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A Numerical Elastoplastic Model
for Rough Contact

Pressure distributions due to surface roughness in contact induce high stresses just
beneath the surface. These stresses can bring on crack initiation and micro-pitting.
A purely elastic contact model to account for these effects is restrictive because
stress fields often exceed the yield strength of the material. Plastic flow occurs and
modifies the surface shape and material properties (work hardening). This paper
presents a numerical model for elastoplastic rough contact. It allows the determi-
nation of real pressures and permanent surface displacements (flattening of asper-
ities) as well as residual stress and plastic strains useful in fatigue analysis). The
material is assumed to obey the Von-Mises yield criterion with linear kinematic
hardening. Real surface profiles obtained from a measurement can be considered.
In addition, simplified methods have been used to treat cyclic loading. Thus the
ability of a rough surface to reach an elastic shakedown state can be investigated,

even for a three-dimensional contact found, for instance, in roller bearings.

Introduction

The rough contact problem has been studied for many years
because of its numerous implications in tribology: friction,
wear, fatigue, and damage.

The statistical approach, at first investigated by Archard

(Archard et al., 1975) and Greenwood and Williamson (1966),
yields important results concerning the behavior at the contact
scale (contact area, normal approach). However, these models
cannot predict local pressure and stress values, which play a
major role in material fatigue and damage.

With the increase in computer performance, numerical
models have been developed for the study of complex contact
problems, (Kalker, 1990). Some of them dealt with rough con-
tact (Webster and Sayles, 1986; Seabra and Berthe, 1987; Bailey
and Sayles, 1991; Yonging and Linging, 1992). Although these
models assumed elastic material behaviour, their results show
that this assumption was often improper. On the other hand,
the use of a finite element method, which readily treats elas-
toplastic behavior, leads to costly calculations when both sur-
face roughness and bulk behavior have to be taken into account
(Komvopoulos and Choi, 1992).

In order to overcome these difficulties, a numerical method,
based on a boundary integral formulation for an elastoplastic
half plane, is presented in this paper. Only parts of the half
plane where nonlinear response occurs (i.e., contact surface
and plastic zone) have to be discretized. The numerical system
is thus reduced to a minimum.

Moreover, simplified methods (Zarka et al., 1980; Inglebert
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et al., 1985; Inglebert and Frelet, 1989) for the analysis of
cyclic loading have been used. They allow one to treat the case
of a three dimensional rough rolling contact when roughness
consists of ridges oriented along the rolling direction. This
configuration appears to be representative for ball-raceway
contacts of a roller bearing, because of surface manufacturing
processes.

Some results are presented in order to illustrate the method.

1 FElastic Contact Model

The main feature of contact consists of the mixed boundary
conditions that arise on the contact surface. Furthermore, these
boundry conditions are explained with inequalities, and the
contact surface is unknown. So, we have to define a potential
contact surface I';, that contains the real contact surface. I',
is subjected to the boundary conditions:

6=0
onT, 4)]
p=0

p is the local normal contact pressure and & the local gap
between the two bodies. The first condition is a non penetration
condition, and the second implies that normal tractions are
only compressive. § can be written as:

S=u+h 1))

where u is the normal displacement difference and A is the
initial distance between the two bodies.

Each body has to satisfy stress equilibrium (bulk equation)
and is submitted to additional classical boundary conditions,
i.e., displacements and/or forces prescribed on some parts of
its surface. When the contact area is small compared to the
dimensions of the body, and when surface slopes are small,
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the solids in contact can be considered as two half spaces. The
Boussinesq relations between load and displacement at the
surface can then be used (Johnson, 1985). In addition, this
assumption enables the substitution of the classical boundary
conditions (displacements or forces prescribed) by a load or
rigid body movement condition. The use -of the Boussinesq
load-displacement relation leads to:

uw=| Ut opcerar o @

where x and §¢ are two points on the surface, and U(x, &) is
the displacement at point x due to a unit load at point £.

This relation verifies stress equilibrium, elastic behavior and
small strains assumption, As I'; is unknown, the procedure is
iterative. This problem can be solved for either 2-D or 3-D
contacts (Seabra and Berthe, 1987, Yonqing and Linging, 1992),
and measured surface profiles can be considered (Webster and
Sayles, 1986, Bailey and Sayles, 1991).

