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ABSTRACT
Functional electrical stimulation (FES) has been used to fa

cilitate persons with paralysis in restoring their motor functions
In particular, FES-based devices apply electrical current puls
to stimulate the intact peripheral nerves to produce artificial con
traction of paralyzed muscles. The aim of this work is to develo
a model reference adaptive controller of the shank movement v
FES. A mathematical model, which describes the relationsh
between the stimulation pulsewidth and the active joint torqu
produced by the stimulated muscles in non-isometric condition
is adopted. The direct adaptive control strategy is used to addre
those nonlinearities which are linearly parameterized (LP). Sinc
the torque due to the joint stiffness component is non-LP, a neur
network (NN) is applied to approximate it. A backstepping ap
proach is developed to guarantee the stability of the closed lo
system. In order to address the saturation of the control inpu
a model reference adaptive control approach is used to provi
good tracking performance without jeopardizing the closed-loo
stability. Simulation results are provided to validate the propose
work.

1 Introduction
Functional electrical stimulation (FES) is a neuroprosthes

technique to restore motor function to individuals with spina
1
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cord injuries (SCI) ([1]). For SCI patients, there are some mus-
cles below the injury level which are still innervated, though not
volitionally controllable. FES uses surface or implantable elec-
trodes to generate current pulses in intact motor neurons to pro-
duce muscle contractions, generate joint torques and then the cor-
responding joint movements.

There are two kinds of FES control strategies: open-loop
and closed-loop. Due to its simplicity, the open-loop FES has
been used since 1960’s ([1]). However, open-loop FES devices
cannot adjust the output according to the actual effect and may
require users’ intensive support for balancing. By comparison,
the closed-loop control has several advantages over the open-
loop, such as better tracking performance and less sensitivity
to modeling error and parameter variations ([2]). However, the
classical feedback control has found very limited application in
clinical use of FES since it cannot always guarantee the stabil-
ity of the closed-loop system due to the challenges inherent in
musculo-skeletal systems such as nonlinear characteristics, cou-
plings, and time delay. Furthermore, muscles present highly non-
linear and time-varying characteristics when fatigue occurs and
muscle model parameters are different for each individual ([3]).
There is also a delay between stimulation and muscle contrac-
tion which adds to the processing and transmission delays in the
electrical stimulation system ([4]).

To meet the requirement of advanced rehabilitation applica-
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Figure 1. Knee-joint diagram ([13])

tions, a nonlinear closed-loop FES control system should be co
sidered as it would allow to consider model uncertainties, as we
as compensate for disturbances and unmodeled dynamics ([5
Many closed-loop control strategies have been proposed in th
literature including PID control ([6, 7]), artificial neural network
control ([8,9]), fuzzy controllers ([10]) and some nonlinear con-
trollers ([11–13]). However, the existing control techniques can
not completely solve all the problems encountered in FES, suc
as lengthy tuning, time delays, inability to respond to change
due to muscle fatigue or external disturbance. Researchers a
motivated to explore innovative methods to design more reliabl
and simpler FES equipment for possible clinical use.

In this paper, a neural network model reference adaptiv
controller (NN-MRAC) is applied on a physiological model de-
veloped in [14] in order to improve the tracking performance
of the closed loop. The adoption of neural network avoids the
need for information about the system nonlinear dynamics. Th
adaptive mechanism is based on Lyapunov stability theory whic
guarantees the tracking error is ultimately bounded. Numerica
simulation results are presented to validate the controller.

2 Mathematical Model
The knee-joint tracking has been addressed numerous tim

in the literature (see for example [8, 12, 13, 15]) and this pape
will consider the same benchmark problem. In this scenario, th
thigh is stationary and only the shank-foot complex can move b
stimulating the quadriceps muscle. In order to reduce the num
ber of degrees of freedom, the ankle was fixed such that the a
kle movement can be neglected. A nonlinear model develope
in [14] of the electrically stimulated quadriceps muscle group
has been adopted in this paper. In this model, the lower lim
is modeled as an open kinematics chain composed of thigh an
the shank-foot complex as shown in Figure 1. The input to thi
model is the pulsewidth of the current pulses, and the model ou
put is the knee-joint kinematics.

