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Abstract

Let X be a chain and OT'(X) the full order-preserving transforma-
tion semigroup on X. In this paper, we give a necessary and sufficient
condition for an element of OT(X) to be regular. For ) # Y C X, we
may count the order-preserving transformation semigroup OT(X,Y) =
{a € OT(X) | rana C Y} as a generalization of OT'(X). In addition,
we show that an element a € OT'(X,Y) is regular in OT'(X,Y) if and
only if rana = Ya and « is regular in OT'(X).
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1 Introduction and Preliminaries

An element a of a semigroup S is called regular if a = axa for some x € S, and
S is called a regular semigroup if every element of S is regular. Let Reg(S) be
the set of all regular elements of S.

The image of z in the domain of a mapping a under « is written as za and
the range (image) of « is denoted by ran .

For a nonempty set X, let T(X) be the full transformation semigroup on
X, i.e.,, T(X) is the semigroup under composition of all mappings a: X — X.
It is well-known that T'(X) is a regular semigroup ([1, p.4] and [2, p.63]) and
every semigroup can be embedded in T'(X) for some nonempty set X ([1, p.3]
and [2, p.7]).

A mapping ¢ from a poset X into a poset Y is said to be order-preserving
if for all z,2" € X, < 2" in X implies ¢ < 2’ in Y. The posets X and Y
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are said to be order-isomorphic if there is an order-preserving bijection ¢ from
X onto Y such that ¢=!:Y — X is order-preserving.

For a poset X, let OT(X) be the subsemigroup of T'(X) consisting of all
order-preserving mappings « : X — X. It is known from [1, p.203] that
OT(X) is a regular semigroup if X is a finite chain. In 2000, Kemprasit and
Changphas [4] extended this result to any chain order-isomorphic to a subset
of Z, the set of integers with their natural order.

Theorem 1.1. [4] If X is any chain which is order-isomorphic to a subset
of Z, with usual order, then OT(X) is a regular semigroup.

Note that a chain X in Theorem 1.1 is a countable chain. In fact, Kim and
Kozhukhov [6] characterized a countable chain X such that OT'(X) is a reg-
ular semigroup. We have that Theorem 1.1 becomes a consequence of their
characterization.

In [4], the authors also considered the regularity of OT'(X) where X is an
interval X in R, the set of real numbers with their natural order as follows:

Theorem 1.2. [4] For an interval X in R with usual order, OT(X) is a
reqular semigroup if and only if X is closed and bounded.

Rungrattrakoon and Kemprasit [8] extended Theorem 1.2 by considering
intervals in any proper subfield of R as follows:

Theorem 1.3. [8] For a nontrivial interval X in a proper subfield F' of R,
OT(X) is not a regular semigroup.

In fact, Theorem 1.3 is a consequence of a main theorem in [3]. As a particular
case of Theorem 1.3, we have that OT(Q) is not a regular semigroup where
Q is the set of rational numbers with their natural order. This result may be
considered as a consequence of a lemma in [6] which states that for a countable
chain X having no maximum and minimum, OT'(X) is regular if and only if
X is order-isomorphic to Z.

In [5], the authors generalized the semigroup OT'(X) by using sandwich
multiplication and then the regularity was investigated.

The above theorems motivate us to characterize the regular elements of
OT(X) when X is a chain. Then these known results become its consequences.

In 1975, Symons [9] considered the subsemigroup 7'(X,Y’) of T'(X) where
Y is a nonempty subset of a nonempty set X and T'(X,Y) = {a € T(X) |
rana C Y'}. He studied the automorphisms of 7(X,Y) and considered when
two T'(X,Y) are isomorphic. Since T'(X, X) = T(X), we may count T'(X,Y)
as a generalization of T'(X). However, T'(X,Y’) may not be regular. In [7], the
authors characterized the regular elements of T'(X,Y) as follows:
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Theorem 1.4. [7] Let Y be a nonempty subset of a set X. For a €
T(X,Y), o € Reg(T(X,Y)) if and only if rana = Ya.

We define OT'(X,Y) analogously where Y is a nonempty subset of a poset
X, ie, OT(X,Y) = {a € OT(X) | rana C Y}. Then OT(X,Y) may be
also considered as a generalization of OT(X). Notice that OT(X,Y) is a
subsemigroup of both 7'(X,Y) and OT'(X). We show in this paper that for a
chain X and  # Y C X, Reg(OT(X,Y)) = Reg(T(X,Y)) NReg(OT (X)) and
determine when OT'(X,Y) is a regular semigroup.

