be anti-
cipated because the beam becomes ‘‘softer’’ as the length
increases and ‘‘stiffer’’ as the length reduces. The increase in
the spacing of the oscillations in Fig. 5 and the reduction in
the spacing in Fig. 8 can be observed, which are due to the
“‘softening’’ and “‘stiffening’’ of the beam, respectively.

Also, note the difference in the energy levels in extension
and retraction after the open-loop control ceased. Although
the initial energy levels are the same, the final energy in re-
traction is higher than that in extension by an order of mag-
nitude. As stated before, the effect of vibration is to increase
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Fig. 9 Tip deflection with an endmass

the translational velocity during extension and reduce it during
retraction. Hence, more energy is trapped in the elastic motion
during the retraction of the beam.

We next present the case of the deployment of a beam with
a tip mass, using the eigenfunctions of a fixed-free beam as
the trial functions, for the same deployment profile used in
Figs. 3-5. The tip displacement is plotted in Fig. 9, for M,=2
kg and M,=4 kg and with N=2 during deployment. It clearly
demonstrates that the frequencies reduce as the tip mass in-
creases.

4.2 Feedback Control of Elastic Motion. A simple de-
centralized control of the elastic motion is now considered.
Let the actuator locations be denoted by x,; (i=1, 2, ..., N,},
where N, is the number of actuators. The decentralized control
law is of the form [11, 12]

F'i: o;ilU (xab t) +6,'l.l (xais t) (37)
where, o; and §; are the feedback gains associated with jth
actuator. The modal forces are obtained from

Ng

Si= 2| FiS = xa90tx, Lax

i=1

(33)

Using Egs. (17-20) in the above, the modal forces can be
written as:

N N ) L N
fr= Byu;+ Zc,juj+z > Dy (39)
Jj=1 j=1 Jj=1

where,

Na
Brj= Z 0fid)r('X.ai)qu(x‘"‘) ’

i=1
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Na
Ci= D Bitoy (Xai) i (Xai)
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NH

Drj = Z ﬁid)r(xai)

i=1

1
<_E¢j(xai) + (L —Xu) 8} (xai)> (40)

Note that if the actuation is through a distributed actuator,
the summation in Eq. (40) will be replaced by integration, and
if o= and B,‘ = ﬁ, then B,-j = a&,j, C,j = ﬁﬁrj and Drj = BNrj- Also
note that closed-loop poles cannot be evaluated because of the
nonlinear coupling between the elastic and the rigidbody mo-
tions.

1t should be mentioned that although «; and 8; may be chosen
as constants, By, C; and D,; change continuously. The exten-
sion and retraction cases are revisited with this feedback with
two actuators located along the beam, one at the tip of the
beam and the other at x=L/2 at t=0. The initial conditions
for these cases are the same as those for the earlier cases and
with no endmass. The tip deflection is plotted in Figs. 10 and
11, respectively, for the deployment and retraction cases for
o;=—1.0 and ;= —-0.5 (i=1, 2) and for N=2. The marked
improvement is apparent. Note that because the initial energy
in the system is required to be the same both during deployment
and retraction, and since the beam initial frequencies during
retraction are smaller than those during deployment, the tip
displacement is correspondingly larger during retraction.

5 Discussion
A complete dynamic model for a translating flexible beam
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deploying a payload from a fixed base is presented. The model
considers the effects of translational and elastic motions on
each other. The properties of the eigenfunctions of a uniform
fixed-free beam are exploited in the dynamic model. Their use
as trial functions for beams carrying a tip mass is shown to
eliminate the need to evaluate various domain integrals that
arise in the equation of motion, at every time step. The equa-
tions of motion for the translational and flexible motions,
derived from a Lagrangian analysis, are shown to be nonlinear,
coupled and time-varying. However, the time-dependence of
various terms is made implicit using the properties of the ei-
genfunctions.

Although the characteristic of elastic motion (frequencies
and eigenfunctions) change as the length varies, it is shown
that energy conservation is achieved, in the absence of damping
and external forces, by redistribution of the energy between
the elastic and translational motions. The amount of energy
in the system is used as an indicator for measuring the effect
of elastic motion on the translational motion of the beam.
Numerical simulations presented show the transfer of energy
between elastic and translational motions to be more significant
than that between the various modes. It is demonstrated that
the effect of elastic motion on the translational motion is
significant and cannot be neglected when trajectory tracking
or accurate positioning of the end is desired.

The length-varying nature of the eigenfunctions is considered
in a decentralized control law investigated for controlling the
elastic motion. The deployment is achieved through open-loop
control. The closed-loop poles cannot be obtained for this
system.
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