The equation of the knee-joint motion under stimulation is
2
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described by ([14])

Jω(t) = Mg(t)+Me(t)+Mv(t)+Ma(t), t > 0, (1)

whereJ andω(t) are the moment of inertia and the angular veloc-
ity of the shank-foot complex about the knee-joint, respectively.
Mg(t), Me(t) andMv(t) represent the gravitational moment, pas-
sive elastic moment and passive viscous moment, respectively,
and are given by

Mg(t) = −mglsin
(

x1(t)−x∗1
)
, t > 0, (2)

Me(t) = −c1

(
x1(t)−c2

)
e−c3x1(t), t > 0, (3)

Mv(t) = −c4x2(t), t > 0, (4)

wherem and l are the mass and the length of the shank-foot
complex,ci , i = 1, · · · ,4 are unknown parameters,x1(t) andx2(t)
represent the knee-joint angle and angular velocity, respectively.
x∗1 is shown in Figure 1 and represents the angle between the
thigh and the vertical direction in the sagittal plane. The rela-
tionship between pulsewidth and the active muscle torqueMa(t)
can be represented by a first order model whose transfer function
is given by

H(s) =
k∗

1+ τ∗s
(5)

whereτ∗ is the time constant of this model andk∗ is the static
gain.

In this model, the parametersm, l andci(i = 1, · · · ,4) vary
for different subjects and need to be identified. In order to design
a direct adaptive controller, a state space model for the shank-
quadriceps dynamics can be written as

ẋ1(t) = x2(t), x1(0) = x10, t > 0,

ẋ2(t) = −θ∗1sin(x1(t)−x∗1)+ f (x1(t))
−θ∗2x2(t)+θ∗3x3(t), x2(0) = x20, t > 0,

ẋ3(t) = −θ∗4x3(t)+θ∗5u(t), x3(0) = x30, t > 0, (6)

whereθ∗i ∈ R, i = 1, · · · ,5 stand for real values of the unknown
parameters of the model. Note thatθ∗i > 0 because of their phys-
ical meanings.

3 Adaptive Controller Design
In this section, the neural network-model reference adaptive

control law will be presented followed by the proof of stability.
Copyright c© 2007 by ASME
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Do
Note that gravitational and viscous components are linea
parameterized (LP) while the elastic component is not LP, the
fore, direct adaptive algorithm is developed to deal with the fo
mer while neural network is used to approximate the latter.
neural network with one 10-node hidden layer is adopted to a
proximate the elastic part in the knee kinematics as

Me(t) = WT(t)σ
(
VT(t)x1(t)

)
+eNN(t), (7)

whereW(t) ∈ R10×1 andV(t) ∈ R1×10 are weight matrices, re-
spectively, and their update laws are given as

Ẇ(t) = M
[−e2(t)

(
σ(VT(t)x1(t))−σ′(VT(t)x1(t))VT(t)x1(t)

)

−kWe2
2(t)W(t)

]
, W(0) = W0, t ≥ 0, (8)

V̇(t) = N[−x1(t)e2(t)WT(t)σ′(VT(t)x1(t))−kVe2
2(t)V(t)],

V(0) = V0, t ≥ 0, (9)

whereσ(·) denotes the activation function and a sigmoid func
tion is used in this paper. Furthermore,M,N,kW,kV ∈ R, and
eNN(t) is the neural network approximation error.

3.1 Reference System
Note that there are thresholds and saturation phenomena

the motor recruitment ([16]). In other words, the stimulatio
pulsewidth has upper and lower bound limit. To ensure the stim
ulation stays in this range, a model reference system is dev
oped such that the control system will track the reference traje
tory rather than the desired trajectory. The reference system w
provide a smooth convergence to the desired trajectory witho
control input (i.e. pulsewidth) beyond the controller saturatio
limit.

This reference system, composed of a combination of a se
ond order oscillator and a filter, is given by

ẋr1(t) = xr2(t), xr1(0) = xr10, t > 0 (10)

ẋr2(t) = −ω2
0(xr1(t)−xr1e)−2ζω0xr2(t)

+ω2
0xr3(t), xr2(0) = xr20, t > 0 (11)

ẋr3(t) = −1
τ

xr3(t)+
k
τ

r(t), xr3(0) = xr30, t > 0 (12)

wherexri(t) ∈R, t ≥ 0, i = 1,2,3 are the states of the reference
system and[xr1e,0,0] is the equilibrium of the reference system
The parametersω0 andζ denote natural frequency and the damp
ing coefficient of the oscillator, respectively. The construction o
the reference system is motivated by the original system stru
ture and the desired dynamics. The values for the paramet
3
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appearing in the reference system (ω0, ζ, τ, k) are chosen as av-
erage values found in the literature. Next the reference system
input r(t) will be defined to guarantee the convergence of the
reference system to the desired trajectory approximately.

