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ABSTRACT

Given � 2 C n f1g, for a fixed integer n � 1 the Green function of the two
point boundary value problem ð�iÞnuðnÞ ¼ f , �uð jÞð0Þ ¼ uð jÞð1Þ ð0 
 j 

n� 1Þ is constructed explicitly by means of the Eulerian polynomial
Hn�1ðxj�Þ. If j�j ¼ 1, the eigenfunction expansion of the Green function
is applied to obtain certain summation formulas in terms of the central
factorial numbers.

2000 Mathematics Subject Classifications: 11B68; 34B27; 47G10

1. INTRODUCTION

Let � 2 C n f1g be given. For a fixed integer n � 1, we consider the two
point boundary value problem

ð�iÞnuðnÞ ¼ f

� uð jÞð0Þ ¼ uð jÞð1Þ ð0 
 j 
 n� 1Þ
ð1Þ
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on ½0, 1. Obviously the homogeneous problem for (1) has only a trivial
solution and hence the Green function knðx, yj�Þ for (1) exists (see, e.g.,
[8, p. 194]), so that for f 2 L2½0, 1

uðxÞ ¼ Kn� f ðxÞ �

Z 1

0

knðx, yj�Þ f ðyÞ dy ð2Þ

is the unique solution to the Problem (1), where Kn� denotes the integral
operator with the kernel knðx, yj�Þ.

The object of this paper is twofold. We first construct explicitly in §2 the
Green function knðx, yj�Þ by means of the Eulerian polynomial Hn�1ðxj�Þ
introduced by Euler in 1755 (see, e.g., [3]). We then assume j�j ¼ 1 in §3,
so that Problem (1) becomes self-adjoint. Applying the eigenfunction expan-
sion of the Green function, certain summation formulas are obtained in
terms of the central factorial numbers (see, e.g., [2]), extending a familiar
identity which is the case n ¼ 2.

Recent interest in (1) has come in [4] in connection with some sharp
inequalities for the eigenvalues of integral operators with smooth kernels. We
refer to [5] for an explicit formula of the Green function for the Problem (1)
when � ¼ 1.

2. THE GREEN FUNCTIONS

Given � 2 C n f1g, let Hnðxj�Þ ðn ¼ 0, 1, 2, . . .Þ be the polynomials in x
defined by the generating function

1� �

et � �
ext ¼

X1
n¼0

Hnðxj�Þ
tn

n!

as in [3]. When � ¼ �1, Hnðxj � 1Þ are no other than the Euler polynomials
EnðxÞ (see, e.g., [1, p. 804]). It is straightforward to verify that Hnðxj�Þ can be
characterized by the properties

H0ðxj�Þ � 1, ð3Þ

d

dx
Hnþ1ðxj�Þ ¼ ðnþ 1ÞHnðxj�Þ ð4Þ

and the boundary condition

�Hnð0j�Þ ¼ Hnð1j�Þ ðn � 1Þ ð5Þ
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when restricting to the interval ½0, 1. It follows either directly from the gen-
erating function or from the Properties (3–5) that

Hnð1� xj�Þ ¼ ð�1ÞnHn xj
1

�

� �
, ð6Þ

which may serve as definition of Hnðxj1=�Þ for the case � ¼ 0.
One of the main results is the following:

Theorem 1. The Green function for the Problem (1) is

knðx, yj�Þ ¼
in

�� 1

�
Hn�1ðx� yj�Þ

ðn� 1Þ!
if x > y

ð�1Þn�1
Hn�1ðy� xj1=�Þ

ðn� 1Þ!
if x < y.

8>><
>>:

Proof.We shall verify directly that for f 2 L2½0, 1, (2) gives indeed a solution
u to (1). Now

uðxÞ ¼
in

�� 1
�

Z x

0

Hn�1ðx� yj�Þ

ðn� 1Þ!
f ðyÞ dyþ ð�1Þn�1

	

�

Z 1

x

Hn�1ðy� xj1=�Þ

ðn� 1Þ!
f ðyÞ dy



:

Differentiating j times for 1 
 j 
 n� 1 and using (4) we have

ð�iÞnuð jÞðxÞ ¼
1

�� 1
�
Hn�jð0j�Þ

ðn� jÞ!
f ðxÞ þ ð�1Þn�j�1

Hn�jð0j1=�Þ

ðn� jÞ!
f ðxÞ

	 


þ
1

�� 1
�

Z x

0

Hn�j�1ðx� yj�Þ

ðn� j � 1Þ!
f ðyÞ dy

	

þ ð�1Þn�j�1
Z 1

x

Hn�j�1ðy� xj1=�Þ

ðn� j � 1Þ!
f ð yÞ dy



,

where by (5) and (6) the term inside the first bracket vanishes. Moreover, it
follows from (6) that

uð jÞð1Þ ¼
in�

�� 1

Z 1

0

Hn�j�1ð1� yj�Þ

ðn� j � 1Þ!
f ð yÞ dy ¼ � uð jÞð0Þ:

Finally we have

ð�iÞnuðnÞðxÞ ¼
1

�� 1
½� f ðxÞ � f ðxÞ ¼ f ðxÞ:

This completes the proof of the theorem.
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By the corresponding property of the boundary value problems in (1),
we have for integers m, n � 1

Kmþn� ¼ Km� K
n
� ð7Þ

as integral operators. In terms of the Green functions we obtain the following
simple consequence of Theorem 1 (cf. [1, p. 805]).

Corollary. For integers m, n � 0,

Hmþnþ1ð0j�Þ ¼
ðmþ nþ 1Þ!

m! n!

