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Abstract— This paper investigates time-optimal current tra-
jectory of an interior permanent magnet synchronous motor
(IPMSM) and achievable performance limitations. The analysis
with linearized IPMSM model shows that time-optimal trajectory
under voltage limit has g-axis current undershoot, d-axis current
overshoot, and torque overshoot/undershoot. These achievable
performance limitations are verified with final-state control which
desribes current response under the voltage limit with linear
matrix inequalities.

I. INTRODUCTION

Interior permanent magnet synchronous motors (IPMSMs)
are widely used for industrial applications owing to high
efficiency and high power density. In order to reduce the size
and improve the efficiency of IPMSM, high speed operation is
desirable. However, quick torque response is difficult in high-
speed region because the inverter output voltage is limited.
Therefore, a quick torque control method under the voltage
limit is required.

Many feedback control methods had been proposed. Mod-
ulation index feedback control methods [1], [2] modify d-axis
current reference with feedback controller so that torque tracks
reference under voltage limit. Voltage phase control methods
[3], [4] control the torque by the voltage phase only under
the voltage limit. In order to achieve quick torque control,
a feedforward control method is essential. Model predictive
control [5], [6] can consider the voltage limit easily and
optimize output trajectory. [7] derives a voltage limiter which
maximizes the torque response under the voltage limit by using
Lagrange multiplier. In [8], current trajectory is optimized
based on calculus of variations. [9] optimizes the torque
response of IPMSM by using dynamic programming and
Pontryagin’s maximum principle. However, in past researches,
achievable performance limitations of torque trajectory and
current trajectory under voltage limit are not analyzed pre-
cisely.

The authors proposed feedforward current control in flux-
weakening region for a surface permanent magnet synchronous
motor based on final-state control [10]. This control method
describes current response with linear matrix inequalities
(LMIs) [11] and derives time-optimal current trajectory by
solving these LMIs. Moreover, the authors analyzed the de-
rived current trajectory using the voltage limit circle with
transient term and showed that g-axis current undershoot and
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d-axis current overshoot are essential for quick response. How-
ever, this method cannot analyze torque response of IPMSM.

On the other hand, the authors proposed a model-based de-
sign method of the voltage phase controller using a linearized
transfer function from the voltage phase to the torque [12].
Utilizing this linearized transfer function, torque trajectory can
be analyzed.

This paper analyzes achievable performance limitations of
current trajectory and torque trajectory with zeros of linearized
transfer functions. This analysis shows that time-optimal tra-
jectory cannot avoid d-axis current overshoot, g-axis current
undershoot and torque undershoot/overshoot. Moreover, in this
paper, time-optimal current trajectory and quasi time-optimal
torque trajectory are derived based on final-state control. Sim-
ulation results and experimental results of these trajectories
verify analyzed achievable performance limitations.

II. MODEL AND DISCRETIZATION
The voltage equation of IPMSM in dg-axis is given by
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where vq, Vg, %4, i¢, L4, and L, are the d- and g-axis voltages,
currents, and inductances, R is the stator winding resistance,
we 1s the electric angular velocity, K. is the back EMF
constant, V, is the voltage amplitude, and ¢ is the voltage
phase. The torque 7. is represented by

T, = Kuiiq + Kyvigiq. A3)

where K, := PK., K, := P(Lq—L,), and P is the number
of pole pairs.

In order to discretize a plant, a zero-order hold is generally
applied. However, in the case of single-phase inverter, it cannot
output arbitrary voltage. Therefore, in order to control instan-
taneous values precisely, the zero-order hold is not suitable.
When the pulse is allocated in the center of the control period
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T, a precise discrete time plant model in which the input is
ON time of the pulse can be given by discretizing based on
PWM hold [14].

(1) is discretized based on PWM hold. Here, it is assumed
that the speed variation during one control period can be
neglected. Hence, the back EMF w. K. can be presumed as
the zero-order hold. The PWM hold model of IPMSM is given
as

zlk + 1] = Ag(we)z[k] + Bs(we)AT[k]

+ B82 (We>vemf (We)a (4)
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As(we) = eAC(we)Tuv Bs(we) = eAC(we)%Bchcv
B (we) = A (we) (eA“("JE)T“ - I) B, C,:=C,,

where V. is the dc-bus voltage of a three-phase inverter,
AT = [AT, AT, and AT,, AT, are the d-axis and g¢-
axis ON time.

