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In this work, we consider the control of platoons of cooperating
nonholonomic vehicles. Using techniques based on redundant ma-
nipulator control, the platoon is treated as a single entity with a
set of platoon-level objectives. The class of tricyclelike robots,
with limits on steering and speed, is chosen because it represents
a vast class of real, nonholonomic vehicles beyond the basic dif-
ferential drive. The method presented uses platoon redundancy to
limit the impact of vehicle constraints on the platoon-level objec-
tives. A simulation study is presented to show the efficacy of the
method. �DOI: 10.1115/1.2168159�
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1 Introduction
Control of platoons of cooperating vehicles is a challenging

problem. When those vehicles are nonholonomic, the difficulties
are compounded. In this work, we present a nonholonomic vehicle
platoon controller based on the algorithm developed in �1�. The
approach proposed in this paper has the benefit that it does not
require unit-level path planning or any specification of the final
formation of the platoon. This method shares some of the desir-
able characteristics of behavior-based systems �such as that of �2��
in that the platoon formation will be determined by the environ-
ment to some extent, although the systems-theoretic framework
guarantees system stability and performance. The proposed
method allows for limits on achievable speed, steering angle, and
steering rate. Related work on cooperating nonholonomic mobile
robots can be found in �3� for manipulators and �4� for strict
platoon formation control based on graph theory.

The remainder of this paper is organized as follows: Section 2
contains details of the kinematics model used, and Sec. 3 covers
the basic controller. Section 4 contains simulation results for a
platoon of eight vehicles following a moving target under kine-
matic constraints. Section 5 offers conclusions and future work.

2 Nonholonomic Vehicle Model
The basic vehicle model that will be considered in this work is

a tricycle drive, as shown in Fig. 1, where the steering angle is �,
the body heading is �, vehicle length is d, and the location of the
vehicle is �x ,y�, defined at the tip.

Vehicle kinematics are given by
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ẏ
� = r��cos�� + ��

sin�� + �� �
�1�

�̇ =
r�

d�1 + tan2��

2
− ���1/2

=
r�

d
sin���

where r is the radius of the front wheel and � is the angular
velocity of the front wheel �which can be positive or negative,
allowing backing�.

In order for this model to be representative of a large class of
nonholonomic vehicles, the speed of the units �r�� was assumed
to be bounded in absolute value to 1.0 m/s and the steering angle
� was limited to a range of ±� /4, with a wheel radius r of 2.5 cm
and a body length d of 25 cm. Assuming a desired velocity for the
vehicle point, �ẋd , ẏd�, the vehicle controller is given by
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where K� is a gain for the steering control and 
�̇ 
 �40 rad/s.
This unit-level controller is not intended to achieve set-point

regulation, only to attempt to match an underlying velocity vector
field. It can be shown that the convergence will be achieved if the
derivative of the desired heading angle along a minimum-radius
path of the vehicle is less than the body angular velocity over that
arc �dictated by the maximum speed and steering angle�. Details
are excluded for brevity. The platoon-level controller that follows
is designed to utilize the redundancy of the platoon to overcome
the difficulties associated with the nonholonomicity.

3 Platoon Controller
The basic platoon controller used was originally developed for

holonomic vehicles. Details can be found in �1�, but a brief over-
view is warranted.

3.1 Base (Holonomic) Controller. The holonomic-unit
swarm controller regulates platoon-level functions, such as mean
and variance, while still allowing the individual units some degree
of autonomy. This controllerf, based on redundant manipulator
methods such as those discussed in �5� for manipulators and in �6�
for mobile systems, has proven to be an extremely effective tech-
nique for platoon control �1�.

Given a platoon of n holonomic vehicles, the 2n-dimensional
state is given by q= �x1 ,x2 , . . . ,xn ,y1 ,y2 , . . . ,yn�T. Given an
m-dimensional platoon-level function of the state f�q�, the unit

velocities are related to task space velocities by ḟ�q�=J�q�q̇,
where J�q� is the Jacobian of the platoon function

J�q� = �
�f1�q�

�q1
· ·

�f1�q�
�q2n

·

·

�fm�q�
�q1

· ·
�fm�q�
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In Eq. �4�, we see a simple and useful task function f�q�. The
mean determines the platoon position while variance dictates the
spread of the elements without explicitly defining each unit’s po-

sition
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For a large platoon, the number of state variables will be greater
than the number of task variables in f�q�. Although each unit is
constrained by the platoon-level function, there are an infinite

