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1 Introduction 

This paper is devoted to the problems of free vibrations of 
thin rotating shells. The theory of vibration of rotating shells 
is part of the theory of an arbitrary rotating body and the 
results which are valid for an arbitrary body are also valid for 
the shells. Though numerical methods are the main approach 
to the investigation of the dynamics of rotating bodies, some 
analytical results have been obtained for some simple bodies 
like rotating beams and discs. The mathematical theory of 
nonrotating thin shells is well developed. Several of the most 
successful are two-dimensional theories of the Kirckhoff-Love 
type. Using the Novozhilov shell theory, which is of this type, 
A. L. Goldenveiser, V. B. Lidsky, and P. E. Tovstik have 
developed the theory of asymptotic integration of the equation 
of vibration of shells. This theory allows one to estimate and, 
in some cases, to find analytical solutions for the eigenvalues. 
The main results of this theory are presented by Goldenveiser 
et al. (1979). 

The aim of this paper is to apply asymptotic methods to the 
solution of the eigenvalue problem for a rotating shell. We will 
use Novozhilov's two-dimensional shell theory to obtain the 
equations for the vibration of the shell and the theory of 
asymptotic integration of the differential equation to solve the 
eigenvalue problem for these equations. 

For the last few years the analytical approach to the solution 
of the eigenvalue problem for a rotating shell has become 
popular. In the list of references we only mention research 
which deals with the application of two-dimensional theories 
for obtaining the equation of vibration and papers devoted to 
the mathematical consideration of these equations. Unfor­
tunately, space does not permit a detailed description of these 
works. 

2 Geometry of a Shell 

Consider the thin shell of revolution of constant thickness 
h. To describe the shell geometry we introduce an orthogonal 
curvilinear coordinate system, connected with the meridans 
and parallels of a shell. A position of a point on the neutral 
surface of a shell is defined by a longitudinal angle 
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a ( 0 < a < 2-7r) and the length of the arc of meridans^, <5<s2)-
The shell is limited to two parallels s = sx and s = s2. As a par­
ticular case, a shell may be closed at the top (sphere, cupola). 

The geometry of the shell is characterized by the function 
B(s), which is the distance between the axis of symmetry and 
the neutral surface (see Fig. 1). We will also use functions R{ 

and R2, which are the main radii of a curvature and function 
d(s), which is the angle between the initial normal to the 
neutral surface and the axis of symmetry. These functions are 
expressed through the function B: 
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B B 

COSd=B',0<6<TT. 

At each point of the neutral surface we introduce a local 
system of cartesian coordinates, the axes of which are the 
tangent to the meridan, the tangent to the parallel, and the in­
itial normal. U is a displacement vector with components u, v, 
w in the local coordinate system. 

The shell rotates with the constant angular velocity 0 
around the axis of symmetry. 

We use the following notation: 
E = Young's modulus 
a = Poisson's ratio 
p = density of the shell material 
/ = the length of the cylindric shell 

ek, u = components of the tangential deformation and 
the angle of the elastic rotations 

T,H = kinetic and potential energies 
/ = time 

Fig. 1 The geometry of the shell of revolution 
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We will nondimensionalize the variables as follows: 

(U ,u,v,w,Rk,B,s,l) = R~l(U* ,u* ,v* ,w* ,R£ ,B* ,s* ,/*), 

(ek,u) = (eZ,u*),t = k-[t*,k = R. 
P ( l - c 2 ) 

E ' 

h = (R^\2)~lh*, (co.fi) = /t(co*,fi*), 

{T,Ii) = {\-v2){Eh*Y\T*Jl*), 

where R is a characteristic radius of a shell. For example, if 
B(st)piO we can assumeR=B(s1). 

3 The Equation of a Motion 

There are various ways to get the equations of vibration of a 
rotating shell. We will use Hamilton's principle. The 
mathematical formulation of this principle is 

5(r-n) = o, (i) 
where Tis the kinetic energy of the shell and n is the potential 
energy of the shell. 5 is a symbol of variation. If V is the 
velocity of a shell element, the kinetic energy of the shell will 
be 

r = ^ r f " \ 2V2Bdsd<p,V = ilx(r + V) + i), 
2 Jo Jsi 

(2) 

where r is a radius vector to a point on the neutral surface. 
Here we take only the linear displacements terms. In the work 
by Vorobiov and Detistov (1981a) some nonlinear terms were 
retained. 

