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Forming Limits of a Sheet
Metal After Continuous-Bending-
Under-Tension Loading
Forming limit diagrams (FLD) have been widely used as a powerful tool for predicting
sheet metal forming failure in the industry. The common assumption for forming limits is
that the deformation is limited to in-plane loading and through-thickness bending effects
are negligible. In practical sheet metal applications, however, a sheet metal blank nor-
mally undergoes a combination of stretching, bending, and unbending, so the deforma-
tion is invariably three-dimensional. To understand the localized necking phenomenon
under this condition, a new extended Marciniak–Kuczynski (M–K) model is proposed in
this paper, which combines the FLD theoretical model with finite element analysis to pre-
dict the forming limits after a sheet metal undergoes under continuous-bending-under-
tension (CBT) loading. In this hybrid approach, a finite element model is constructed to
simulate the CBT process. The deformation variables after the sheet metal reaches steady
state are then extracted from the simulation. They are carried over as the initial condition
of the extended M–K analysis for forming limit predictions. The obtained results from
proposed model are compared with experimental data from Yoshida et al. (2005,
“Fracture Limits of Sheet Metals Under Stretch Bending,” Int. J. Mech. Sci., 47(12), pp.
1885–1986) under plane strain deformation mode and the Hutchinson and Neale’s
(1978(a), “Sheet Necking—II: Time-Independent Behavior,” Mech. Sheet Metal Form-
ing, pp. 127–150) M–K model under in-plane deformation assumption. Several cases are
studied, and the results under the CBT loading condition show that the forming limits of
post-die-entry material largely depends on the strain, stress, and hardening distributions
through the thickness direction. Reduced forming limits are observed for small die radius
case. Furthermore, the proposed M–K analysis provides a new understanding of the FLD
after this complex bending-unbending-stretching loading condition, which also can be
used to evaluate the real process design of sheet metal stamping, especially when the ra-
tio of die entry radii to the metal thickness becomes small. [DOI: 10.1115/1.4023676]

1 Introduction

Forming limit diagrams (FLD) have been an indispensable
assessing tool in practical applications to assess sheet metal form-
ability. Due to its important applications, many theoretical and nu-
merical models have been developed in an attempt to provide
fundamental understanding of its physical implications and pre-
dict FLD from mechanical principles. Most of the models define
the forming limits as the onset of localized necking under biaxial
deformation, an instability phenomenon. Only in-plane deforma-
tions are considered, with the assumption that the sheet metal is
undergoing plane stress deformation and without through-
thickness bending.

One of the first theoretical models to predict formability of
sheet metal was proposed by Hill [1], where it was assumed that
the existence of a zero-extension direction is the necessary condi-
tion for localized necking to occur, which corresponds to the left-
hand side of FLD. After that, Keeler and Backofen [2] conducted
extensive forming limit tests and measurements for a wide variety
of sheet metals, with focus on different steel grades. They con-
cluded that localized necking is also possible for a sheet metal
under biaxial stretching where zero-extension direction does not
exist. He promoted the practical use of FLD on die tryout shop as
the criterion for checking the potential splits.

To overcome the difficulty of predicting and understanding the
localized necking phenomenon under biaxial stretching condition,
Marciniak and Kuczynski [3] introduced an initial band of imper-

fection into the sheet metal in the form of thickness reduction as a
tool to trigger the deformation instability. Under such nonhomo-
geneous assumptions for sheet metal, localization occurs naturally
as the sheet deforms under the entire range of biaxial loading,
including on the right-hand side of FLD. This line of analysis is
often referred as M–K analysis.

Furthermore, Storen and Rice [4] introduced the vertex theory
of plasticity into the instability analysis of sheet metal necking,
and were able to predict the forming limit over the entire range of
the biaxial strain ratios. They showed that the J2-Deformation
theory of plasticity is a simplified version of the vertex theory
under certain assumptions.

Both Vertex-theory analysis and M–K models were extended
by Hutchinson and Neale in their three papers [5–7]. Referred as
the long-wavelength analysis in these papers, the M–K method is
further developed by assuming the rotation of weak band in sheet
metal when proportional loadings are applied. This development
not only unifies the left-hand side and right-hand side of FLD, but
also introduces physical-based minimum energy principle in the
prediction of formability.