Based on the half space assumption, many models have been
proposed to solve different types of contact problems: smooth
or rough surface, only normal or normal and tangential trac-
tions, etc. In this paper we only consider normal contact of
two bodies (tangential tractions are supposed to be nil). The
model proposed by Seabra and Berthe (1987), which allows
short CPU times, is used.

2 FElastoplastic Behavior

2.1 Constitutive Law. Elastoplastic material behavior is
characterized by the appearance of strains which are instan-
taneous, irrecoverable, and are submitted to a threshold con-
dition. The first characteristic means that plasticity is time
independent, but the two others imply that it is a path depen-
dent (dissipative) phenomenon.

Many different behaviors have been observed above the
elastic limit, concerning materials and loading conditions. Thus
many constitutive laws have been proposed to describe plas-
ticity. Here we consider a material that obeys to the Von-Mises
yield function and presents a linear kinematic hardening. These
assumptions are quite suitable to represent metal behavior
(Ham et al., 1989, Hahn and Rubin, 1991), especially for cyclic
loading, and are easy to take into account in a numerical
procedure.

The yield condition is defined by:

Nomenclature

3
Sflay, eﬁ-)=\/5 (55— Ceff) (s;— Cely) <0y,

with 8= 0y —’;’ akka,-j )
s are the deviatoric stress tensor components, ¢f; the plastic
strain tensor components, C the hardening modulus, ¢, the
elastic limit in traction and 6; the Kronecker symbol. In a nine
dimensional space (the deviatoric stress space), the elastic do-
main is represented by a sphere of radius +/2/3 ¢, which has
a translation proportional to plastic strain rates.

Plastic flow is governed by:

. 3 .
Eti;:@ [(SU—CEK‘?)SU] (s;j—Ceﬁ)

if f(oy, €f)=0, and LA $5>0 (5)
as,«j
where the dot denotes the rate of the variables.

2.2 Simplied Methods for the Analysis of Structures Under
Cyclic Loading. In the case of a cyclic loading, the structure
can respond as:

(1) purely elastic: no plastic strain occurs, the structures
stays always in the elastic domain;

(2) elastic shakedown: plasticity occurs at the early cycles,
but both residual stresses and work hardening generated by
plastic strains result in a purely elastic stabilized state;

(3) plastic shakedown (or cyclic plasticity): plasticity oc-
curs at each cycle, and residual stresses and plastic strains reach
a cyclic stabilized state;

(4) incremental collapse (or ratchetting): plasticity occurs
at each cycle, and no stabilized state can be reached.

The two first possible regimes protect the structure, which
will be able to support many load cycles. The two others, where
dissipative processes occur at each cycle, result in an early
failure. Knowledge of the stabilized regime associated to a
structure and loading conditions is thus crucial for fatigue
considerations.

As plasticity is path dependent, the associated constitutive
laws are incremental and numerical procedures are iterative.
In the case of cyclic loading, determination of the stabilized
state, which can be reached after many cycles, implies high
computational costs for such a process. In order to reduce
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N, = number of point of I', outside the real contact
area

N, = number of points in Q,

Sy = influence functions of pressure upon stresses

U; = influence functions of pressure upon displace-

ments

Y = transformed parameter (tensor)
& = local distance between two bodies
0; = Kronecker symbol

¢’ = plastic strain tensor

€ = strain tensor

¢ = elastic strain tensor

¢ = residual strain tensor

v = Poisson coefficient

g = stress tensor

o = elastic stress tensor

o = residual stress tensor

o, = traction yield strength

T'. = potential contact surface
Q, = plastic zone
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Fig.1 Schematic of elastic shakedown in devlatoric stress space; def-
Inition of point Y

computer time, Zarka et al. (1980) and Ingelbert et al. (1985,
1989) have proposed simplified methods to determine the sta-
bilized state under cyclic loading for elastoviscoplastic mate-
rials. These methods allow short CPU times. Only the
theoretical elastic stresses (when no plasticity occurs) are
needed. The case of elastic shakedown for an elastoplastic
material with linear kinematic hardening will be presented here.

Initially for each material point, all the theoretical (elastic)
states of stress o°(f) applied during a cyclic loading form in
deviatoric stress space a closed loop, called the theoretical
loading path. This loop is partially or totally out of the initial
elastic domain, so plasticity occurs.

When elastic shakedown is achieved, the elastic domain has
been translated, due to work hardening; furthermore a set of
constant residual stresses has appeared, so the real loading
path (elastic stresses and residual stresses) can be deduced from
the theoretical loading path with another translation. These
two modifications are such that the final loading path remains
totally within the final elastic domain (Fig. 1).