The potential energy n may be expressed as 

1 r2ir rs2 
n = -— IlBdsd<p, 

2 Jo Jii 

(3) 

Here the second II is a strain energy density. We will consider 
it as a function of the displacements and their first derivatives. 

If we substitute expressions (2) and (3) into (1) we obtain the 
equation of vibration 

(pU + pfi x [JIx (r + U)] + 2pfi x U 
0 J st 

+ Vll{V})5VBdsd<p = 0, (4) 
where 

an I a / an \ 
V ~Hu B~"ds\ dlL'/ 

an 
9<P a u ; 

For arbitrary elastic bodies this equation has been obtained by 
Vilke (1986), using the Lagrange-D'Alembert's principle. The 
precise form of the density n depends on the type of shell 
theory used. We will discuss this problem next. The only con­
dition, which the shell theory must satisfy, is that the 
reciprocity principle of Betti is valid. More details about the 
application of Betti's principle in the theory of shells can be 
found in Goldenveizer's monograph (1961). 

Equation (4) is valid for all theories of shells in which the 
strain energy density is only a function of the displacements 
and their derivatives, for example, theories of the Kirchoff-
Love type. Theories of other types may include additional in­
dependent variables. For example, in Reisner's shell theory, 
the two angles of rotation of the normal to shell element are 
independent quantities. Using this theory of shells the equa­
tion for the vibrations of a cone was obtained by Vorobiov 
and Detistov (1981a). 

We will investigate small vibrations of shells about the axi-

symmetric equilibrium state generated by centrifugal forces. 
We represent the displacement \](s,<pj) as a combination of an 
initial axisymmetrical displacement U0^) and an additional 
displacement Ul(s,<p,f) 

U ( S , ^ , 0 = U°(5) + U1(S,VJ,0. (5) 

The expressions for the vectors r and fi in a local system of 
coordinates will be 

r = (Bcos0,O, - £sin0), fi = ( - Qsin0,O, - ficos0). (6) 

Since strain energy density n is positive and we are only con­
sidering small deformations, we may assume that this density 
is a quadratic form of the deformations and the angles of rota­
tions. The actual expressions for the deformations and angles 
of rotation will be introduced next. For now, we write them in 
the form 

auyi+Lbuyi 
j J 

Here x is any deformation or angle of rotation and y is a 
displacement or its derivative. Geometrical linear shell theory 
assumes btj = Q. 

Now we represent the strain energy density in the next form 

n[u1,u°]=n[u1]+nHU',t/l]+n0[u
0] 

+n0[u
1,u°]+n,[u1,u0]. (7) 

Here n[U'] is the quadratic form of the displacements U. 
UF[Ul ,U°] is the linear form with respect to both U1 and U°. 
n0[U°] is a term depending only on U°. nn[U' ,U°] is the 
quadratic form with respect to U1 and the linear form with 
respect to U°, in n j U 1 ,U°] we include all other items. In our 
consideration we will neglect the last item. We will also omit 
the index ' " " for the displacement. 

Substituting expressions (5-7) into equation (4), and taking 
into account the independence of the coordinates, we get two 
vector equations: 

LF(U°) = F, (8) 

L(V) + fi2Ln[U°,U] = U + 2fiZ,cU + Q2LeV, (9) 

where 

Lc = 

L.= 

0 
-COS0 

0 

- COSZ0 

0 
sin0cos0 

COS0 
0 

- s i n 0 

0 
sin<9 

0 

0 sin0cos0 
- 1 0 
0 - sin20 

^(u°)= - vnF[u°,u], L0(U°,U)= --QJ-VIIDEUMJ], 

i ( U ) = - v n [ U ] , F = D2r = fi2(5cos0,O,-5sin0). (10) 

From equation (8) we can find the initial displacements and 
stresses in a shell, which we will substitute into the equation of 
free vibration of a shell (9). Operator L corresponds to the 
nonrotating shell. Operator La describes the change of the 
geometry of shell and the existence of the initial stresses. The 
equation of vibration of rotating shells was obtained in a 
number of papers for different kinds of shell geometry (most 
often for cylinders) under different assumptions for different 
types of shell theories. Some of these papers are listed in the 
references. In these papers the equation of vibration has the 
different operators L and La and depend on the type of shell 
theory and assumptions about the initial equilibrium. 
However, for all theories of the Kirckhoff-Love type, the dif-
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ferences in operators L will be only in terms of order h2 and 
higher. 

The scalar product of the vectors \Jk and U/ are determined 
by the formula 

(U*,U,)= (ukUi + vkv, + wkWi)Bds. 