For a nonempty subset A of a chain X, we let max(A) and min(A) denote
the maximum and the minimum of A, respectively if they exist. Also, for
nonempty subsets A and B of X, let A < B mean that a < b for all a € A
and b € B. For z € X, let < A stand for {z} < A. We define A > B, A <
B,A> B,x > A,x < A and z > A analogously. Notice that z is an upper
bound (u.b.) of A in X if and only if z > A, and z is a lower bound (L.b.) of
Ain X if and only if z < A.

The cardinality of a set S is denoted by |S5].

2 Regular Element of OT'(X)

To characterize the regular elements of the semigroup OT'(X) where X is a
chain, the following series of lemma is needed. The first lemma is evident.

Lemma 2.1. Let X be a chain. If a € OT(X) and a,b € rana satisfy
a <b, then aa™! < ba~t.

Lemma 2.2. Let X be a chain and o € Reg(OT(X)).

(i) Ifrana has an u.b. in X, then max(ran«) ezists.
(ii) Ifrana has a I.b. in X, then min(ran«) exists.

Proof. (i) Let € OT(X) and u € X be such that & = afa and u > rana.
Then rana = Xa = Xafa = (rana)fa < ufa € rana. It follows that
ufa = max(ran o).

(ii) can be proved similarly. O]

Lemma 2.3. Let X be a chain and o € Reg(OT(X)). If z € X\rana
is neither an u.b. nor a L.b. of rana, then max({t € rana | t < z}) or
min({t € rana | t > x}) ewists.

Proof. Let § € OT(X) be such that @ = affa. We have from the assumption
that both {t € rana |t < 2} and {t € rana | t > x} are nonempty sets and
ran « is a disjoint union of these two sets. Since xf3«a € ran «, it follows that
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xfa < x or zfa > x. Fort € X, if ta < z, then ta = (ta)fa < zfa. If
ta > x, then ta = (ta)fa > xfa. This shows that

o = max({t €rana |t < z}) if zfa <z,
| min({t €rana |t > z}) if zfa >z,

so the desired result follows. O

Theorem 2.4. Let X be a chain and o € OT(X). Then a € Reg(OT(X))
if and only if the following three conditions hold.

i) If rana has an u.b. in X, then max(ran«) exists.
(ii) If ranc has a l.b. in X, then min(ran o) exists.
(iii) If x € X~\rana is neither an u.b. nor a l.b. of ranc, then
max({t €rana |t < z}) or min({t € rana | t > x}) exists.

Proof. If a € Reg(OT(X)), then from Lemma 2.2(i), Lemma 2.2(ii) and
Lemma 2.3, (i), (ii) and (iii) hold, respectively.

For the converse, assume that (i), (ii) and (iii) hold. If ran« has an u.b.
in X, let v = max(ran«). If rana has a Lb. in X, let [ = min(rana). If
x € X~ rana is neither an u.b. nor a L.b. of rana, let

max({t €rana |t < z}) if max({t Erana |t < x}) exists,
my = min({t €rana |t >x}) if max({t €rana |t < x}) does not exist

and min({t € rana | t > z}) exists.

For each = € rana, choose 2 € za~'. Then z'a = z for all € rana. Thus
(za)'a = za for all z € X. Define 3: X — X by

if x €rana,
if x>rana,
B3=< 1 if r <rana,

m, if xr € X~rana and z is neither an u.b. nor

\ a l.b. of rana.
Then for every = € X, zafa = (za)Ba = (za) a = za. Hence o = afa. It
remains to show that 3 is order-preserving. Let x,y € X be such that z < y.
We can see from Lemma 2.1 that v = max(ran () if rana has an u.b. in X
and [ = min(ran ) if rana has a Lb. in X. It follows that if y > rana or
r < rana, then 20 < yB. Also, by Lemma 2.1, we have that if z,y € rana,
then 23 = 2' <y = yf. Therefore there are three cases to clarify as follows:
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Case 1: = € rana,y € X~rana and y # rana. Since x < y, we have
y £ rana. If my, = max({t € rana | t < y}), then < m,, so by Lemma 2.1,
=1 <m, =yB. If my =min({t € rana | t > y}), then < y < m,, s0
by Lemma 2.1, 206 = 2’ < my/ =y0.