In practical sheet metal applications, the deformation is invaria-
bly three-dimensional. A sheet metal blank normally undergoes a
combination of stretching, bending, and unbending. Attempts to
formulate a forming limit diagram incorporating three-
dimensional stress states have been made by various researchers.

McClintock et al. [8] investigated the localized necking phenom-
enon in plane strain mode under bending moment with constant
tension condition. Both isotropic and kinematic hardening models
were used in their analysis. Shi and Gerdeen [9] studied the effect
of strain gradient and curvature on forming limit diagrams for ani-
sotropic sheets using strain gradient theory. Assempour et al. [10]
modified M–K analysis to include the effect of normal stress on the
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prediction of the forming limit diagrams. Eyckens et al. [11] pro-
posed an extended M–K model for anisotropic sheet subjected to
monotonic strain paths with through-thickness shear. More gener-
ally, Triantafyllidis [12] and Triantafyllidis et al. [13] studied the
development of shear bands in a plate subject to pure bending. All-
wood and Shouler [14] proposed a generalized forming limit dia-
grams model with nonplanar stress states for incremental forming
process, which showed a significantly increased formability. Xia
and Zeng [15] proposed a forming limit under stretch-bending theo-
retical prediction model based on the instability analysis using de-
formation theory.

However, quantitative predictions remain elusive as compared
to a body of work on the experimental front [16–19], especially
when the bending radius is small relative to the thickness of the
sheet metal.

With increasingly extensive use of higher strength steels in
automobiles for weight reductions, more accurate forming limits
are needed due to the decreased formability of higher-strength
steels for assessing the forming process and die design. The bend-
ing effect becomes especially important. Furthermore, smaller die
radius is preferred in die and punch design to reduce springback,
which in turn results in more significant bending effect.

The motivation of this paper is to build on this insight and
extend the M–K analysis incorporated with finite element model
for the prediction of the right-hand side FLD after the sheet metal
undergoes continuous-bending-under-tension (CBT) deformation.
We focus our attention on the forming limits where the bending is
limited to the direction of major strain. The objective is to provide
a framework for the understanding of CBT effect on FLD and the
prediction of CBT-FLD for post-die-entry sheet metal.

In this study, a sheet metal flowing through the different die
radii is constructed in the finite element analysis (FEA) model.
The metal flow is limited to one loading direction while the minor
principal loading direction is assumed to deform under the plane
strain condition. After the sheet metal completely goes through
the die radius, the complete deformation state including strains,
stresses and hardening conditions across the thickness direction
are extracted from the FEA results. They are, in turn, used as the
starting input of the extended M–K analytical analysis. As a mat-
ter of fact, only the right-hand side of FLD is investigated in this
paper, and the plasticity theory with associated flow rule is
adopted to describe material deformation behavior under the con-
tinuous-bending-under-tension loading. It should also be noted
that material unloading and reverse loading are inherently a part
of the deformation process.

The obtained results from the proposed model show that CBT
process has a substantial impact on the formability of the post-die-
entry sheet metal due to nonuniform distributions of strain, stress,
and hardening conditions across the sheet thickness. For practical
applications, the sheet metal in general undergoes multiple bend-
ing, unbending, and stretching deformations, and it will have sig-
nificant impact on the final formability of the sheet metal.

2 Outline of the Technical Approach

When a sheet metal flows through the die radii in a real-world
sheet metal forming process, it undergoes continuous deformation
such as bending, unbending and stretching. Complex deformation
state is thus introduced with nonuniform stresses and strains
across metal thicknesses, contrary to in-plane deformation
assumptions that conventional FLDs are based.

The Marciniak-Kuczynski (M–K) model has proved to be a
powerful tool in analyzing forming limits under complex loading
conditions and understanding major factors in influencing forming
limits. In a sister paper [20] an extended M–K method was
developed to study the forming limits under the condition of
stretch-bending. The same approach can be adopted in principle
to investigate forming limits under CBT loading considered here.
However, the deformation history when a sheet metal goes
through a die entry radius is a much more complicated contact

problem, and analytical solutions are not readily available. To this
end, a hybrid approach is established here and it is outlined here
as a three-step process:

Firstly, a finite element model is constructed to simulate the
continuous-bending-under-tension process with a sheet metal
being pulled through a die entry radius. Simulation results for a
range of die entry radii can be readily obtained. We are interested
in the steady-state deformation results after the material com-
pletely passes through the die radius.