Theorem 3.1. Consider the reference system dynamics (10)-
(12) and the tracking errore(t) defined by

er(t) ,




er1(t)
er2(t)
er3(t)


 =




xd1(t)−xr1(t)
xd2(t)−xr2(t)
xd3(t)−xr3(t)


 (13)

wherexd1(t) , xd(t), andxd2(t), xd3(t) are given by

xd2(t) , ẋd(t)+er1(t), (14)

xd3(t) , 1

ω2
0

(
ẍd(t)+ω2

0(xd(t)−xr1e)+2ζω0ẋd(t)

er1(t)+ ėr1(t)
)
, (15)

along with the reference control input

r(t) =
τ
k

(
ω2

0er2(t)+ ẋd3(t)+
1
τ

xr3(t)+krer1(t)
)
. (16)

The control command (16) guarantees asymptotical stability of
the tracking errorer(t).

Proof. Consider the Lyapunov function candidate

Vr(er) =
1
2

e2
r1 +

1
2

e2
r2 +

1
2

e2
r3. (17)

Note thatVr(er) is C 1 for all er ∈ R3, Vr(er) > 0 for all er ∈
R3\{0} , andV(0) = 0.

Computing the time derivative of (17) and substituting (10)-
(12) and (14)-(16), we obtain

V̇r(t) = −e2
r1(t)−e2

r2(t)−e2
r3(t)≤ 0, t ≥ 0, (18)

which is negative definite, proving the statement. ¤

Next, the controller that guarantees that the original system
converges to the reference system will be developed.

3.2 Tracking Errors
The knee-joint is controlled to follow the desired knee-joint

angle by stimulating the quadriceps using a PWM signal with
Copyright c© 2007 by ASME
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suitable pulsewidth. Since this system has a strict feedback str
ture, a backstepping approach can be applied ([17]).

The position error is defined as

e1(t) , xr1(t)−x1(t). (19)

The following velocity error is generated by a backsteppin
procedure,

e2(t) , xr2(t)+k1e1(t)−x2(t), (20)

wherek1 > 0.
Finally, the active torque tracking error is given by

e3(t) = χ3(t)+θ7(t)ω2
0xr3(t)−x3(t), (21)

whereθ7(t) is the estimation ofθ∗3 during the direct adaptive
procedure, obtained from the update law

θ̇7(t) = Γ7

(
e2(t)ω2

0xr3(t)−kθ7e2
2(t)θ7(t)

)
,

θ7(0) = θ70, t ≥ 0, (22)

with Γ7 > 0, kθ7 > 0. The functionχ3(t) is obtained from the
filter

Tχ̇3(t)+χ3(t) = ΘT
0(t)φ0(t)−θ6(t)WT(t)σ(VT(t)x1(t))

+kα3e2(t), t > 0, (23)

whereΘ0(t) is an estimate ofΘ∗
0 ,

[
1
θ∗3

θ∗1
θ∗3

θ∗2
θ∗3

]T
, and follows

the update law

Θ̇0(t) = Γ0

(
e2(t)φ0(t)−kθ0e2

2(t)Θ0(t)
)
,

Θ0(0) = Θ00, t ≥ 0, (24)

with Γ0 > 0, kθ0 > 0. Furthermore,

φ0(t)=




e1(t)−ω2
0(xr1(t)−xr1e)−arxr2(t)+k1ė1(t)+k2e2(t)

−sin(x1(t)−x∗1)
−x2(t)


 ,

t ≥ 0, (25)

wherear , 2ζω0 andk2 > 1
2. θ6(t) is also an estimation ofθ∗3

and is obtained from the update law

θ̇6(t) = Γ6[−e2(t)WTσ(VT(t)x1(t))−kθ6e2
2(t)θ6(t)],

θ6(0) = θ60, t ≥ 0, (26)
4
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Remark. The filter (23) is used to solve the ”explosion of terms”
problem caused by the backstepping process. In order to simplify
the controller, a technique derived fromDynamic Surface Con-
trol ([18]) is used.

During the directive adaptive control design procedure, there
are two estimates toθ∗3. Both estimates are independent and fol-
low their respective update law.

3.3 Control Command
In this section, the control commandu(t) ∈ R is defined to

guarantee the tracking error is ultimately bounded, followed by
the stability proof.

Theorem 3.2. Consider the dynamical system (6) and the ref-
erence system dynamics (10)-(12), along with the tracking errors
(19)-(21) and the control law

u(t) , ΘT
1(t)φ1(t), t ≥ 0 (27)

whereΘ1(t) ∈R3×1 is an estimate ofΘ∗
1 ,

[
1
θ∗5

θ∗3
θ∗5

θ∗4
θ∗5

]T
, and

φ1(t) ,




χ̇3(t)+ θ̇7(t)ω2
0xr3(t)+θ7(t)ω2

0ẋr3(t)+k3e3(t)
e2(t)
−x3(t).