III. ANALYSIS WITH LINEARIZED MODEL

Under the voltage limit, the control input is voltage phase
only but the relationship between currents and voltage phase
is nonlinear. Therefore, in order to analyze current response
under the voltage limit, the voltage equation of IPMSM is
linearized.

The linearized model of IPMSM in which the inputs are the
voltage phase ¢ and the voltage amplitude V, is expressed as

follows: [12]
Aig | _ [ APi(s) APp(s) | [ AV, (6)
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where Vg0, 00, %40, and ig4, are the voltage amplitude, the
voltage phase, the d-axis current, and the g-axis current on
the equilibrium point (z = 0).

The zeros of APi5(s) and APay(s) are represented by (7)

and (8), respectively.
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The voltage phase control operates within monotone increasing
range between torque and voltage phase. If the stator winding
resistance R can be neglected, the average torque 7, is
represented by
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From this equation, the monotone increasing range is [—7/2
7/2]. In the flux-weakening region, L < W, and R < We.
Therefore, during motoring mode (0 < 6, < 7/2), APlg( )
and A P55(s) have a stable zero and an unstable zero, respec-
tively. This means that current trajectory under voltage limit
has two achievable performance limitation: trade-offs between
d-axis current overshoot and settling time and between g-axis
current overshoot and settling time. In particular, AP;5(s)
has a slow stable zero in low-speed and low-torque region
and time-optimal current trajectory has large d-axis current
overshoot under the voltage limit. On the other hand, in
flux-weakening region and high-torque region, AP53(s) has a
slow unstable zero. Therefore, time-optimal current trajectory
cannot avoid large g-axis current undershoot.

Similarly, torque response under the voltage limit is ana-
lyzed. The torque can be linearized as

Te = Teo + (Kmt + Krtido)Aiq + Krtiquid; (10)

where T, is the torque at equilibrium point. From (6) and
(10), the linearized transfer function from the voltage phase
to the torque is experessed by
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A zero of APTQ(S) is expressed by ZT2 = _bT20/bT21«

However, it is a complex nonlinear function of the operation
point. Thus, the value of the zero is given by numerical
calculation. The result is shown in Fig. 1. Here, Table I
illustrates the nominal parameters of the test.

As shown in Fig. 1, the value of the zero depends on the
operation point. Fig. 1 demonstrates that the plant has a slow
unstable zero in high-speed and high-torque region and time-
optimal torque trajectory cannot avoid large undershoot. On
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TABLE I
PARAMETERS UNDER THE TEST.
d-axis inductance Lg 0.671 mH
g-axis inductance Lg 1.69 mH
Resistance R 140.2 mQ2

Pairs of poles P 3
Back EMF constant K, 44.25 mV/(rad/s)
Inverter dc-bus voltage V. 36.0 V
Maximum modulation index M ax 1.15

the other hand, at low-speed and low-torque region, the plant
has a stable zero but it is fast. Therefore, time-optimal torque
trajectory has small overshoot.

IV. CONTROL SYSTEM DESIGN

The block diagram of the control system is described as Fig.
2. This control system consists of the 2-DOF control system.
Each control method uses the same feedback controller C[z]
and the different feedforward controller C' [z].

The current reference generator makes the d-axis and the
g-axis references which are a intersection point of constant
torque curve with MTPA curve or voltage limit ellipse.

All control input limiters are described by

AT'[k]
AT[k] = { [aT[k]]
AT[k]
where ATy, is the maximum value of dg-axis ON time
vector amplitude and AT'[k] is the limiter output.
Ab.(:= 0.5w.T,,) in the space vector modulation (SVM) is

the sampling error compensation for the dg/2-phase transform
[15]. Here, T, is the control period.
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Fig. 2. Control System

The FB controller C]z] is represented as

Csls] = [ Calz] 0 } 7

0 Cqlz] (12)

where Cyz] and Cy[z] are the d-axis and g-axis current
FB controllers. These controllers are designed without taking
decoupling term in consideration. Therefore, the plant models
of d-axis and g¢-axis current FB controller designs are obtained
as
iy 1 g 1
v, Lgs+ R’

=" 13
v Last R 13)

respectively. Cy(s) and C,(s) are designed with the coefficient
diagram method [16]. By discretizing Cy(s) and C,(s) by
Tustin transform with the control period T;,, Cy[z] and C,[z]
are given. Here, if |AT[k]| > ATy ax, anti-windup control is
applied to Cy[z] and C,[z] [17].