Secondly, the simulation results for the steady-state deforma-
tion are extracted. The results include all deformation variables,
including stresses, plastic strains, and all state variables across the
sheet metal thickness as well as current metal thickness.

Lastly, the extracted deformation results at the end of CBT
loading are carried over as the initial condition to M–K analysis.
A band of pre-existing imperfection in the form of a slightly
smaller thickness is introduced to enable the occurrence of local-
ized necking. Different strain paths are applied to cover the entire
range of the right-hand side FLD.

The flow chart in Fig. 1 illustrates the main framework of this
hybrid approach.

3 Finite Element Model

For simplicity, the CBT loading process is assumed under plane
strain condition, which is consistent with the draw-bend test
assumptions in experiment. The numerical simulation is con-
ducted with commercial FEM software Abaqus/Standard, and the
shell element S4R is chosen. Frictions are ignored in the FE model
since they do not fundamentally change the deformation behavior.
The punch and die are assumed to be rigid for the purpose of this
simulation. The 9-point Gaussian method is used in the shell

Fig. 1 Framework of the hybrid approach to evaluate the forming
limits of CBT loading
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element for through-thickness integration, and a mesh size of
0.1 mm is adopted in the model. Finer mesh size and more integra-
tion points are also investigated but simulation results remain
essentially the same. Hill’48 yielded a surface with transversely
isotropic r-values and isotropic hardening is assumed. The swift
equation of Eq. (1) is used for the effective stress-strain relation-
ship, the parameters of which are obtained from uniaxial tension
test,

YðeeÞ ¼ Kðe0 þ eeÞn (1)

The material parameters of DP600 are employed in this model.
e0 is initial elastic limit strain, which is valued as 0.002, K and n
are set as 945.5 and 0.22 in this study, and ee is defined as the
equivalent plastic strain.

A schematic setup for the sheet metal under CBT loading action
is illustrated in Fig. 2, where t0 represents the initial thickness of
the sheet metal with a fixed value 1.0 mm in the FE model. R is
the die radius for the sheet metal drawing process which is chosen
as 5, 10, and 50 mm in the FE model. As the sheet metal flows
through the die radius it is bent and stretched. It is then straight-
ened again under reverse bending moment when it is in the exist-
ing radius area. After the material completely undergoes the
bending, unbending, and stretching processes and reaches steady-
state deformation, deformation results from one section across the
thickness are extracted as the starting point of M–K analysis.

It should be noted that the above model ignored the frictional
effect and also does not contain any back forces in order to sim-
plify the complexity of the problem. Such frictional effect and
back-force effect can be easily incorporated in the model to more
closely reflect actual problems encountered in practical
applications.

4 Forming Limit Analysis After CBT Loading

4.1 Assumptions. In present study, the M–K model is gener-
alized to three-dimensional with deformation variables distributed
across metal thickness through Gaussian integration points. It ena-
bles the inclusion of the complex CBT effect on the forming lim-
its. The deformation state of each material point at the start of
M–K analysis is carried over from FEA simulations. Biaxial load-
ing is then applied to the sheet metal with the same incremental
in-plane strains at all material points through thickness.

As stated earlier, an imperfection region is introduced in the
sheet metal to facilitate the localization. As customary in conven-
tional M–K analysis, it is denoted as region “b” while the normal
area as region “a.” For both the normal area “a” and defect area
“b,” two necessary conditions, known as compatibility and equi-

librium are satisfied across the imperfection boundary, which can
be expressed as

Fa
x ¼ Fb

x (2)

Dea
y ¼ Deb

y (3)

On the right-hand quadrant of the forming limit diagram, the
imperfection band is always perpendicular to the major strain
direction. Since only the right-hand side of the FLD is studied as
stated earlier, both the strain of X and Y directions in this side are
positive.