 .(28)

Furthermore, the update law ofΘ1(t) is given by

Θ̇1(t) = Γ1

(
e3(t)φ1(t)−kθ1e2

3(t)Θ1(t)
)
,

Θ1(0) = Θ10, t ≥ 0, (29)

whereΓ1 > 0, kθ1 > 0. The control command (27) with update
law (29) guarantees the convergence of(e,Θ̃f ,Θ̃,Θ̃1) to the com-
pact set

M ,
{

(e,Θ̃f ,Θ̃,Θ̃1) : eT(t)Ke(t)≤ 1
2

ᾱ2
NN +

1
2

ᾱ2
3

tr(Θ̃T
f (t)Θ̃f(t))≤ tr(Θ̃∗T

f Θ̃∗
f )

tr(Θ̃T(t)Θ̃(t))≤ tr(Θ̃∗TΘ̃∗)
tr(Θ̃T

1(t)Θ̃1(t))≤ tr(Θ̃∗T
1 Θ̃∗

1)
}
, (30)

where e(t) ,
[

e1(t) e2(t) e3(t)
]T

, K , diag
[

k1 k2− 1
2 k3

]
,

Θ(t) ,
[

ΘT
0(t) θ6(t) θ7(t)

]T
, Θ̃f(t) , Θf(t)−Θ∗

f , Θ̃(t) , Θ(t)−
Θ∗, and

Θf(t) ,
[

W(t) 010×10

01×1 V(t)

]
. (31)
Copyright c© 2007 by ASME
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Furthermore,ᾱ3 is an upper bound to the filtering errorα3(t)
given as

α3(t) , ΘT
0(t)φ0(t)−θ6(t)WT(t)σ(VT(t)x1(t))

−kα3e2(t)−χ3(t). (32)

Proof. Consider the Lyapunov function candidate

V(e,Θ̃f ,Θ̃,Θ̃1) , 1
2

eTe+
1
2

tr(W̃TM−1W̃)+
1
2

tr(ṼTN−1Ṽ)

+
1
2

θ∗3tr(Θ̃
TΓ−1Θ̃)+

1
2

θ∗5tr(Θ̃
T
1Γ−1

1 Θ̃1).(33)

Note thatV(e,Θ̃f ,Θ̃,Θ̃1) is C 1 for all e∈R3, Θf ∈R11×11, Θ ∈
R5 andΘ1∈R3, V(e,Θ̃f ,Θ̃,Θ̃1) > 0 for all (e,Θ̃f ,Θ̃,Θ̃1)∈R3∪
R11×11∪R5∪R3\{0} , andV(0,0,0,0) = 0.

When computing the derivative of (19) and substituting (20),
we obtain

ė1(t) =−k1e1(t)+e2(t), t ≥ 0. (34)

Similarly, the derivative of (20) can be obtained as

ė2(t) = ẋr2(t)+k1ė1(t)− ẋ2(t), t ≥ 0. (35)

The time derivative of the Lyapunov function can be obtained
using the update laws (8), (9), (22), (24), (26) and (29) as

V̇(t) = −eTKe(t)−kWe2
2(t)tr(W̃

T(t)W(t))
−kVe2

2(t)tr(Ṽ
T(t)V(t))+e2(t)eNN(t)

−kΘ1e2
3(t)θ

∗
5Θ̃∗T

1 Θ̃∗
1−θ∗3kα3e2

2(t),
V(0) = V0, t ≥ 0. (36)

By completion of the square, (36) can be written as

V̇(t) = −eT(t)Ke(t)−kWe2
2(t)tr(W̃

T(t)W(t))

−kVe2
2(t)tr(Ṽ

T(t)V(t))− 1
2

(
e2(t)−eNN(t)

)2

+
1
2

e2
2(t)+

1
2

e2
NN(t)−kΘe2

2(t)θ
∗
3

−1
2

(
θ∗3e2(t)−α3(t)

)2
+

1
2

θ∗23 e2
2(t)

+
1
2

α2
3(t)−kΘ1e2

3(t)θ
∗
5Θ̃∗T

1 Θ̃∗
1−θ∗3kα3e2

2(t),

V(0) = V0, t ≥ 0. (37)
5
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Since‖α3(t)‖< ᾱ, ‖eNN(t)‖< ēNN, t ≥ 0, choosekα3 > 1
2θ∗3 and

there exits the upper bound onV̇,

V̇(t) ≤ −eT(t)Ke(t)+
1
2

ē2
NN +

1
2

ᾱ2
3

+
kWe2

2(t)
2

(W∗TW∗−W̃T(t)W̃(t))

