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Abstract

This paper presents an efficient evaluation algorithm for
cross-validating the two-stage approach of KFD classifiers.
The proposed algorithm is of the same complexity level as
the existing indirect efficient cross-validation methods but it
is more reliable since it is direct and constitutes exact cross-
validation for the KFD classifier formulation. Simulations
demonstrate that the proposed algorithm is almost as fast as
the existing fast indirect evaluation algorithm and the two-
stage cross-validation selects better models on most of the
thirteen benchmark data sets.

1 Introduction

n

Given a training set {(z;,y;)}l, with input data z; €
R™ and class labels y; € {—1,1}, let us assume that one
has n positive samples and thus n_ = (n — n) negative
samples. Fisher’s linear discriminant [7] attempts to find a
linear projection such that the classes are well separated and
this is achieved by maximizing the ratio of the between and
within class variance. Kernel Fisher discriminant (KFD)
proposed by [9] is a powerful nonlinear version of Fisher’s
linear discriminant where the kernel trick allows the effi-
cient computation of fisher discriminant in feature space.
To complete the KFD classifier formulation, one also needs
to find a suitable bias term. If one chooses the bias term
such that the projections of all the training data are with
zero mean, the KFD can be described as

y(z) = sign [F(x) + b] (D
where
F(z) = Z o; K (z;, 1), 2)
i=1

*This work was supported by Australian Research Council.

The 18th International Conference on Pattern Recognition (ICPR'06)
0-7695-2521-0/06 $20.00 © 2006 IEEE

and «, b can be obtained by solving the following system of

linear equations [15]
b 0
[la)-1g] @

Here p is the regularization parameter, K;; = ¢(2;)T ()
and ¢(-) : R™ — R" is induced by some kernel func-
tion that maps the input space to a high dimensional feature
space (the kernel function K (-,-) can typically be linear,
polynomial or Gaussian kernels) and ¢j; are weighted labels
given as

X Ao ity =1,
Yi = n+n X
-, )

However, the bias term b chosen in this way is usually
not a good choice for classification performance and one
usually needs to adjust the bias term by applying some
one-dimensional (1D) classification method (say 1D sup-
port vector machines) on the extracted feature F'(z;),i =
1,2,--- ,n [9]. Hence, the typical KFD classifier formula-
tion includes two stages: the first stage computes the fisher
discriminant in feature space by solving « from (3) and
the second stage computes the optimal bias term by ap-
plying some 1D classification method on the extracted fea-
tures. Hence, in model selection for KFD classifiers, we
need select three types of hyper-parameters: the kernel pa-
rameters, the regularization parameter ¢ and (possibly) the
hyper-parameter for the 1D classification method.

Cross-validation is one of the popular ways for model
selection. In [-fold cross-validation, one divides the data
into [ subsets of (approximately) equal size and trains the
classifier [ times, each time leaving out one of the subsets
from training, but using only the omitted subset to compute
the classification errors. If [ equals the sample size, this is
called leave-one-out cross-validation (LOO-CV). The naive
implementation of [-fold cross-validation trains a classifier
for each split of the data and is thus computationally ex-
pensive especially when [ is large. Much efforts have been

n 1T'K
K1, KK+ ul,

i=1,2,--,n. )
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done to reduce the complexity of cross-validation for ker-
nel based classification, see [13, 14, 10, 8, 6] for LOO-
CV of support vector machines, [16] for LOO-CV of least
square support vector machines, [5] for LOO-CV of KFD,
and [1, 2] for general [-fold cross-validation of least square
support vector machines and KFD.

In [-fold cross-validation of KFD classifiers, given cer-
tain model parameters, for each split, one needs to find the
discriminant coefficients «; by solving (3) and then com-
pute the bias term b by applying some 1-D classification
method on the extracted feature F'(x;) (2) and finally com-
pute the validation errors using the classifier (1). However,
the efficient cross-validation algorithms in [5] and [2] pro-
vide two efficient ways to compute the predicted responses
(i.e., F(xr) + b) of the validation data x) where the bias
term b is from the solution of (3) instead of the optimal bias
term obtained by applying some 1-D classification method
on the extracted feature. Since the bias term selected in
this way is usually not used in the KFD classifier, as [5]
suggested, one chooses the model parameter by comparing
the predicted residual of sum of squares instead of com-
paring the cross-validation errors. Hence these algorithms
are indirect and thus approximate for KFD model selec-
tion. For the efficient implementation of the exact [-fold
cross-validation of KFD classifiers, one needs to provide
efficient ways to compute, for each split, both the predicted
response F'(z;) of the validation data z, and the extracted
feature F'(x;) associated with the training data x;. This pa-
per will present such ways to evaluate the cross-validation
of the two-stage KFD classifiers. The proposed algorithm
is of the same complexity level as the existing indirect effi-
cient cross-validation methods but it is more reliable since it
is direct and constitutes exact cross-validation for the KFD
classifiers.