If the theoretical loading path lies totally in the initial elastic

domain, purely elastic behavior occurs: on the other hand, if
no relative position for elastic domain and loading path can
be found to ensure elastic behavior (the loading path is too
important for the elastic domain), plastic shakedown or in-
cremental collapse takes place.

When the elastic shakedown is reached, the Von-Mises yield
function implies for every time #:

] -
\/5 (s(8) — Cef)) (s (1) — Cef) <oy 6)

The total stress tensor can be expressed as follows:
o=0"+0 )

o° is the theoretical elastic stress tensor, which corresponds to
the external loading, and ¢’ is the residual stress tensor, which
is related to the induced plastic strains.

Then the deviatoric stress tensor reads:

s=5+s ®)
We now introduce a new tensor Y defined as:
Y=C -5 9

The parameter Y contains all the terms of the yield function
related to plastic stains, and is time-independent when elastic
shakedown is reached. The Von-Mises criterion expressed in
terms of Y becomes:

3
\/5 (GTOEDSICAGES AT (10
Thus, in deviatoric stress space, Y is the center of a sphere
which has the same radius as the elastic domain, and which
contains all the theoretical states of stress (Fig. 1). On the other
hand, if we consider spheres of same radius than the elastic
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theoretical loading path
Fig. 2 Potential zone for point Y

domain but centered at each loading point, point ¥ lies inside
each sphere (Fig. 2). The intersection of all the above spheres
is the potential domain for point Y.

When loading path is large compared to the size of elastic
domain, the potential domain for point Y is small and then a
good accuracy can be obtained. In the general case, Inglebert
and Frelat (1989) have found that a good approximation could
be obtained by the projection of the initial value of Y on the
intersection domain. In the case of a linear loading, i.c., the
loading path is a straight line, only the two extreme loading
points have to be taken into account, and the projection of
the initial state is quite easy.

Once the Y are known for each plastic point of the structure,
one has to determine the plastic strains and residual stresses.
Inglebert and Frelat (1989) use a particularly attractive method
which only needs an elastic calculation using finite element
methods, plastic behavior being substituted by fictitious
changes in elastic properties. However, this method is not used
here because of the unsuitable use of the finite element method
to describe the rough contact problem.

3 Boundary Integral Formulation

In this section, only the plane strain elastoplastic contact
will be discussed. The simplified methods presented above do
not need to model the elastoplastic (incremental) loading. For
a tridimensional rolling contact, if roughness is taken as con-
stant along the rolling direction, the residual state stays con-
stant along this direction. Thus only a two-dimensional problem
has to be solved in this case. Furthermore, the loading path
is nearly linear so the projection of parameters Y is quite easy.

When the contact area is small compared to the dimensions
of bodies, the extent of the plastic zone is small, As discussed
before, finite element methods, which need a discretization of
the entire bodies to represent bulk behavior, lead to costly
calculations for modelling a rough contact, even with the sim-
plified methods presented above where a step-by-step analysis
is not necessary. Keeping the half plane assumption, often
used in contact mechanics, a boundary integral formulation
is used, which allows to discretize only the zone where plasticity
occurs (in addition to contact surface).

When a half plane is subjected to a load distribution at its
surface T, together with an inelastic strain distribution in its
volume @, displacements at each point ¢ can be expressed as
follows:

u(©)= | uj(&, 9p A+ | Tojate 0
~vo(E, R0 (1)

where u% (£, x) and o%; (£, x) correspond, respectively, to
components () and (jk) of displacement and stress at point x
due to a unit force applied in direction (/) at point £ in a half
plane.
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This expression has been proposed by Telles and Brebbia
(1981), and is derived from the application of the Somiglia
identity for elastic material with initial strains, using the fun-
damental solution of a half plane domain with a free boundary;
using this formulation, a distinct class of boundary element
methods has been successfully used in soil mechanics problems
(Telles and Brebbia, 1981, Brebbia et al., 1984).

The application of a boundary integral formulation implic-
itly accounts for the elastic (linear) part of the material behavior
in bulk. The use of the half plane fundamental solution im-
plicitly accounts for the geometry Thus, only the discretization
of the loading surface I, and the plastic zone £, is necessary.