A. Method 1 (Simple inverse system)
The inverse system of the PWM hold model is obtained as

AT 4[] = — B () Ay (ool + BL M (we )i [
- Bs_l(we)Bﬂ(We)uemf(WE)-

From this stable inverse system, the FF controller C1[z] is
designed. Therefore, if the plant is nominal and the control
input is not limited, C'1[z] assures the perfect tracking at the
sample time. Here, xo[k] := [iao[k] iq0[k]]” in Fig. 2 is the
nominal output which takes the input limit in consideration.
If the control input is limited, &[k] is not the same with the
current reference delayed one sample %[k — 1].

(14)

B. Method 2 (Optimal current trajectory) [10]

The final-state control transits an initial state to a final state
by prescribed time interval [13]. Here, the final-state control
considering the voltage limit is expressed as a programming
problem whose evaluation function and constraint functions
are quadratic function and quadratic inequality in the form of
LMI. The FF controller C[z] generates FF input by solving
these LMIs.

From PWM hold model of IPMSM, the final state x[N] is
represented with the initial state x[0] as follows:

Y =3U (15)
Y = :(;[N] — AéN:E[O] — E2Uemf (16)
5= [AVB, AV B, B,| (17)
= [AY 1B, AY B, By| 9

T
U = [ATT(0] ATT[1] - ATT[N — 1] (19)
Ueng = [ 05, o0, vl vyl o)

Here, it is assumed that w, is constant in this derivation.
The FF input series U which satisfies (15) is not determined
uniquely. Thereupon, the square sum of the current error is



minimized. The cost function J is represented by

J=ETQE, Q>o0, (21)
E:=1I"— Az|0] - BU — ByU.py, (22)
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Moreover, (4) is controllable. Thus, X is full row rank.
There, =+ € R2V*X(2N-2) and =T ¢ R2V*2 which fulfill
>3t = 0and =X = 1 respectively are defined. U is
described by

U= =40, U=[Y q], 27)

where ¢ € RZN=2)%1 jg a free parameter.
By substituting (22) and (27) to (21), the cost function J is
transformed as follows:

J = R(q) + 5" (9)QS(q), (28)
Z:=TI" - Az[0] - BE'Y — BoU, s, (29
R(q) = 2"QZ -22"QS(q), (30)
S(q) := BX*q. €Y

With LMI, the condition which satisfies J < « for provided
v is given by (32) [18].
7—Rlg) S@7
S(@) @

Next, the voltage limit is described with LMI. The voltage
limits at each sampling point are described as

> 0. (32)

AT [K|AT[k] < AT?

ax (k=0,1,--- N—-1). (33)

Here, g(i) € R2*2N (i := 2k + 1) of which (1, 4) th and (2,
i+ 1) th entries are 1 and other entries are 0 is defined. g(7)
separates input vector AT'[k] as follows:

ATk = g())U(q). (34)
From (34), (33) is expressed as LMI
AT;.  Ula)"g(i)"
ol 1 =%

where it =2k +1, k=0,1,--- ,N — 1.

By minimizing v under (32) and (35), the FF input is
obtained. If the mininum prescribed time interval under (32)
and (35) is selected, the derived trajecotry is time-optimal.

C. Method 3 (Quasi-optimal torque trajectory)

It is desired that torque trajectory has no overshoot and no
undershoot. However, the analysis in section III shows that
time-optimal trajectory has an undershoot or an overshoot.
Therefore, the torque should be constrained.

(3) can be expressed as follows:

% ][4]
0 lq

The coefficient matrix is not positive definite. Thus, the torque
of IPMSM cannot be represented with LMI though the lin-
earized torque which is described as (10) can be expressed by
LMI. An overshoot and an undershoot happen around the final-
state and the initial state, respectively. Therefore, an overshoot
and an undershoot can be suppressed by LMIs which constrain
linearized torques around the final state and the initial state
with little modeling error.

With the linearized torque around an initial state, the con-
straint function for a torque undershoot is represented by

sgn(Ty — Te[0]) {(Kme + Kreia[0])iq(q)[k]
+ K, 1iq[0]ia(q)[k] — Ky4ia[0]ig[0] — Te[0]} > 0.