Case 2 : z € X~rana, ¢ £ rano and y € rano. Since z < y, we
have  # rana. If m, = max({t € rana | t < z}), then m, < z < y, so
B =m, <y =yB. If my =min({t € rana |t > z}), then m, < y and
hence z3 =m, <y = yp.

Case 3: z,y € X~rano,z & rana and y # rana. Since z < y, it follows
that « #? rana and y £ rana.

Subcase 3.1 : m, = max({t € rana | t < z}) and m, = max({t €
rana | t < y}). Since {t € rana | t < 2} C {t € rana | t < y}, we have
My < My, SO T = my < my/ =ypf.

Subcase 3.2 : m, = max({t € rana | t < z}) and m, = min({t €
rana |t > y}). Then m, <z <y < m,, thus 24 < yp.

Subcase 3.3 : m, = min({t € rana | ¢t > z}) and m, = max({t €
rana |t <y}). Then max({t € rana | t < z}) does not exist. It follows that
{terana |t <z} C{t €rana |t <y}. Hence z < ¢ < y for some ¢ € ran a.
This implies that m, < ¢ <m, and thus 23 < y03.

Subcase 3.4 : m, = min({t € rana | t > z}) and m, = min({t €
rana | t > y}). Since {t € rana | t > x} D {t € rana | t > y}, we have
m, < m,. Hence 28 < yf3.

The proof is thereby completed. O

By the property of Z with usual order, Theorem 1.1 is clearly obtained from
Theorem 2.4

Corollary 2.5. If X is any chain which is order-isomorphic to a subset of
7 with usual order, then OT(X) is a regular semigroup.

Let X be an interval in R and o € OT'(X). If x € X\ ran« is neither an
u.b nor a L.b. of rana in X, then

X={tcrana|t<z}a 'U{t €rana |t >z}a™"

where U means a disjoint union and by Lemma 2.1, {f € rana |t < z}a™! <
{t erana |t > x}a~ ! Since X is an interval in R, it follows that

sup({t Erana |t < z}a ™ l)=inf ({t €Erana |t > z}a™'), say e.

Then either e = max ({t €rana |t < z}a ) ore = min ({t Erana |t > z}a™!).
Since « is order-preserving, it follows that e« = max ({t € rana | t < x}) for
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the first case and e = min ({t € ran« | t > z}) for the second case.
Hence we have

Corollary 2.6. Let X be an interval in R and o € OT(X). Then a €
Reg(OT (X)) if and only if the following two conditions hold.

(i) If ran« has an uw.b. in X, then max(ran ) exists.
(ii) If rana has a L.b. in X, then min(ran«) exists.

We can give a simple proof of Theorem 1.2 by making use of Corllary 2.6.

Corollary 2.7. Let X be an interval in R. Then OT(X) is a reqular semi-
group if and only if X is closed and bounded.

Proof. Let X be closed and bounded. Then X = [a, b] for some a,b € R with
a < b. Since « is order-preserving, aa = min(ran ) and bov = max(ran«). By
Corollary 2.6, OT'(X) is a regular semigroup.

For the converse, assume that X is not closed or X is unbounded. Then
X is one of the forms:

R, [a, >0), (a, ), (—00, a], (—o0, a) where a € R,

[a,b), (a,b], (a,b) where a,b € R with a < b.

Case 1: X =R, [a,00) or (a,00). Let ¢ € X and define o : X — R by

Tr—cC

+——— if z>¢,
To = r—c+1
c it z<ec.
. . . 1
Since the derivative of a at > ¢ is ————— >0 and rana = [c,c+1) C
(x —c+1)

X, it follows that o € OT'(X). By Corollary 2.6(i), o ¢ Reg(OT(X)).

Case 2: X = (—o00,a] or (—o00,a). Let d € X and define 5 : X — R by

r—d
d—— if x<d
= r—d—1 " T=%
d if >d.
1
Then the derivative ofﬂatx<disT>0and ranf = (d—1,d] C
T —d—

X. It follows that 8 € OT(X) and by Corollary 2.6(ii), 5 ¢ Reg(OT(X)).
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Case 3: X = [a,b), (a,b] or (a,b). Define v: X — R by

1 b
xfy:Z(x—a)jL% for all z € X.

1
Then the derivative of v at z € X is 7 < a—2|—b < ang < b and

(.a+b a+3b, .