As discussed before, the elastoplastic stress tensor o is di-
vided into an elastic part o° and a residual part ¢":

g=d+0o

The corresponding strains are:

e=e+¢ (12)
They are related to the stresses by:
e=[Mijo 13)
€ =[M]c® 14)
€=[Mlo"+¢ (15)

where [M] is the elasticity matrix.
Following the same procedure, displacements can be ex-
pressed as:

u=u'+u (16)

where u° and «” are defined by:
u£(6)= | up (6, 0 0 () an
ui(§)= L[UJ%(E, x) —vafi (€, X)]ekx) dd(x)  (18)

Each of these two parts has a physical meaning: #° corre-
sponds to the solution for a purely elastic material, and u"
corresponds to the stabilized state when the half plane is un-
loaded, if no plasticity occurs during unloading (as is the case
for elastic shakedown).

From a mathematical point of view, u° is the solution of the
associated homogeneous problem of elasticity with initial
strains which satisfy the boundary conditions, and " is a spe-
cific solution of the total problem which does not modify the
boundary conditions.

4 Resolution/Numerical Procedure

4.1 Discretization. Following Seabra and Berthe (1987),
the potential contact surface I, is discretized into N, elements
of the same size where the pressure is assumed to be constant.
N; and N, are the number of elements of T, inside and outside
the real contact area (N;+ N,=N,).

Furthermore, the plastified volume is discretized into N,
rectangular cells where plastic strains are assumed to be con-
stant. Equation (11) can be rewritten as:

N;
u(E)=Y, {L uj dl‘}mn)

n=1

N,
5y {S [ofki—voﬁildu} dm) (19)
m=1

Dy

where T', and Q, are the local domains associated to elements
n and m.

Contrary to the classical boundary element method, integrals
over each element are calculated analytically, as it is allowed
by the simple interpolation (constant). Therefore, Eq. (19)
results in:
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N; Np
w(E) =D Ui(n, Op;(n) + 3 Dys(m, HEf(m)  (20)
n=1 m=1

Uji and Djki are analytical functions for the point ¢£. They
can be derived and combined to give the stress components in
the form:

‘Nj Np
oy(8)= D) Skp(n, pe(n) + D Cuy(m, ENilm) (1)
n=1 m=1

Expressions of Uj; and Sy; correspond to displacements and
stresses due to a rectangular distribution of pressure on the
half plane surface and can be found in Johnson (1985). Expres-
sions of Dy, and Cy; are the displacements and stresses due
to a uniform distribution of plastic strains in a rectangular cell
and are given in the Appendix. The use of a constant discre-
tization step leads to a reduced number of stored coefficients.

Relations (1), (2), and (9) are then discretized, and the two
following systems of equations are given:

Elastic System

uf(n)= ">, Us(m, n)p;(m) n=1, N, (22)
m=1

w(n)+u' (n)y+h(n)=0 n=1, N; (23)

p(n)=0 n=1, N, (24)

W) +u (n)+h(n)>0 n=1, N, 25)

p(n)>0 n=1, N; (26)

When the pressure distribution on T, is known, elastic stresses
in bulk can be obtained using:

N
fE) =D Sky(n, Epx(n) @7
n=1
Residual System N
D
gin)= Y Cuy(m, n)ei(m) n=1, N, (28)
m=1
e”(n)=é (Y(n+s"(n)) n=1, N, 29)

Once the ¢’ values are known, displacements on the surface
can be obtained using:

Np

uj(n) = Dy(m, myem) n=1, N,

m=1

(30

Only normal displacements will be computed. Tangential dis-
placements are neglected.

4.2 Resolution

Elastic Problem. For a given distribution of «’, the elastic
problem corresponds to an elastic contact problem with an
apparent distance u” + 4 instead of &, It has been solved using
Seabra and Berthe’s method. Then elastic stresses are com-
puted using Eq. (27).

Residual Problem. For a given stress field ¢°, parameters
Y are obtained using projection techniques proposed by
Ingelbert and Frelat (1989). The loading path is assumed to
be linear between zero and the maximum value of the Von-
Mises equivalent stress. Equations (28) and (29) can be com-
bined to form a linear system. Nevertheless, we solve this
problem using an iterative process. Initially, residual stresses
are supposed to be zero and plastic strains are: ¢=1/C Y.
Then Eqs. (28) and (29) are used successively to determine new
stresses and new plastic strains until convergence. During this
process, under relaxation of €’ is used in order to reduce the
number of iterations. No convergence difficulties have been
noticed with values of hardening modulus over 30000 MPa.
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Below this value, material behavior approaches perfect plas-
ticity (no work-hardening) and numerical problems arise.