For a large class of boundary conditions all operators included 
in equation (9) are self-adjoint, i.e., 

(.LVk,V,) = (L\J„Vk). (11) 

For that it is only necessary for the principle of Betti to be 
valid. We will use only those boundary conditions, which are 
usually called "idealized." For example, the boundary condi­
tions of free, clamped, and freely-supported edges are of that 
kind. All idealized boundary conditions are linear, hence, 

r(u) = o, r(u°) = o 
are boundary conditions for the initial and additional 
displacements. 

4 The Form of Solution 

For linear and homogeneous boundary conditions we can 
search the solution of equation (9) in a form of "running 
waves," that is 

u(s,<p,t) 

oo oo 2 

= E E Ttumk(s)Cmkcos(m<p + umkt-a') 

m = 0 k=-<a 1=1 

V(S,ip,t) 
oo oo 2 

= D D Ydvmk(s)Cl
mkf,m{m<p + wmkt-a

I), 

m = 0 Ar= - c o ; = i 

W(S,<p,t) 
00 CO 2 

= E E X) wmk(s)C'mkcos(m<p + oimkt-a
l), 

m = 0 Ar= - c o / = 1 

«'=(), 
~2 

(12) 

where a1 is the phase, m is the wave number along a parallel, 
and wmk is the frequency of the free vibrations. Since the 
boundary conditions and equations of vibrations are linear, 
we can consider the vibrations separately for each wave 
number m. The equation of vibration of a shell for fixed m is 

Lm (Um) + Q2Lam (Um) + uiVm + 2a>,„QLc„,Um 

+ Q2LemVm=0, r ( U m ) = 0 , 

where 

(13) 

J-Tm — 

'-'em ~ 

o - cose 
- cose 0 

0 sin0 

0 
sinfi 

0 

cos2e 0 - sinecose 
0 1 0 

-sinecose 0 sin2e 

The operators Lm and LQm are operators L and La for fixed m. 
Further, we will consider the problem for fixed m and omit the 
index "m" for both variables and operators. 

It is useful to write the energy equation corresponding to 
vector equation (9). Multiplying it by U, we obtain: 

co2r+2a)firc + n2re=n+nSJ, (14) 
where 

(U,U)= f 2 (u2 + v2 + w2)Bds = 2T, 

( L ( U ) , U ) = - ( v n [ U ] , U ) = - 2 ( 2 UBds=-2a, 
J Si 

(L„(U),U) = •(vnoru0,u],u) 

„Bds=-2Un 
2 fs2 

( L c ( U ) , U ) = - 2 f 2 (cos8u-smdw)vBds = 2Tc, 
J S± 

(Le(XJ),U)= P ((cosdu-sin6w)2+ v2)Bds = 2Te. 
J i-j 

Here II is the potential energy of the additional displacements, 
IIn is the potential energy of the initial stresses and 
displacements, and 7Ms the kinetic energy of the relative mo­
tion. All energies are computed for the fixed mode. 

It is known that the nonrotating shell of revolution has a 
series of frequencies of free vibrations and modes, for which 

uk = u_k, Uk=U_k. (15) 

That is, two running waves propagate in opposite directions 
along the parallel with equal angular speeds. The relations (15) 
can be used to transform expressions (12). We consider the 
sum of two waves, running in opposite directions for fixed k, 
with the arbitrary constant in a form 

-C2^ = 0. (16) Ck — C^k, Ck = 

Thus, for the displacement u, we get 

u — Cukcos,m<psmwkt. (17) 

This is a standing wave, oscillating with a frequency oik. 
Now consider the case of a rotating shell. For the rotating 

shell the expressions (15) are not valid. We introduce the 
parameters a and /3 as 

1 1 
(uk + co_k) 

and amplitude vectors as 

Vl = Vk + l)^,V2
k = Vk-\J_k. 

The arbitrary constants are determined by expression (16). 
Making the same transformations we get 

u = C(ukcos,{m<p + j3t)cosat + u2sm(m<p + f}t)sinat). (18) 

This is a superposition of the two standing waves, oscillating 
with a frequency a and precessing with the angular velocity 
13/m. It is clear that for nonrotating shell a = uk, (3 = 0, 
U 2 = 0 , and expression (18) transforms into expression (17). 
The reader has to pay attention that the rotation generates 
both precession of the modes and shift of the frequency of 
oscillation. 