4.2 Flow Theory Based Model. For the sake of simplicity
and consistency, the isotropic hardening assumption and Hill’48
yield surface are adopted in this analysis for both region a and b,
which are defined as

YððeeÞni
Þ ¼ Kðe0 þ ðeeÞni

Þn (4)

f ðrni
Þ ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðr2

xÞni
� 2r

1þ r
ðrxÞni

ðryÞni
þ ðr2

yÞni
þ 2ð1þ rÞ

1þ r
ðr2

xyÞni

r
(5)

The effective plastic strain at each Gaussian point ni is
expressed as ðeeÞni

. The same also applies to stress quantities
ðrxÞni

, ðryÞni
, and ðrxyÞni

. The initial values of those variables are
based on the output of the finite element model under the corre-
sponding ratio of radius and thickness. This also applies to materi-
als at both regions a and b.

According to Xia [21], the Hill’48 yield criterion also takes the
form,

f ðrni
Þ ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
3

2
rT

ni
Prni

r
� YððeeÞni

Þ (6)

where P is the anisotropic plasticity matrix. For transversely iso-
tropic yield with an average r-value, it is given by, under plane
stress condition,

P ¼ 2

3

1 � r

1þ r
0

� r

1þ r
1 0

0 0
2ð1þ 2rÞ

1þ r

2
66664

3
77775 (7)

The imperfection index can be defined with the thickness t0 and
t̂0 of regions a and b, respectively,

f ¼ 1� t̂0
t0

� �
(8)

Throughout the analysis a superscript ^ will denote quantities in
the groove (region b) of the sheet metal whereas the absence of
this symbol will refer to quantities associated with behavior in the
normal region (region a). The values of z are chosen as the posi-
tions of material points through the thickness on the Z axis.

Now M–K model analysis is applied to the CBT-affected sheet
metal. As outlined earlier, the stress, strain, and plasticity state vari-
able results as well deformed metal thickness of the last step in FE
analysis become the starting point for the necking analysis process.
Since the defect band is always perpendicular to the major strain
direction, the strain increment matrix can be defined as

De ¼ Dex

Dey

� �
(9)

Dê ¼ Dêx

Dêy

� �
(10)

Fig. 2 The schematic setup for the CBT loading process
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where Dex, Dêx are average tension strain increments in the two
regions of the sheet. They are related to Dey, Dêy through

q ¼ Dey

Dex
(11)

Dey ¼ Dêy (12)

where q is the strain ratio ranging from 0 to 1, corresponding to
the right-hand side of FLD.

For one incremental step loading, the strains can be expressed
as

eTþDT ¼ eT þ De (13)

êTþDT ¼ êT þ Dê (14)

Thus, the stress conditions at time step T þ DT and T are given as

ðrTþDTÞni
¼ ðr�Þni

� DðDeplÞni
(15)

ðr̂TþDTÞni
¼ ðr̂�Þni

� DðDêplÞni
(16)

ðr�Þni
¼ ðrTÞni

þ DDe (17)

ðr̂�Þni
¼ ðr̂TÞni

þ DDê (18)

Here D is the elastic matrix. From expressions (17) and (18)
above, two trial stresses are substituted into yield surface criterion
to check whether the material will be deformed elastically or plas-
tically. If under plastic yielding, the radial return method is
employed to integrate the plastic flow in conjunction with the
associated flow rule. Equations for plastic deformation can be
obtained as follows:

ðrTþDTÞni
¼ Iþ ðDeeÞni

3

2YððeeÞTþDT
ni
Þ

DP

 !�1

ððrTÞni
þ DDeÞ

(19)

ðr̂TþDTÞni
¼ Iþ ðDêeÞni

3

2YððêeÞTþDT
ni
Þ

DP

 !�1

ððr̂TÞni
þ DDêÞ

(20)

f ðrTþDTÞni
¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
3

2
ðrTþDTÞni PðrTþDTÞni

r
� YððeeÞTþDT

ni
Þ ¼ 0 (21)

f ððr̂TþDTÞni
Þ ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
3

2
ðr̂TþDTÞni Pðr̂TþDTÞni

r
� YððêeÞTþDT

ni
Þ ¼ 0

(22)

where ðeeÞTþDT
ni

, ðêeÞTþDT
ni

can be expressed as

ðeeÞTþDT
ni

¼ ðeeÞTni
þ ðDeeÞni

(23)

ðêeÞTþDT
ni

¼ ðêeÞTni
þ ðDêeÞni

(24)

Both equivalent plastic strains in two regions are accumulated
with the hardening effect step by step.