Once the solution is obtained for ¢” and ¢’, the displacements
u” are calculated using (30).

r

4.3 Coupling of the Two Parts. The two parts #° and u
are dependent. Each is the solution of a problem where the
other is assumed to be known. Thus another iterative process
is used. Initially, we suppose that no plasticity occurs and
elastic contact is solved with the conditions;

h+ut=0
’n=0

The resulting stresses ¢° are used to determine the corre-
sponding ¢?, o, and . Then u is used to solve another contact
problem and this procedure is repeated until convergence. Un-
der relaxation of #” is used to improve convergence.

Note that Eq. (11) can be used in an incremental form with
a real plastic flow constitutive law for a step by step analysis.
Keeping the influence coefficients in memory, a performing
iterative process can be obtained. However, this can only be
done easily in plane strain or plane stress cases, but it would
need a large memory capacity for a real tridimensional prob-

5 Results and Discussion

The aim of this section is to illustrate the ability of the model
to deal with elastoplastic rough contact. A more detailed study
will be done later.

For convenience, all the results aré presented for bidimen-
sional contact cases. They correspond to the plane strain in-
dentation of a rough body by a smooth one, both having the
same elastic properties:

E = 210000 MPa
v=0.3

For the two first examples, roughness is modelled by a sin-
usoidal surface profile, of wavelength 0.15 mm and amplitude
1.5 um. 201 points have been used along surface axis (1.2 mm)
and 11 through the depth (0.11 mm). The contact half width
is 0.5 mm and the corresponding Hertz pressure for two smooth
surfaces is 2500 MPa.

Figures 3 and 4 show the pressure distributions and surface
profiles (after unloading) for three cases:

(1) the two bodies are elastic (E-E);

(2) the body with the wavy surface is elastoplastic (E-EP);

(3) the two bodies are elastoplastic with similar properties

lem. (EP-EP).
The following elastoplastic parameters have been used:
k= 1000 MPa
... Sastic - clastic C= 88000 MPa

¢ clastic - elastoplastic
*_elastoplastic - elastoplastic

pressure MPa

B000.0 q

)

contact width

Fig. 3 Pressure distributions for various combinations of body behav-
fors; k=1000 MPa, C= 88000 MPa

2 . Shastic - elastic
* clastic - elastoplastic
*_elastoplastic - elastoplastic

height pm

2,04

Fig.4 Surface profiles after unloading for various combinations of body
behaviors; k= 1000 MPa, C= 88000 MPa.

k is the elastic limit in shear (k= 0,//3).

Table 1 gives the relative deviation (in percent) for different
contact parameters when the resolution of the discretization
differs.

As no derivative or integral is performed numerically, de-
viations are small as long as the discretization is fine enough
to approximate surface profile and elastic stress field in bulk.

Figures 5 and 6 show the same resuits with different elas-
toplastic parameters:

k=800 MPa
C=53300 MPa

The surface profiles show that as asperity summits are
crushed, valleys move up, but in a slighter way. The hypothesis

2 .. Slastic - elastic
‘ elastic - elastoplastic
*_elastoplastic - elastoplastic

pressure MPa

6000.0 a

contact width
Flg. 5 Pressure distributions for varlous combinations of body behay-
lors; k=800 MPa, C=53300 MPa.

Table 1 Relative deviation (in percent) of contact parameters as a function of the discretization size

Maximum
Number of Maximum Maximum Maximum surface Maximum Maximum
points pressure for  pressure for pressure for residual equivalent Von-Mises
(width*depth) E-E contact E-EP contact EP-EP contact displacement plastic strain  residual stress
101 * 11 0,44 0,44 0,62 1,51 0,16 1,61
301 * 11 0,07 0,14 0,16 1,50 0,32 2,87
201 * 6 0,00 0,09 2,41 6,53 2,70 14,05
201 * 21 0,00 0,28 0,62 0,50 1,27 0,22
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.. .clastic - elastic

elastic - elastoplastic

height um
20 *_elastoplastic - elastoplastic

0.0

Fig.6 Surface profiles after unloading for varlous combinations of body
behaviors; k=800 MPa, C=53300 MPa

o

¢elastic - elastic.
pressure MPa ‘ elastic - elastoplastic
. +_elastoplastic - elastoplastic i
lma.n{

.
«m,n-j 1
2000.0 - l
aodb UL 1Y n 11011

contact width

Fig. 7 Pressure distributions for various combinations of body behav-
iors; k=1000 MPa, C= 88000 MPa

of asperity volume conservation, suggested by incompressi-
bility of plastic strains and met sometimes in statistical rough
elastoplastic contact models (Chang et al., 1987), seems some-
what excessive. In reality, plasticity occurs in a zone greater
than asperity volume (subsurface plastic flow), and both plastic
and elastic strains are of the same order.