5 Application of a Small Disturbance Method 

Let Q be the small parameter. The correctness of such an 
assumption has been discussed by Smirnov and Tovstik (1981) 
and Lidsky and Tovstik (1984). We expand frequencies wk and 
amplitude vectors Vk in a series of the parameter fi, that is 

^ = a ( f i ) + / 3 ( Q ) , « _ i t = - a ( Q ) + j 8 ( 0 ) 
Co oo 

a(Q)=co0+ Dfi2 'a2 , , /3(Q)= X)f i 2 ; + 1 fe + 1 , 
i=i ;=o 

CO 

U * ( 0 ) = E ( - 1 ) ' U , 0 ' . (19) 
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The frequency u0 is the corresponding frequency of the 
nonrotating shell. It is obvious that a(0) = co0 and 0(0) = 0. 
Substituting these expressions (19) into equation (13), and 
equating the coefficients for equal powers of Q, we get 

LU„ + «gu0 = o, r(u0) = o 
LVl+(4Vl = -2u0(LcV0 + PiV0), r ( U , ) = 0 

LU2+cogU2=-2w0(L cU1+|31U1)-(2«o«2 + l8?)Uo-
- ^ . L c U o - ^ U o - L n U o , r (U 2 ) = 0. (20) 

These equations determine the amplitude vectors U and free 
frequencies co. The first equation gives the free frequencies and 
modes of the nonrotating shell. To obtain the coefficient plt 

we scalar multiply the second equation by U0 and apply the 
property of self-adjoint operators (11). Hence, 

?C (Un) 
/3 = /3,Q + 0(G3) , fl, = - CV °; . (21) 

The speed of precession is determined by /3/w. 
Applying the same method we can find all the coefficients in 

the series a and fi. We write only the second term for a. 

_ 0\ ( Z C U 1 , U 0 ) + /3 1 (UI,UQ) 
012 2w0 2T(U0) 

rg(u0) + i7n(u0) 
2co0r(U0) 

Later we will call fii the coefficient of bifurcation and a2 the 
coefficient of shift. We will assume that it is possible to neglect 
the second term in formula (22). This assumption has been 
verified by Smirnov and Tovstik (1982) for some special cases, 
for example, the low frequency vibrations of shells of zero 
curvature. However, in the general case, the error of this 
assumption has not yet been established. With this assump­
tion, the formula for a may be rewritten in the form 

a = a2Q2(l + 0(Q2)), a2=-—l/3f+ — — I. 
2oi0 \ T(\)0) / 

(23) 

Estimating the coefficients of bifurcation and shift requires 
the amplitude vectors of the nonrotating shell U0 . This is 
possible only if we know the operator L or the density II. The 
form of this density depends on the type of the shell theory. In 
the next section we will apply Novozhilov's shell theory, which 
is of the Kirkhoff-Love type. 

It is possible to make some conclusions about the coefficient 
of bifurcation. Vilke (1986) has shown that - 1 < /3 < 0. 
Egarmin (1986) has shown that /3 = - 1 only for m - 1 and 
only for rings or cylinders where axial displacements are zero; 
i.e., u = 0. 

It is clear now why the effect of precession of modes of the 
rotating solid body was ignored for many years. First, this ef­
fect is rather small for low speeds of rotation and, secondly, it 
could not be discovered using a one-dimensional model. This 
effect only appears in two- or three-dimensional models. 
Finally, this phenomenon does not appear in axisymmetric 
vibrations. Indeed, it is known that axisymmetric vibrations 
may be separated into twisting modes with amplitude vector 
Uj = (0, v, 0) and longitudinal-bending modes with amplitude 
vector U2 = («, 0, w). It is clear that the scalar products 
(Z-cUi, U,) and (LC\J2, U2) and the coefficient of bifurcation 
i8 = 0 are all equal to zero. 

The effect of precession is well known in physics and is a 
consequence of the theorem of conservation of angular 
momentum. In all cases, when an arbitrary body oscillates in a 
field of gyroscopic forces F, such that 

F = a x V , 

where a is a field vector and V is the speed of a body element, 
we have the precession of a mode. The effect of bifuration of 
the frequencies for an oscillation of a particle in a field of 
magnetic forces is known as Larmore precession. Another ex­
ample of this effect is the vibration of the Foucault pendulum. 

To determine the strain energy density n we have to choose 
the shell theory. We will use the Novozhilov's theory. Smirnov 
and Tovstik (1981) and Smirnov (1981a, 1981b) have shown 
that for Novozhilov's shell theory the expresssions for items 
proportional to Q2 in equation (14) have the next form 

n0(U0) + P n P ( U 0 ) = n n ( U 0 ) - O 2 r e ( U 0 ) , U0 = m2T-2mTc. 