ð�1Þm

�� 1

Z 1

0

Hm zj
1

�

� �
Hnðzj�Þ dz:

3. SUMMATION FORMULAS

We fix an integer n � 1 and assume � 2 C n f1gand j�j ¼ 1, so that the
Problem (1) is selfadjoint. As is easily seen, the eigenvalues �m of (1) counting
according to multiplicities, and the corresponding orthonormal eigenfunc-
tions �m are given by

�m ¼ ð2�mþ 	Þn and �mðxÞ ¼ eið2�mþ	Þx
ðm ¼ 0, � 1, � 2, . . .Þ,

where

� ¼ ei	 ¼ cos	þ i sin 	 ð0 < 	 < 2�Þ:

Since the eigenvalues of (1) are all nonzero, the eigenvalues of the integral
operator Kn� are precisely the reciprocals 1=�m of that of (1). Using the
eigenfunction expansion of the kernel knðx, yj�Þ of K

n
� , we obtain the follow-

ing series expansion.

Theorem 2. For an integer n � 2

�

�� 1

Hn�1ðxj�Þ

ðn� 1Þ!
¼ ð�iÞn

X1
m¼�1

1

ð2�mþ 	Þn
eið2�mþ	Þx,

where the series converges absolutely and uniformly on ½0, 1.

Proof. We first consider the case n ¼ 2r ðr � 1Þ is even. Then the integral
operator K2r� is positive definite as seen from (7) with a continuous kernel. It
follows from Mercer Theorem (see, e.g., [8, p. 376]) that the kernel k2rðx, yj�Þ
of K2r� has the eigenfunction expansion

k2rðx, yj�Þ ¼
X1
m¼�1

1

�m
�mðxÞ�mðyÞ,
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where the series converges absolutely and uniformly on the square ½0, 12.
Setting y ¼ 0 we obtain

�

�� 1

H2r�1ðxj�Þ

ð2r� 1Þ!
¼ ð�1Þr

X1
m¼�1

1

ð2�mþ 	Þ2r
eið2�mþ	Þx, ð8Þ

where the series converges absolutely and uniformly on ½0, 1.
For the case n ¼ 2rþ 1 ðr � 1Þ is odd, we replace r by rþ 1 in (8) and

differentiate term by term. Then

�

�� 1

H2rðxj�Þ

ð2rÞ!
¼ ð�iÞ2rþ1

X1
m¼�1

1

ð2�mþ 	Þ2rþ1
eið2�mþ	Þx: ð9Þ

This completes the proof of the theorem.

The values of the left hand sides of (8) and (9) at x ¼ 0 can be evaluated
in terms of the central factorial numbers. For this purpose we consider

Rnð�Þ ¼ ð�� 1ÞnHnð0j�Þ,

which is a polynomial of degree n� 1 expressed by Euler in the powers of �
with the integer coefficients known as the Eulerian numbers (see, e.g., [3]).
Later Frobenius gave another expression for Rnð�Þ in the powers of �� 1
with the coefficients related to the Stirling numbers of the second kind (see,
e.g., [7, p. 244]). Recently a new representation for Rnð�Þ is obtained in terms
of the central factorial numbers Tð2r, 2kÞ defined by

Tð2r, 2kÞ ¼
2

ð2kÞ!

Xk
j¼1

ð�1Þk�j
2k

k� j

� �
j2r:

It has been shown in [6] that for r � 1,

R2r�1ð�Þ ¼
Xr
k¼1

ð2k� 1Þ!�k�1ð�� 1Þ2r�2kTð2r, 2kÞ, ð10Þ

R2rð�Þ ¼ ð1þ �Þ
Xr
k¼1

kð2k� 1Þ!�k�1ð�� 1Þ2r�2kTð2r, 2kÞ: ð11Þ

We refer to [2] for an interesting exposition on central factorial numbers and
a variety of their applications.

Finally we give the other main result in the following.
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Theorem 3. Let r � 1 be an integer. Then for z 2 C not an integer

1

ð2�Þ2r

X1
m¼�1

1

ðzþmÞ2r
¼

1

ð2r� 1Þ!

�
Xr
k¼1

ð�1Þr�k
ð2k� 1Þ!

4k sin2kð�zÞ
Tð2r, 2kÞ, ð12Þ

1

ð2�Þ2rþ1

X1
m¼�1

1

ðzþmÞ2rþ1
¼
cotð�zÞ

ð2rÞ!

�
Xr
k¼1

ð�1Þr�k
kð2k� 1Þ!

4k sin2kð�zÞ
Tð2r, 2kÞ: ð13Þ

Proof. Since both sides of (12) and (13) are meromorphic functions in z 2 C,
it suffices to prove them for z ¼ ð	=2�Þ ð0 < 	 < 2�Þ. Let � ¼ ei	. Then

�� 1 ¼ 2iei	=2 sinð	=2Þ and �þ 1 ¼ 2ei	=2 cosð	=2Þ:

Moreover, we have by (10)

�

�� 1
H2r�1ð0j�Þ ¼

Xr
k¼1

ð�1Þkð2k� 1Þ!
Tð2r, 2kÞ

4k sin2kð	=2Þ

and by (11)

�

�� 1
H2rð0j�Þ ¼ i cot

�
	

2

�Xr
k¼1

ð�1Þk�1kð2k� 1Þ!
Tð2r, 2kÞ

4k sin2kð	=2Þ
:

The equalities in (12) and (13) follow by setting x ¼ 0 in (8) and (9).
For r ¼ 1 (12) reduces to a familiar identity usually derived using the

residue theory.
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