Then, with the relevant Gaussian weights wi and the number of
integration points (NIP), we have

Fa
x ¼

t

2
�
XNIP

i¼1

wi � ðrxÞni
(25)

Fb
x ¼

t̂

2
�
XNIP

i¼1

wi � ðr̂xÞni
(26)

XNIP

i¼1

wi � ðrxÞni
¼ t̂

t

� �
�
XNIP

i¼1

wi � ðr̂xÞni
(27)

If the above equations are rearranged, the model can be expressed
as

f ððr̂TþDTÞn1
Þ � YððêeÞTþDT

n1
Þ ¼ 0

f ððr̂TþDTÞn2
Þ � YððêeÞTþDT

n2
Þ ¼ 0

..

.

f ððr̂TþDTÞni
Þ � YððêeÞTþDT

ni
Þ ¼ 0XNIP

i¼1

wi � ðrxÞni
¼ ðt̂

t
Þ �
XNIP

i¼1

wi � ðr̂xÞni

8>>>>>>>>><
>>>>>>>>>:

(28)

By now, the numerical solution can be obtained through the
Newton–Raphson method.

The criterion for detecting the localized necking strain is such
that the average incremental tension strain ratio of inside and out-
side the groove reaches

Dêx

Dex
� 10 (29)

5 Results and Discussion

5.1 Results From Finite Element Models. To fully under-
stand the deformation behavior under CBT loading, we follow a
section of the sheet metal through its deformation history and
examine its stress and strain evolutions. With nine Gaussian inte-
gration points being employed across the thickness in the model,
we can trace each of them and get a full picture of the metal defor-
mation. Since every section of the sheet metal experiences the
same deformation when passing through the die radius, we only
need to focus on one section throughout its deformation history.
R/t0, the ratio of die radius to metal thickness, will influence the
magnitude of the deformation, but the behavior is qualitatively
same. Both the stress and strain conditions are recorded at each
Gaussian point across the thickness and throughout the deforma-
tion history (Fig. 3).

The typical strain evolution phenomenon under the R/t0¼ 5
condition is shown in Fig. 4, where the X axis is along the mate-
rial flow direction. It is evident that the existence of significant
strain differential across metal thickness due to the bending strain
under the bending process, followed by the unbending process
where the strains across the thickness become more or less equal as
the sheet metal gets straightened. The stretch process adds a tensile

Fig. 3 Schematic diagram of Gaussian material points through
the thickness direction
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component to their major strains across the thickness, which is con-
sistent with the experimental observation and understanding.

The stress evolution for R/t0¼ 5 is shown in Fig. 5. The defor-
mation history is more complex because of the loading/unloading
behavior. The sheet metal is bent when it enters the die radius,
resulting in compression stress on one side of the surface and ten-
sile stress on another side. It is then bent back when it passes
through the die radius exit and becomes stretched almost uni-
formly in the X axis direction, which reverses the stress conditions
across the sheet thickness and shifts the stress of middle material
layer to tension.

Since there is no friction assumed in the FE model during the
deformation process, the selected section surface force comes
from the contact between the sheet metal and the die. As shown in
Fig. 6, increased R/t0 value provides elevated section force in the
X axis direction, which means it imposes more stretch strains in
the sheet metal.

5.2 Validation of Forming Limit Prediction

5.2.1 M–K Model Validation for In-Plane Deformation. First
of all, the M–K analysis we developed is validated under in-plane
deformation assumption for conventional FLD. Hutchinson and
Neale [5] flow theory based long-wavelength (M–K) analysis
under no bending effect is chosen to compare the results on the
right-hand quadrant. For the purpose of consistency, the material
parameters in proposed model is set at K¼ 945.5 MPa, f¼ 0.01,

e0¼ 0.002, and the r-value¼ 1. Since no bending effect existed in
conventional M–K analysis, the initial stress, strain, and hardening
conditions are valued as zero and no FE model is constructed
before analysis.