(24) 

Constant P depends on the boundary conditions and not equal 
to zero only when both edges are clamped, i.e., u(st) = u(s2) 
= 0. We will not consider this case. 

If P is equal to zero, the formulas for the shift coefficients 
will be rewritten as: 

a = - — (m + fil)
2Q2(l + 0(Q2)), (25) 

2co0 

If we assume U = U0 , and submit the expression (24) into 
(14), we immediately obtain 

u±=/S1fl±(a>0 + (w + /S1)2fl2)!\ (26) 

The last expression is more precise for lower eigenvalues, but 
from an asymptotic point of view the relative error will be the 
same as in formula (25), that is O(02). 

6 Partition Method 

Most of the results of Sections 3, 4, and 5 are valid for an 
arbitrary elastic body, rotating around an axis of symmetry. 
For example, for any elastic body 

(3=Tc(Vo) Q(l + 0(fl2), 
T(U0) 

describes the gyroscopic effect, where U0 is the vector of 
displacements for a nonrotating body. We will omit the 
index 0. 

Now we will use the specific property of the shell, small 
thickness h, to find the approximate analytical expression for 
the modes of a nonrotating shell. For the quantities of the 
same order as h, we will use the symbol ~ . If we manage to 
construct the modes in the form 

U = U° + U ' , HU'll~/iollU0ll,a>0> 

we then get an approximation for the coefficient /3 in a form 

T(\]°) 
P = T /TTOI W + 0(Q2) + 0(h")). 

The solution U° is usually called the general solution and U1 is 
called the additional solution. If h is a small parameter, it is 
possible to represent the modes as a power series in h. The 
character of both the general and additional solutions and, 
hence, the actual form of the series depends on the frequency, 
geometry of the shell, boundary conditions, and value of the 
wave number m. For example, the general solution of the 
equations of vibration with lower frequency is often the 
bending mode and the additional solution has the character of 
a boundary effect. The main results of the theory of asymp­
totic integration of the equations of vibration of shells can be 
found in a monograph (Goldenveiser et al., 1979). In the next 
sections we will use the results of this work. 

7 Rayleigh's Vibrations 

From a technical point of view, the quality of a structure is 
often determined by the lower eigenvalues. In this paper we 
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are interested in the lower part of the spectrum of the frequen­
cies of free vibration. Among the lower frequencies we are 
mostly interested in superlow frequencies. These frequencies 
are of the order of ha, where a > 0 and, hence, decrease as the 
thickness decreases. If the thickness is small enough, all lower 
frequencies are superlow, if they exist. In a paper by Smirnov 
and Tovstik (1982), it was shown that the maximum effect of 
the rotation is on these frequencies. The results of numerical 
investigations proving this conclusion can be found in a paper 
by Shih-sen Wang and Chen Yu (1974). 

Let us consider the Rayleigh formula for frequencies 

2 ne(U)+/*2nx(U) 
0) = . 

T(U) 
Here IIe is the elongation-shear energy and IIX is the bending-
twisting energy. 

It is clear that the eigenvalues are superlow if we consider 
the modes for which the potential energy of the elongation 
(membrane energy) is small, i.e., 

The limiting case II, = 0, represents pure bending modes. 
These modes have been investigated by Lord Rayleigh. 

The condition IIe = 0 is equivalent to the system of equa­
tions 

or, using the definition for the tangential deformations 
(Goldenveizer, 1961), to a system of differential equations 

Vf 

R, 
= 0, 

B'u 
B +~ 

B(^ 

mv 
B 
r 

\ -

w 
R2 

mu 
, 5 , B 

= 0, 

= 0. (27) 

This system has two solutions which may be found for any 
given shell type. 

8 Shells of Zero Curvature 

In this section we will consider shells of zero curvature, i.e., 
cones and cylinders. For cones the radii of curvature and func­
tion B can be determined from: 

1 

~R~, 

1 cosa 
= 0, - = - = -R, B 

B = s sin a, B' =sin a, 
M " 2 

where a is the cone semi-angle. The case a = 0 represents 
cylinder. 

For a cone, the system of equations (27) has the solutions 

U, = ( o , s , - ^ - ) , U 2 = ( i 
V cosa / V 

s i n a , - m , ), (28) 

cosa / v cosa / 

and for a cylinder the system of equations (27) has the solution 

U, = ( 0 , 1 , / M ) , V2 = (\,ms,m2s). (29) 
It is possible to show that the first mode is symmetric to the 
middle of the shell and the second mode is in an antisymmetric 
mode. The frequency corresponding to the first mode is 
always lower than the frequency corresponding to the second 
mode. 