Fig. 1 Basic nonholonomic vehicle configuration
number of possible configurations for the platoon that still achieve

fail of obstacle avoidance, in order to better evaluate the efficacy
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the desired task profile. A basic gradient projection controller �5�
can be used to control the platoon in a centralized manner �1�

q̇ = J+�K�fd�q� − f�q�� + ḟ d�q�� + �I − J+J�v �5�

where J+ is the pseudoinverse of J given by JT�JJT�−1 , K is a
controller gain matrix, fd is a desired task function trajectory, and
v is an encoded secondary task projected onto the null space of
the primary task using �I−J+J�. The secondary task v can be any
velocity-based objective �7,8�. The controller uses a centralized
architecture with feedback of the platoon functions f as well as
environmental feedback for obstacle avoidance and target tracking
�1�. In the sequel, a nonholonomic extension of Eq. �5� is devel-
oped.

3.2 Nonholonomic Extension of Base Controller. An initial
nonholonomic controller was developed using f�q� as defined in
Eq. �4� along with the vehicle kinematics of Eqs. �1� and �2�. Each
unit takes, as inputs, the desired velocities developed in Eq. �5�
and uses the control from Eq. �2�. It can be shown that the
platoon-based nonholonomic controller ��1�, �2�, and �5�� guaran-
tees bounded velocities and positions for bounded desired task
variables, although estimates on performance and convergence
rates are difficult to derive. Related work on stability and perfor-
mance analysis for nonholonimic platoons can be found in �9,10�.

The secondary objective v is defined by an obstacle-avoidance
vector, projected onto the null space of the Jacobian. The obstacle-

avoidance routine is given by
�vrepo�i�
vrepo�i + n� � = �cos��io�� 1
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−
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0
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�o
 	

�

2
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�6�
where dmio is the distance from unit i to the nearest obstacle point,
dmino is the cutoff distance for activation of the avoidance vector,
�mio is the angle of the vector pointing away from the nearest
obstacle point and �io is angle between the current heading � and
the point on the obstacle closest to the projected unit path. This
obstacle-avoidance routine is designed to limit the influence of
obstacles on unit motions when the unit has already passed the
obstacle or will pass very far away from it on its current heading.

A similar term is used for interrobot repulsion. This obstacle
avoidance term has a unique dminr and no path-projection compo-
nent:

�vrepr�i�
vrepr�i + n� �

= ��
1

dmir
−

1

dminr
��cos��mir�

sin��mir�
� when dmir � dminr

�0

0
� when dmir 	 dminr

�7�

The total repulsive vector for each unit is the sum of Eqs. �6� and
�7� and all of the individual units’ repulsive vectors �if they exist�
are concatenated into v used in Eq. �5�.

Note that obstacle avoidance could be made primary, as in �11�,
an alternative parametrization of the controller developed in �1�.
In this investigation, we choose to select a primary objective with
a more readily definable, analog metric, as opposed to the pass-
of the proposed scheme. This suggests that collisions may occur,
primarily when obstacles are very large or have significant con-
vexities �12�. All the work herein is amenable to obstacle avoid-
ance as the primary objective, and the controller can be refined
with methods from motion planning or even behavior-based ap-
proaches �13�.

Because of the constraints on the unit motion, desired indi-
vidual unit velocities will not always be achievable, resulting in
errors in tracking a desired platoon-level function f�q�. The redun-
dancy of the system can be used to alleviate at least part of this
difficulty. This is accomplished by comparing the achievable unit
velocities in a given configuration to the desired unit velocities
and projecting the difference error back onto the null space of the
primary Jacobian. Effectively, this method attempts to find a set of
unit velocities that are both in accordance with f�q� and the clos-
est to achievable velocities defined by the steering and speed
limitations.