2 Efficient Cross-validation

Since the nonlinear term K K appears in the system ma-
trix of (3), it is difficult to derive the predicted response
for [-fold cross-validation by applying the matrix inversion
formula. It is fortunate that we can reformulate it as an
expanded linear system such that K appears linearly in
the system matrix by introducing the training error vector
e =4 — Ka — bl,,. Note that 17 = 0. We have

nh+1TKa=0s1e=0 )
and

K1,b+ (KK +pul)a=Kj < Ke=pa.  (6)
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Thus, the solutions («,b) of (3) and that of the following
extended linear system are identical:

0 0 17 b 0
0 —ul K al|l=1]0]. ©)
1, K I e g

Based on this formulation and the well-known matrix in-
version formula, this paper will derive the predicted residual
formula for efficient [-fold cross-validation.

Let B=pu(ul+KK)™1,C = (ul + KK) 'K. Then

—ul K17 B B/u C
K I =
o o 1777" 0 0 0
0 -ul K = |0 -B/ C
1, K I 0 C B
1 T
+ d[ﬁ -
1L
(3)

and therefore the solution of (7) is
b=—"9/d,a=Cj—bB,e=Bj—by ©)

where
d=-1'B1,,8=C1,,y= B1,. (10)

In [-fold cross-validation, one splits the data into [ sub-
sets {xy, ; } %, of (approximately) equal size (ny,), i.e., g ~
n,, where k = 1,2,--- .1 and Zk:l ng = n. The naive
implementation of [-fold cross-validation needs to solve the
linear system (3) repeatedly for each split. In this paper, we
implement it based on the solution of (7) and B, C, 3, ~

Corresponding to the data split, we split y, 9, a, e, 3,y
into [ sub-vectors and split B and C' into [ x [ blocks, i.e.,

[y :Q(n Q(1)
sl Y | 4| Y s | 2@
y=| O la=| 0 a2 T,
L Yo) . L Ja) ] L aq) 1
€(1) By T (an
Lo | @ ga B2 L2 Y(2)
L ewy | L Bay | L Yo
and
B, Bis By
BL, B By
B £ : . . , (12)
Bﬂ B;} .o B
qu_‘ 012 Cll
C Co Co
ca| P ) (13)
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Note that, in the above notations, we use By, instead
of By, to denote the main diagonal blocks for simplicity
since these terms will be frequently used in the rest part of
this paper. For convenience, we also introduce B}, and Cy,
to denote the k" column blocks of B and C by deleting By,
and CY, respectively, i.e.,

[ By ] [ Cu ]
_ Bj._ ~ Clr.—
B s (k—=1)k ) ) A (k—1)k 14
k Bk k Clrt1)k a4
| B | . Cuw |

Given a classifier y(z) = sign[g(x)], we will call g; —
g(z;) the training error (or validation error) if x; is a train-
ing sample (or validation sample respectively).

Now we present the basic formula for the proposed al-
gorithm. Let the kth group be used as validation set and let
é(k) and €(x) denote the training error vector and the valida-
tion error vector respectively. Then we have (for derivations
see Appendix)

€y = 22
by = b+ (Bgl;)zl +’Y(7;;)Z2)/d§ (15)
e® = W —CpZy — BiZy — (b — b)y*)

where by, is the bias term of the classifier and (Z1,Zs) is the
solution of the following system of linear equations

=By/u Cy 1| B T T Z
H Ci Bk}+d Yk [ i ] Z
(k)

ew |

(16)
Based on (15), one can evaluate the [-fold cross-
validation of KFD as follows.

1. Evaluate the kernel matrix K and compute B
p(ul + KK) Land C = iBK;

2. Compute d, b, a, 3,7, e using (9,10);

3. Fork = 1,2,--- /1, a) solve the linear system (16);
b) compute é*) using (15) and train the best bias
term b by applying 1D-SVM on the 1-d projected data
(g*) —e); ¢) compute the predicted labels, y*) =
sign[fik) — €y + bl

4. Repeat Step 3) for a number of times (m), each time
permute o, 3,7, e and both rows and columns of B, C
with a random order;

5. Sum up all incorrect labels.
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Comparing this algorithm with that in [2], the most extra
computations come from the evaluation of 1D-SVM in step
3. According to [12], the training of 1D-SVM is of com-
plexity O(nlgn). Hence the complexity of the proposed
algorithm is still of O(n3). For very large data set, one
may apply the incomplete Cholesky decomposition tech-
nique [3], to further reduce the computational complexity.

3 Experimental Results

We compare the efficiency of the proposed and the naive
cross-validation methods on the benchmark dataset: the
Statlog German credit (1000 patterns with dimension 24),
from UCI benchmark repository [4]. Fig 1 compares the
mean run time of the proposed, the indirect [2] and the naive
10-fold cross-Validation for various number of training ex-
amples on the Statlog German credit dataset. It demon-
strates that the proposed algorithm is almost as fast as the
indirect evaluation algorithm in [2] and much faster than the
naive implementation.