. T
T, = Kpyig + { Zd } { (36)

q

(37

Similarly, by using the linearized torque around the final state,
the constraint function for a torque overshoot is described by

sgn(T¢ — Te[O) {T7 — (Kt + Krtig)ig(q)[k]
—Kvigia(q)[k] + Knigig} > 0.

By minimizing v under (32), (35), (37), and (38), the FF
inputs for quasi-optimal torque trajectory can be derived.

(38)

V. SIMULATION

The achievable performance limitations are discussed with
simulation results. The parameters of simulations are the same
as explained in section III. In order to suppress model error,
d-axis and g-axis references are selected from torque reference

as the voltage amplitude on steady-state is within 0.95V, yax

(Vamax == \/gv;c Max)- The control period T, is 0.1 ms.

Simulation results of method 1, method 2, and method 3
at 2000 rpm are reported as Fig. 3, 4, and 5, respectively. In
method 2 and method 3, the prescribed time interval N is
chosen to be minimum (Method 2: N=27, Method 3: N =
30). Therefore, the derived trajectories are time-optimal. The
dotted lines in Fig. 3(d), 4(d), and 5(d) describes the maximum
modulation index Mp,.x. Tp is the nominal torque which is
calculated with the nominal output x.

From the analysis in section III, at 2000 rpm, AP;s(s),
APyy(s), and APrao(s) have a stable zero, an unstable zero,
and an unstable zero, respectively. Method 1 causes a little
g-axis current undershoot and a little torque undershoot. How-
ever, it does not cause d-axis current overshoot. Therefore, it
cannot achieve quick response due to the trade-off between
d-axis current overshoot and settling time. On the other hand,
method 2 succeeds in minimizing the settling time. It makes
the large d-axis current overshoot, the large g-axis current
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Fig. 5.

undershoot, and the large torque undershoot. Method 3 sup-
presses the torque undershoot but the little torque undershoot
happens due to linearized error. Compared with method 2,
the d-axis current overshoot and the g-axis current undershoot
decrease and the settling time increases. These simulation
results correspond with the analysis in section II and it is
confirmed that current response and torque response under the
voltage limit have achievable performance limitations.

VI. EXPERIMENT

Experiments were performed in the same condition as
simulations. In method 2 and method 3, FF inputs cannot be
derived during one sampling period (0.1 ms). Therefore, FF
inputs which are the same with simulations were calculated by
off-line. If the nonimal output does not reach the final state
during the prescribed time interval due to speed variation, FF
inputs are generated in the same way as method 1.

Fig. 6, 7, and 8 describe experimental results of method 1,
method 2, and method 3 at 2000 rpm, respectively. Tracking
errors between the plant outputs and the nominal outputs
happen due to the modeling error though all experimental
results are exactly similar to simulation results. The current
trajectory of Method 1 has no d-axis current overshoot and
a little g-axis current undershoot. Therefore, the settling time
is the longest due to the trade-offs. Method 3 shortens the
settling time with the little torque undershoot because the
d-axis current overshoot is happened. Method 2 achieves
the shortest settling time. It makes the large d-axis current

Simulation results (Method 3, N=30).

overshoot, the large g-axis current undershoot, and the large
torque undershoot.

As with simulation results, experimental results show
achievable performance limitations of the current trajectory
and the torque trajectory.

VII. CONCLUSION

This paper analyzes the achievable performance limitations
of the current and the torque by using zeros of linearized plant
models. The analysis shows that the time-optimal trajectory
under the voltage limit cannot avoid a g-axis current under-
shoot, a d-axis current overshoot, and a torque overshoot or a
torque undershoot.

The time-optimal current trajectory and the quasi-optimal
torque trajectory are synthesized based on the final-state
control. Simulation results and experimental results verify the
achievable performance limitations of the time-optimal trajec-
tory. The quasi-optimal torque trajectory which suppresses the
torque undershoot under the voltage limit lengthens the settling
time because the transfer function between torque and voltage
phase has an unstable zero. Real-time calculation of the
proposed methods is difficult. However, the proposed methods
reperesent current response under the voltage limit with LMI.
Therefore, optimal current response under the voltage limit
can be calculrated easily with an inter-point method.

In future work, the constraint condition of the torque is con-
sidered more precisely and the time-optimal torque trajectory
is derived.
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