+
kVe2

2(t)
2

tr(V∗TV∗−ṼT(t)Ṽ(t))

+
kΘe2

2(t)θ
∗
3

2
tr(Θ∗TΘ∗− Θ̃T(t)Θ̃(t)), (38)

which guarantees the convergence of(e,Θ̃f ,Θ̃,Θ̃1) to the com-
pact set (30). ¤

3.4 Adaptive Control with Actuator Amplitude Satura-
tion Constraint

In this section, the adaptive control design will be extended
to account for the actuator amplitude saturation. According to the
muscles activation dynamics, the stimulation pulsewidth should
be limited betweenpwthr andpwsat, wherepwthr represents the
pulsewidth for which the first motor units are recruited andpwsat

is the maximum pulsewidth to recruit all the muscle motor units
([16]). According to Theorem 3.2, the control law (27) guaran-
tees an ultimately bounded tracking error. Note that the control
input u(t), t ≥ 0, depends on the reference system inputr(t),
t ≥ 0, throughẋr3(t), t ≥ 0, which means that the amplitude of
u(t), t ≥ 0, can be adjusted using the reference inputr(t) which
will also affect the reference system. The reference system state
xr(t) ∈R3×1 is uniquely determined byr(t), t ≥ 0, for any given
initial condition. Next, we will show how the reference system
input r(t), t ≥ 0, can be used to guarantee an ultimately bounded
tracking error in the face of actuator amplitude saturation.

The control law (27) can be rewritten as

u(t) = ΘT
1(t)φ̄1(t)+Θ11(t)θ7(t)ω2

0ẋr3(t), t ≥ 0, (39)

whereΘ11(t) is the first component ofΘ1(t) and

φ̄1(t) =




χ̇3(t)+ θ̇7(t)ω2
0xr3(t)+k3e3(t)

e2(t)
−x3(t).


 . (40)

In order to satisfypwthr ≤ u(t) ≤ pwsat, ẋr3(t) must be limited
such thaṫxr3thr ≤ ẋr3 ≤ ẋr3sat, where

ẋr3thr =
uthr−ΘT

1 φ̄1(t)
Θ1(t)(1)θ7(t)ω2

0

, t ≥ 0, (41)

ẋr3sat =
usat−ΘT

1 φ̄1(t)
Θ1(t)(1)θ7(t)ω2

0

, t ≥ 0, (42)
Copyright c© 2007 by ASME
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are obtained from (39) and (40). Since the reference system i
a known system and its dynamics can be changed as needed, w
can use (16) together with (41) and (42) to obtain the reference
input r(t) which guarantees that the input pulsewidth (27) does
not exceed the saturation limit.

4 Simulation Results

The simulations were performed using Runge-Kutta solver
and integration time-step of 10 ms. The shank movement is
controlled to follow a sinusoidal reference signalxd(t) varying
between 125 and 135 degree with a frequency of 0.5 Hz. The
parameters used in the simulation are given in Table 1. The
gains are arbitrarily chosen to bek1 = k2 = k3 = kr = 10, and
Γi = 0.1,i = 0,1,6,7.

The initial conditions for the simulation are given as[
x10 x20 x30

]
=

[
xr10 xr20 xr30

]
=

[
2.26 0.27 0

]
, W0 = 010×1,

V0 = 01×10.

Table 1: Parameters used in the simulation

m(kg) l(m) J(kgm2) c1(Nms
rad ) c2(rad)

4.37 0.238 0.362 41.208 2.918

c3( 1
rad) c4(Nm

rad) τ(s) G(Nm
s ) rr1e(rad)

5.591 0.27 0.951 0.014 1.8

ω0(1
s) ζ x∗1(rad)

38.67 0.01 1.66

The simulation results of the control input without consid-
ering input saturation are shown in Figure 2. Since the satu-
ration has not been taken into account, the control algorithm
does not generate meaningful pulsewidth. As shown in Figure
2, the pulsewidth assumes negative values, which is not phys
ically possible. When we include the saturation algorithm, we
obtain the results shown in Figure 3. In this case the system con
verges smoothly to the desired trajectory, without exceeding the
pulsewidth saturation limits.

5 Conclusions

A neural network-model reference adaptive controller was
investigated for the shank-foot complex movement using FES
Lyapunov stability analysis was provided to guarantee an ulti-
mately bounded tracking error. The introduction of a reference
system also ensures that the stimulation pulsewidth satisfies th
muscle recruitment limit. Simulation results are presented to val-
idate the controller design.
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