As shown in Fig. 7, it seems that the four curves from those dif-
ferent models are perfectly fit with each other with the same mate-
rial mechanical properties description. Figure 12, below, provides
at least partial validation of algorithms and accuracy of the devel-
oped model.

5.2.2 M–K Model Validation Under Plane Strain Condition
From the Theoretical Side. According to the maximum force cri-
terion in Eq. (30), which was used by pioneer researcher McClin-
tock et al. [8], the FLD0 values under the plane strain deformation
mode are examined at first with different imperfection sizes in
proposed M–K analysis, where R/t0 ranged from 5, 10, 50 to
1000, n-value¼ 0.22, e0¼ 0.002, and r-value¼ 1. As stated ear-
lier, when R/t0 equals 1000 in our analysis, the initial stress,
strain, and hardening conditions are valued as zero and no FE
model is constructed,

@Fx

@ex
¼ 0 (30)

The results in Fig. 8 show the same trend of the CBT loading
effect on FLD0 values, which clearly decreases the FLD0 rapidly

Fig. 4 The strain distribution through thickness direction after
the material undergoes the die radius with R/t0 5 5

Fig. 5 The stress distribution through thickness direction after
the material undergoes the die radius with R/t0 5 5

Fig. 6 The force evolution under three different R/t0 values in
the x axis direction

Fig. 7 The validation of the extended M–K analysis model
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in small R/t0 values and seems to have no significant effect on the
large R/t0 values range. If the curve of the large imperfection size
shifts upward, the three curves can fit with each other reasonably.

5.2.3 M–K Model Validation Under Plane Strain Condition
From the Experimental Side. Similar trends of experimental
results can be observed in Yoshida et al. [22]; their experiments
were also performed and based on the plane strain mode named
three-point stretch bending test. The schematic of the stretch
bending test is presented in Fig. 9. The aluminum material 5182-
O (n-value¼ 0.233) was used to construct the experiment with
both L0¼ 118.4 mm and L0¼ 69.8 mm. Similarly, the ratio
between initial thickness t0 of the sheet and punch radius R are
used as a nondimensional bending index t0/R. The limit wall
stretch is used to value the ability of the maximum stretch length
Lmax for different L0 sheet metals. The results under plane strain
mode from the new proposed model with fixed n-value¼ 0.22,
K¼ 945.5 MPa, e0¼ 0.002, and r-value¼ 1 parameters are com-
pared with Yoshida’s experimental data from their original paper
in Fig. 11 below.

In their paper, Yoshida et al. [22] proposed the following
regression equation based on their numerical model and experi-
mental results:

Lmax

L0

¼ en þ ð1� enÞð1� e�ð0:4=nÞðt0=RÞÞ (31)

This equation fit the experimental data very well. Figure 10 shows
the comparison between the proposed model and Yoshida’s equa-
tion with the same n-value under the plane strain condition. The

same trend can be found in Fig. 10, and the curve under the
imperfection¼ 0 condition calculated through the maximum force
criterion (as stated in Sec. 5.2.2) seems very close to the results
from Yoshida’s equation.

Fig. 8 FLD0 values under the n-value 5 0.22 and three different
imperfection conditions

Fig. 9 The schematic of stretch bending test

Fig. 10 FLD0 values under the n-value 5 0.22 of proposed
model compared with the Yoshida’s regression equation with
the same n-value

Fig. 11 FLD0 values under the n-value 5 0.22 of proposed model
compared with the experimental results from Yoshida’s paper

Fig. 12 Forming limit diagram on the right-hand side under the
CBT loading condition with imperfection equal to 0.01
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The experimental results are compared with our model in
Fig. 11. The t0/R value is decreasing with the limit wall stretch in
Fig. 11, and the same trend of the t0/R value effect can be clearly
observed here, which provides another validation from the experi-
mental side under plane strain condition of the developed model.
The different n-value in model and stretch-bending-test material
may be the source for the small gap between the expected curves
and experimental data.

5.3 FLD Results From the Theoretical Model. Figures 12
and 13 show the results on right-hand side of the FLD, which is
based on the different imperfection sizes, but the same material
parameters, such as n-value¼ 0.22, e0¼ 0.002, r-value¼ 1, and
K¼ 945.5 MPa. It seems that the more CBT loading effect
imposed to the sheet metal the lower forming limits it can provide.
When we compare Figs. 12 and 13 at the same time, it is clear
that this kind effect is smaller under the f¼ 0.001 condition than
f¼ 0.01.