For a current elastoplastic structure, elastic shakedown is
reached through two mechanisms:

—residual stresses (structural effect), which reduce the ap-

plied stresses;

—work-hardening (material effect), which modifies the elas-

tic domain.

As pointed out by Johnson (1987) for a smooth contact, a
third mechanism to reach shakedown appears in contact prob-
lems. It is the issue of the mixed boundary condition on the
contact surface (conformity effect): plastic strains, which mod-
ify the asperity shape, leads to reduced pressures and stresses.

More recently, Johnson and Shercliff (1992), and Kapoor
and Johnson (1993) have studied the steady state topography
of rough surfaces, assuming that deformed asperities are such
that pressure do not exceed the shakedown limit.

However, our results show that with the parameters used in
this paper (corresponding to bearing steel properties), and when
considering only normal contact and normal displacements,
the major contribution to shakedown comes from the material
behavior. Structural and conformity effects are limited because
of the reduced plastic strains due to work-hardening.

Figure 7 shows the pressure field obtained from a measured
surface profile. The same material properties as in Figs. 3 and
4 are used. 351 points are used to describe the profile (0.35
mm) and 20 points are taken along depth axis (20 um). The
contact half-width is 0.15 mm, and the equivalent Hertz pres-
sure is 1500 MPa.

Journal of Tribology

Slastic - elastic.

* clastic - elastoplastic
*_elastoplastic - elastoplastic

height pm
.501

Flg.8 Surtace profiles atter unloading tor various combinations of body
behavlors; k= 1000 MPa, C=288000 MPa

The reduction of the pressure peaks is more important in
this realistic case because of the initial sharpness of the as-
perities (Fig. 8). But the summits of a few asperities are only
lightly flattened, and the increase in contact conformity due
to plastic strains is small.

In this case, the decreases in pressure are sufficient to make-
the surface reach an elastic shakedown state for the elasto-
plastic/elastoplastic contact, but not for the elastic/elasto-
plastic contact.

Surface geometrical changes seem to be too light to represent
the running-in process, and wear must occur first in this case.

However, not that the depths concerned with plastic strains
are small (less than 50 ym), so that the material properties and
the initial state (residual stresses and work hardening due to
manufacturing process) of this thin layer can be very different
from bulk behavior. A better knowledge of this real behavior
is necessary.

6 Conclusion

A full numerical model of plane strain elastoplastic rough
contact problem is presented. Based on a semi-analytical ap-
proach (half plane assumption and boundary integral for-
mulation), it allows one to discretize only the contact surface
and the plasticity deformed zone.

Furthermore, simplified methods for the analysis of elas-
toplastic structures are used in order to study the ability of a
rough surface to reach an elastic shakedown state. These meth-
ods permit the investigation of the case of tridimensional roll-
ing contact when roughness is composed of ridges along the
rolling direction, as it is the case for ball-raceway contacts in
a roller bearing.

The resulting values of residual stresses and plastic strains
beneath the surface can be useful for fatigue contact analysis.

In an incremental form, the boundary integral formulation
can be combined with real plastic flow constitutive laws in
order to model a real loading path in plane strain.

In this study, the whole problem is divided into an elastic
part, which corresponds to a classical elastic contact problem,
and a residual part, which accounts for plastic flow in bulk.
The originality of this work lies in the treatment of the residual
problem. The elastic part is considered as a normal, dry, fric-
tionless contact.

Therefore, the residual part can be coupled with a more
complex elastic problem as, for example, elastohydrodynamic
or dry frictional contacts.
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APPENDIX
Displacements and Stresses Due to a Constant Distri-
bution of Plastic Strains in a Rectangular Domain of a
Half Plane

We consider the displacement and stress fields due to a
rectangular constant plastic strain distribution in a half plane
(Fig. A.1). X (X, X,) is the middle of the rectangle and 2 A,
24, are the side lengths.