[ 9 ) 4 ) lf X_[aab)7
b b
rany = (CH_ 7a+3] if X = (a,bl,
2 4

a+b a+3b, .

| ( 5 1 ) if X =(a,b).

Then v € OT(X) and by Corollary 2.6, v ¢ Reg(OT'(X)).

The proof is thereby completed. O

Next, we shall prove Theorem 1.3 as a consequence of Theorem 2.4.

Corollary 2.8. If X is a nontrivial interval of a proper subfield F of R,
then OT(X) is not a regular semigroup.

Proof. Let a,b € X be such that a < b. Since Q C F C R, there is an
irrational number ¢ € RNF. Thus a — ¢ < d < b — ¢ for some d € Q. Thus
a<c+d<bc+deRNF and ¢+ d is an irrational number. Let e = ¢+ d.
Consequently, X = ((—o0,a) N X) U ([a,e) N X) U ((e,00) N X). Define
iR — F by

r if z € (—o00,a),
at+z
T = if x€la,e),
x if x € (e,00),

and let o = p|x. Clearly « is order-preserving. We claim that ([a,e) N X) o =

[a,a+€)ﬁX. If z € [a,e) N X, then orr € Fand a < a—;—x = za <
a+e a+b a-+e
5 < 5 < b, so za € |[a,

the reverse inclusion, let y € [a,

) N X since X is an interval in F'. For
a+e

)N X. Then a < 2y —a < e < b and

2y —a € F. Tt follows that 2y —a € X and (2y — a)a = y. Hence the claim

holds. Consequently,
rana = ((—o0,a) N X) U ([a, are

a—+e
- ((_007 9

)NX) U ((e,00) N X)

)NX) U ((e,00)NX) CX.
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Therefore we have a € OT(X). Let p € Q be such that &T—i_e <p<e

Then p ¢ rana. Since Q C F and a < ate

< p < e <b, it follows that
a-+e
2

p € X. Hence p € X~rana, {t € rana | t < p} = (—o0, )N X and

@t e) N X) exists, say m,

2
thenmeXanda§m<%H<b.Letq€Qbesuchthatm<q<a;e.

a+e
2
) N X) does not exist. We

{t € rana | z > p} = (e,00) N X. If max ((—oo,

Then ¢ € F and a < ¢ < b which imply that m < ¢ € (—o0,
a-+e

)N X,

This is a contradiction. Then max ((—oo,

can show similarly that min ((e,00) N X) does not exist. By Theorem 2.4,
a ¢ Reg(OT'(X)). This proves that OT'(X) is not a regular semigroup, as
desired. 0

3 Regular Elements of OT(X,Y)

In this section, we characterize the regular elements of the semigroup OT'(X,Y)
where Y is a nonempty subset of a chain X. Then we determine when
OT(X,Y) is a regular semigroup.

Theorem 3.1. Let X be a chain and ) #Y C X. Then fora € OT(X,Y),
a € Reg(OT'(X,Y)) if and only if o« € Reg(T(X,Y)) and o € Reg(OT(X)).

Proof. Assume that o € Reg(OT'(X,Y")). Since OT(X,Y) is a subsemigroup
of T(X,Y) and OT(X), it follows that « is regular in T'(X,Y’) and OT(X),
e, a € Reg(T(X,Y)) and a € Reg(OT(X)).

For the converse, assume that o € Reg(7(X,Y)) and o € Reg(OT'(X)). By
Theorem 1.4, ran = Y« or equivalently, ra=' NY # () for all € rana. For
each z € ran «a, choose y, € ra ' NY. Then y,a = z for all z € rana. Let 3 €
OT(X) be such that o = afa. Then Xa = Xafa C Xfa C Xa =rana. It

follows that ran o = ran(fa). Thus X = U (o)™t = U z(Ba)t.
z €ran(fBa) z Erano

Define ' : X — Y by a bracket notation as follows:

. x(ﬁa)l)
B - ( Y acerana'

If x € X, then za = (za)Ba, so za € (za)(fa)™! which implies that
zaff o = yzoor = xa. Hence a = af'o. To show that 3 is order-preserving,
let x1,29 € X be such that ;1 < x5. Then x0a < zyfa. If x18a = x50a,
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then 1,7 € (v168a)(Ba)7, 50 18" = Yppa = 226 . If 2180 < 2980, then
by Lemma 2.1, (z18a)a™ < (xaBa)a™t. Tt follows that Y0 < Yrypa. Since
(2150)(30) ) = {yso} and ((200)(50) )5 = {yrmsa}, we have that
xlﬁ = Yz18a < YzpBa = l‘gﬁ :

Hence the proof is completed. O

The following theorem is a direct consequence of Theorem 1.4, Theorem 2.4
and Theorem 3.1.