Because the null space of the Jacobian is a nonlinear function
of the state and the projection is a local optimization method, the
error correction will not be perfect. Additionally, each vehicle
admits a range of achievable velocities. The correction is carried
out iteratively for each unit whose desired velocity is not achiev-
able, until either all units have achievable velocities or a preset
number of iterations has been reached. To prevent collisions, ob-
stacle avoidance takes precedence over velocity matching when

the vehicles are close to obstacles �dmio�dmino /4� or other units
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�dmir�dmin/8�.
The algorithm is given by the following pseudocode for an n

unit platoon:

• Compute q̇d from Eq. �5� using v=vrepr+vrepo as in Eqs.
�6� and �7�

• Set vcorr�i�=0, i� �1, . . . ,2n�
• For j=1:max iterations �or all velocities achievable�

• For i=1:n
• If ��dmio
dmino /4� and �dmir
dminr /8��

Update vcorr:

Fig. 2 platoon trajectories with zero and four error projection.
the units.
Fig. 3 Close-up of errors in platoon-level functions with zero
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�vcorr�i�
vcorr�i + n� � + = �qbest�i�

qbest�i + n� � − �q̇d�i�
q̇d�i + n�

�
where q̇best is the achievable velocity for the system
closest to q̇d, defined by the possible nonholonomic
limits on steering and speed,

• Compute new desired velocities

q̇d = J+�K�fd�q� − f�q�� + ḟ d�q�� + �I − J+J��vrep + vcorr�

• Implement unit-level control using q̇d and �2�

e diamonds represent the moving target and the triangles are
Th
and four error projections „common transient truncated…
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4 Nonholonomic Controller Results

A simulation was developed to test the efficacy of the proposed
scheme. A holonomic moving target executed a sequence of ma-
neuvers at speed 0.8 m/s while a platoon of eight nonholonomic
units pursued. The goal was to match the platoon mean position to
the target location while avoiding obstacles and maintaining the
variance of the initial deployment ��x

2=0.6384 m2 and �y
2

=0.5536 m2� under the limits on steering and speed as defined in
Sec. 2. The interrobot dminr was set at 1.0 m, while the robot-
obstacle dmino was 3.0 m. The gain matrix used in Eq. �5� is K
=diag�50,10,50,10�, with K�=100.

Results of the simulations with no error projection �the base
controller� and four error projections are shown in Fig. 2 and Fig.
3. The units all begin with �=� /2 and zero velocity on the left-
hand side of the operational area. While the various unit trajecto-

Fig. 4 Integrated error for various
position-tracking error

Fig. 5 Platoon trajectories with zero and three error projecti

units, and circles represent obstacles.
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ries for the two cases appear very similar, the overall error is
significantly decreased in the projected case, as shown in Fig. 3
�with common transient portion truncated�.

As a performance metric, the integrated absolute value of each
error signal was computed. Performance was clearly enhanced by
the controller, with integrated absolute tracking error decreased by
5.3% for mean position, 78.5% for �x

2, and 68.4% for �y
2. In fact,

if we remove the transient portion of the tracking evolution �be-
fore �4 s, while the initial error decays�, the absolute integrated
error in tracking position is reduced by 21%. Fewer iterations
resulted in slightly degraded performance, and four iterations
were found to be optimal for this example �see Fig. 4�.

Experience across many trials has shown that the control
method is very effective and reduces integrated absolute error
significantly. Experimentation with obstacle-laden environments
shows that the method performs even better under high maneu-

erations, excluding transient mean

s. The diamonds are the moving target, the triangles are the
it
on
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vering requirements, as shown in Fig. 5, which includes obstacles
and random initial heading for the platoon units. For this example,
the optimal number of iterations is three, with integrated absolute
error reduced by 53.6% for mean position, 71.7% for �x

2 and 46%
for �y

2.

5 Conclusions
In this paper, we have presented a novel method for control of

platoons of cooperating nonholonomic vehicles representative of a
broad class of real systems. An error vector is computed between
the nominal desired unit velocities and the achievable velocities
for the system based on a steering angle limit of −� /4��
�� /4 and an absolute speed limit of 1.0 m/s. The velocity error
is iteratively projected onto the null space of the Jacobian in order
to find a suitable new desired velocity that achieves regulation of
the platoon-level function f�q� and matches, as well as possible,
the achievable velocity. Errors are recomputed and reprojected
until the desired velocity is within achievable limits or a preset
number of iterations has been reached. The approach presented
herein is applicable to autonomous surface vessels �14�, underwa-
ter vehicles �15�, and even unmanned aerial vehicles.
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