From Figs. 4 and 5 we can find that when the sheet metal flows
through the die radius under CBT loading condition, the strain

and stress distribution changes a lot following with the different
hardening effect on different material layers across the thickness
direction.

With the different hardening distribution across the thickness
direction after the CBT loading condition as illustrated in Fig. 14,
we can understand that the higher R/t0 ratio gives the higher hard-
ening condition in the sheet which reduces the ability of necking
resistance. The “harder” the material becomes, the lower forming
limits present, which illustrates the relationship between the hard-
ening condition and forming limit of the material under the CBT
loading process. As a result, the accelerated necking phenomenon
can be observed through CBT loading condition in the sheet metal
deformation process.

6 Conclusions

A hybrid approach to evaluate the forming limits of a sheet
metal after CBT loading has been proposed in this paper. It com-
bines a finite element analysis for the CBT process with a newly
extended M–K model incorporating through-thickness deforma-
tion. The results are first validated for in-plane deformations
against Hutchinson and Neale [5] long-wavelength (M–K) analy-
sis on the right-hand side. Furthermore, the experimental data
under the plane strain deformation mode of the aluminum material
5182-O from Yoshida et al. [22] is used to compare the predicted
results, and the same trend is observed based on the different ma-
terial parameters. Yoshida’s regression equation, which is based
on his numerical model and experiment, is used to compare the
results of our model with the same material parameters, and good
agreement is found under imperfection equal to 0. These results
are consistent with our expectations. All of the validations pre-
sented above are partially confirmed with the newly proposed
M–K analysis in this paper.

If we set the initial input of stress, strain, and hardening condi-
tions after the CBT loading as zero, the conventional FLD on
right-hand side can be achieved. Here, the common understanding
of FLD without bending effect is unified with the proposed CBT-
FLD for post-die-entry sheet metal. Furthermore, by using the
extended understanding from the CBT-FLD model, the stress,
strain, and hardening conditions across the thickness direction are
related with the forming limits under the continuous-bending-
under-tension process. This kind effect clearly decreases the FLD
of the post-die-entry material. It seems FLD is less sensitive in
small imperfection size, but the case is not true in big imperfec-
tion situation. This CBT-FLD model also can be used for evaluat-
ing the real process design of sheet metal stamping, especially for
the die-corner fracture. The extended M–K analysis provides a
consistent way to understand the localized necking phenomenon
under the three-dimensional loading condition, where only one
bending moment along the major loading direction is imposed.

It should be noted that the constitutive model employed in the
current study is the Hill’48 yield surface with transversely iso-
tropic r-values and isotropic hardening. Previous studies show
that the forming limit prediction is fairly sensitive to the material
models used. It will be of interest to extend the current framework
to other models.

(1) Nonquadratic yield surface models. Banabic et al. [23] pro-
vides an excellent review of the recently developed
advanced yield surface models. They should be readily ap-
plicable under the framework developed in this paper. It
will be interesting to see how these models will affect the
prediction of forming limits with continuous bending-
under-tension loading. Careful examinations should also be
paid to investigate the necking orientation when material
anisotropy is present.

(2) Anisotropic hardening models where kinematic hardening
is accounted for. Since the sheet metal undergoes multiple
loading-unloading-reverse loading during continuous bend-
ing-under-tension deformation, the predicted stress state

Fig. 13 Forming limit diagram on the right-hand side under the
CBT loading condition with imperfection equal to 0.001

Fig. 14 Illustration of the hardening distribution along the
thickness direction after the CBT loading condition for R/t0
equal to 50, 10, and 5

Journal of Engineering Materials and Technology JULY 2013, Vol. 135 / 031009-7

Downloaded From: https://materialstechnology.asmedigitalcollection.asme.org on 06/30/2019 Terms of Use: http://www.asme.org/about-asme/terms-of-use



after such deformation will be significantly affected by the
hardening models used in the simulation. Therefore, it is
expected that the predicted forming limits will show some
sensitivity. Further studies will clarify their influences.
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