Theorem 3.2. Let X be a chain and ) #Y C X. Then for a € OT(X,Y),
a € Reg(OT(X,Y)) if and only if the following four conditions hold.
(i) rana =Y.
(i) If ran« has an u.b. in X, then max(ran«) exists.
(ii) If ranc has a l.b. in X, then min(ran o) exists.
(iii) If x € X~\rana« is neither an u.b. nor a l.b. of rana, then
max({t €rana |t < z}) or min({t € rana | t > x}) exists.

Finally, the regularity of the semigroup OT(X,Y) is determined. The
following series of lemmas is needed.

Lemma 3.3. Let X be a chain and Y C X and |Y| > 2. If there is an
element a € X such that a > Y or a <Y, then the semigroup OT(X,Y) is
not reqular.

Proof. Let e, f € Y be such that e < f. Define a: X — Y by

o= “v ifa>Y and a= wv if a <.
e f u<a € f u<a

v>a v>a

Then a € OT(X,Y),rana = {e, f},Ya = {e} for a > Y and Yo = {f}
for a <'Y. By Theorem 3.2, a ¢ Reg(OT(X,Y)). Hence OT(X,Y) is not
regular. O

Lemma 3.4. Let X be a chain. IfY C X and |Y| > 3, then the semigroup
OT(X,Y) is not reqular.

Proof. Let e, f,g € Y be such that e < f < gandlet a € X\Y. If a > Y
or a <Y, then by Lemma 3.3, OT(X,Y) is not regular. Assume that a » Y
and a £ Y. Then {t € Y |t < a} and {t € Y |t > a} are nonempty. Define

a: X —Y by
o= u a v
- \e f g u<a

v>a

Then a € OT(X,Y) and rana = {e, f, g} # {e,9} = Ya. By Lemma 3.2,
a ¢ Reg(OT'(X,Y)) and so OT(X,Y) is not regular. O
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Lemma 3.5. Let X be a chain, Y C X and |Y| = 2. Then OT(X,Y)
is a regular semigroup if and only if min(X) and max(X) exist and Y =
{min(X), max(X)}.

Proof. Let Y = {e, f} be such that e < f. Assume that OT'(X,Y) is regular.
Then by Lemma 3.3, for every a € X, a » Y anda £ Y. Thus e < a < f for
all a € X. This implies that e = min(X) and f = max(X).

For the converse, assume that min(X) and max(X) exist, e = min(X)
and f = max(X). Let « € OT(X,Y). If |rana| = 1, then o® = a, so
a € Reg(OT(X,Y)). If rana = {e, f}, then ea = e and fa = f since
« is order-preserving. Thus rana = Ya, so « satisfies (i) of Theorem 3.2.
It is evident that « satisfies (ii) - (iv) of Theorem 3.2. It follows that o €
Reg(OT(X,Y)). O

Theorem 3.6. Let X be a chain and ) #Y C X. Then OT(X,Y) is a
reqular semigroup if and only if one of the following statements holds.

(i) Y =X and OT(X) is a regular semigroup.
(ii) |Y]=1.
(ili) |Y] =2, min(X) and max(X) exist and Y = {min(X), max(X)}.

Proof. Assume that OT'(X,Y’) is regular and suppose that (i) and (ii) are false.
Then (Y C X or OT(X) is not regular) and |Y| > 2.

Case 1: Y C X and |Y| > 2. Then the regularity of OT(X,Y) and Lemma
3.4 yield |Y'| = 2. Hence (iii) holds by Lemma 3.5.

Case 2: OT(X) is not regular and |Y| > 2. Since OT(X,Y) is regular, it
follows that Y C X, so by Lemma 3.4, |Y| = 2. Thus (iii) holds by Lemma
3.5.

Conversely, OT(X,Y) is obviously regular if (i) or (ii) holds. We have by
Lemma 3.5 that OT'(X,Y') is regular if (iii) holds.
Therefore the theorem is proved. O
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