9

— — indirect
—— proposed
gl — naive

mean run times (seconds)
© IS @ ) ~
T T T T T
N

~
~
~
L L L L L

N
T

N
A
L

T
\
L

I I I I
400 600 700 800
Number of Training Patterns

900

Figure 1. Run time of 10-fold cross validation
vs number of training examples.

Second, we report the performances of KFD with model
selection by cross-validation in the complete two stages on
a suite of 13 data sets from UCI benchmark repository [4].
For model selection and performance evaluation, we use the
Gaussian kernel

_zi—a;01?
k(zi,zj) =€ o2

and adopt the experimental procedure used in [11, 9], where
100 different random training and test splits' are defined (20

'"The  training and  test splits are  available  from
http:/fida.first.gmd.de/ raetsch/data/benchmarks.htm.
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in the case of image and splice datasets) and the first five
training splits are used for model selection. The model is se-
lected by minimizing the mean of five-fold cross-validation
errors on the five training splits using grid search. The re-
sults are shown in Table 4 with a comparison with the results
reported in [9].

Table 1. Performance of KFD with model se-
lection by two-stage cross-validation com-
paring with the results reported in [9] on 13
benchmark data sets.

Data set KFD[9] KFD
Banana 10.8 £ 0.5 10.5+04
B.Cancer 258 +4.6 25.6+4.5
Diabetes 23.2+1.6 234+1.6
F.solar 332+£1.7 335+£1.5
German 237+£22 235422
Heart 16.1 34 159 +3.5
Image 4.8+ 0.6 3.2+ 0.7
Ringnorm 1.5+ 0.1 1.6 £0.1
Splice 105+0.6 104 +0.7
Thyroid 42 +2.1 3.6 +18
Titanic 232+20 22.6+1.0
Twonorm 26 +0.2 2.4 +0.1
Waveform 9.9 +04 9.7 +£0.3

4 Concluding Remarks

An efficient evaluation algorithm is proposed for cross-
validation of the complete two stages in KFD classifier for-
mulation. Comparing with the existing indirect and ap-
proximate evaluation algorithms, the proposed algorithm
requires some extra computations for evaluating 1D linear
support vector machines on the extracted 1D features but it
is more reliable since it is direct and exact. For very large
data set, one may apply the incomplete Cholesky decompo-
sition technique to further reduce the computational com-
plexity.
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Appendix: Derivations of (15)

First, we permute the kth group to be the last one by the
following permutation matrix

Inl
Ink:—l
P, = L
Inl
L ]"Lk 4
(17)
Then
. Ku K
K2pKPl=| 7 .72
k <k> < K2<2> (k)
k k ~(k
ro= o | me= g ]mi= 5]
(k) e(k) Y(k)
(18

where a(’“)7e(’“),;1)(k) are sub-vectors of «, e,y by delet-
ing oy, ey and gy respectively , Ky € R™**™k s
the kernel matrix of the examples in the kth group while
K7 € R(n—nme)x(n—nk) i the kernel matrix of the exam-
ples in all the other groups, and K5 € R("~7) %7 ith
{Ki2}ij = K(z;,2;) and z; being in the kth group while
x; being in the other groups.
One can rewrite (7) as

o o 1 o 17 b 0

0 —ul Ky 0 Ky o) 0

1 KH I K12 0 €(k> = :l)(k)

0 0 K1T2 */LI K22 Oz(k) 0

1 K1T2 0 Koo I €(k) ?](k)
(19)

where (and hereafter) 1 and I denote all 1 vectors and iden-
tity matrices respectively with proper dimensions.

Thus, to train the classifier after leaving the kth group
out, one need solve the following system of linear equations

o o 17 b 0
0 —ul Kp a® | = 0 (20)
The validation error vector writes
é(k> = Q(k) — Kﬂ&(k) — Ek]-nk 21
Denote
o o0 17 0o 17
An 2| 0 —pl Ky |, Ap= 0 Ko |,
1 Ky I K 0
a | —ul Koz
Ay = Koy I
(22)
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andlet Z; £ —K L),
By (19) and the block inverse formula,

1

Ain A | _

A1T21 A221 1 1
{ Ay +Af1_‘i112f23_‘?{2Af1 Ay /3112F22 }

—F5y A ALy Fy
(23)
where Foo = Aoy — AszfllAlg, we have
0
0 _ Z
{ ps ] —ARAG ] 0| = { . } 24
Y(x) §®) (k)
and therefore
IR

€(k) 2 ew

b Z
a(k> — Afll 0 _ A;11A12F251 [ p 1 :|
e(F) ) Q(k) (k)

by
= a®) | — AT Ayt [ Z1 ]
&(k) Ek)
(25)

Compare (23) with (8) and note the permutation matrix
Py, one can verify that

[ =Be/u Cr ] 1] Bw T T
Fp = Ck Bk_+d (k) [ﬁ(k) ﬁy(k)}
(26)
and
S
—A;llAlgFQEI = 7in qk
. G B
-1
T T
+ 5 B [ B |-
V)
27

Hence, from the above two equations and (25), one can

see that (15) holds with (Z;, Z) being the solution of (16).
O
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