Dy, (£, X) is the component along i of displacement at point
£(£1, £) due to a constant distribution of component ¢y of
plastic strains, and Cyy; (£, X) is the component g;; of stress
at point ¢ due to a constant distribution of component ¢, of
plastic strains.

Displacements:
__Displacement functions Dj; involve the values of a function
Dj;; at each corner of the rectangle as follows:
Dyi(1, &2, X1, X)=Dja(£1, £2, X1+ A1, Xa+ M)
~Djyi(&1, 2, X1+ A, Xa—Ay)
+ Dpi(&1y &2, X1— Ay, X~ 49)

~ D1, &2, Xi— A, Xo+ 4y
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-

X

Flg. A1 Constant plastic straln distribution in a rectangular domaln of
a half plane

Analytical expressions for functions l_)jk,- are given below.
Dy, =Ks{— (3 —4v)raknr +2(1 = 20)r; (8; + o) ~ [(1 — 2)°

+4(1=9)’]ry In R+2(1-20)°R, (6, + @5) +2—£I‘¥}

Dy,=K, {rllnr+ [[— (1= 20)* + 4u(1 = »)]R, ~ 2(3 — 40),]

XINR —4(1 = »)(1 ~ 201, (6, + o) ""2%;

Dy =K3{~ (1= 29)ridnr—2(1 = »)ryf; + (1 - 2v)r(InR
—2(1= )b, +2(1 — »)(1 ~ 29)rpcty — %}

5122=Ks§(1 - 2V)r21nr+ 2(1 —v)ri (6, + 1)

2
+(1=20)rInR +2(1 = »)r 0y + 2(1 — V)Rla2+—%f‘+’2-}

Dy, =K, {rzlnr+ [— (1= 20)* +4¥(1 — »)]rolnR — 4(1 — v)

X[~ (1~ 9)R; + £116, + 4(1 — »)(1 -—2V)R10z2—'2£;z#z

T)m=1<{— B —4n)riinr—2(1 - 20)rf, + [~ [(1 - 20)?

+4(1 - v)IR, + 28,1 1nR — 2(1 - 20)*ry0, = ZE;QIZR ’}
with:
1
K=
4r(l —»)
ri=x;~& Ri=x;+§
reP+A R=~/R}+7
r R
0,=arctan <—l) 6, =arctan (—1)
43 1)
0if 2>0 0it Rino
r r
= r %= R
xif 2<0 T if =<0
r; r;
Stresses:

As for displacement functions, stress functions Cyy; involve
the values of a function Cj; at each corner of the rectangle,
in addition with a constant term f; as follows:
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Cuij(E1s £20 X1, Xo) = Cr(£1, &2, X1+ 41, Xa+4Ay)
= Cry(E1y £2, X1 +A1, Xo—49)
+ Cugii (&1, §2 X1~ A1, Xo—B9)
= Cuij(§15 £y Xy — Ay, X+ Do)+ fuy

If the point £ is out of the rectangle, all the terms f; are
nil, If ¢ is inside the rectangle, all the terms fj;; are nil except:

fl]22"

vE E
2 and fom= 1+

Analytical expressions for functions Cyy; are given below.
— ryr
Cun=K. Z%~2(1—u)(0,+al)

[ B-4)éi—x 451X1R1’2
R? R*

+2(1-»)(62+ sz)}

_C—1112=Ke [—24‘(1 —21/) Inr

x" (3- 41’)51 41 -néx 4£1X1"2
R R

-(1- 2V)1IIR}

— rnr
Cun=K, {——:52—21’(01 + o)

+ [-3x+03 —41')51]’2

4 1x1R1r2
R? R*

+2(2—3»)(0, + az)}

P e
S ERET.
= nr ey
Cn= {——ﬁ—(l_ o 1+( lRfl) 2
HRRL 2wt - V)w}
R*
- 2 a2 ,
Con=K, {ﬁﬂn r+3x% ‘E]‘J‘tslxl_“ég;ﬂ_]n R}
_ -
Conu=K, [—%4—2;:0&%2—4%_‘&
4
‘E‘—’}éff‘—”-boz+4ﬂ—v>’a3
- 2 RPN
Cnin=K, {—,—2‘+(1—2v)1n r+ K- 4”;; 4(1-»kx,
4% xR}
El;;«: l (1—2)1nRz
Can=K. {—%+2(1 )b, [3x1+(11;24”)51]’2
4¢ xR
_%}4—"%2(1—3»)0”4(1_”&2}
with:
E
K=t oh
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