Now, if we have a boundary condition, which allows the ex­
istence of pure bending, the formulas (28) and (29) give us an 
approximation for the exact modes. The error of this approx­
imation is proportional to the influence of boundary effects, 
that is, O(Vh). 

We substitute the modes (28) and (29) into (21) and (26). For 
the cone we get 

co±=/31fl±(fi§ + (/w-|31
2),/S 

where, for the first mode 

2/??cos2a 

(30) 

0,= cos2a + m2 

and for the second mode 

2w3 • , / s in 2a — m 2 \ 2 

0 , = — , A„, = sm2a + /M2+ I 1 . 
Am \ cosa / 

Here, coo ' s the eigenvalue of the nonrotating shell. 
For the first mode of the cylinder we get 

2m l . , / m 2 - l \ 2 „ , \ B 

(31) 

For the second mode we may use the same expression, but 
with an error of the order 0(m~2l~2). 

If m is a large parameter, the formulas for the first and 
second modes converge and we obtain the next approximation 

2cos fy 
0, = ^ - ^ (1 +0(m-2)), co± = /3,G± (u>l + m2n2yA. 

(32) 

All these results are valid for pure bending vibration, but 
not all shells and boundary conditions produce pure bending. 
For some cases, the shell has modes very similar to bending 
modes. These modes are called pseudobending modes. The 
reader can find theoretical results about pseudobending modes 
in a monograph by Goldenveiser et al. (1979). 

We will consider only two cases of vibration of shells with 
zero curvature, where pseudobending modes exist. The first is 
the vibration of a shell of medium length, i.e., l~R. It was 
shown (Goldenveiser et al., 1979) that for the medium length 
shells of zero curvature, pseudobending modes exist for any 
type of the boundary condition. For these modes the wave 
number is large (m~h~'A) and the lowest frequency is of the 
order of tiA. To determine the frequencies of vibrations of 
these modes, we can use the formula (32). The error of this 
formula increases when we consider large or small values of 
m. The error will rise if we consider a rigid boundary condi­
tion. For example, this formula gives better results for simply-
supported edges than for clamped edges. Nevertheless, (32) 
gives a good approximation for low frequencies. Figure 2 
compare the eigenvalues of a cylindrical shell determined by 
numerical method (points on the graph) by using (32) (lines on 
the graph) for m = 5, / = 2, h = 0.01. Endo et al. (1984) and 
Saito and Endo (1986) obtained good agreement between 
numerical, experimental, and theoretical results for a wide 
range of parameters of thickness and wave number, and 
various boundary conditions. 

The influence of rotation on the eigenvalues, determined 
with formula (32), does not depend on the boundary condi­
tion. Using the asymptotic representation found by 
Goldenveiser et al. (1979), it is possible to get the next term in 
the series for the eigenvalue, taking into account the effect of 
the boundary condition. For a cylinder, Goldenveiser et al. 
(1979) have found that the first term for the displacement has 
the form 

U ° = ( — r ( w 0 ) ' , w°, w°Vl + O(v70), (33) 

V m1 m / 

where w° is a solution of the equation 

(1 - y2)(w0)'" +(msh2- (4mA)wa = 0. 
For the simply-supported edges, the corresponding boundary 
conditions are 
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LOWER FREQUENCIES OF A SHORT CYLINDER 

SPEED 0F R0TBTI0N 

Fig. 2 The lower eigenvalues versus speed of rotation for a short cylin­
drical shell 
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Fig. 3 The lower eigenvalues versus speed of rotation for a long shell 

(w°)"(0) = w°(0) = (w0)" (/) =w°(D =0. 

It is clear that if m is a large parameter, for example, 
{m~h~v'), equation (32) is still valid. The error due to ne­
glecting terms of the order of m~2, is of the same order as that 
due to neglecting the boundary effect. If m is not large; we 
must use the more precise formula. 

The second case we will consider is long cylindrical shells. It 
was shown that for the sufficiently long shells for each wave 
number, m pseudobending modes exist. In this case, the error 
in frequency due to (32) is proportional to m~2l~2. Egarmin 
(1986), did not require the assumption ej = 0. It allowed him 
to obtain the next term in the expression for the coefficient of 
bifurcation 

2m 

m2 + l+Dk-

(34) 

m2l2 

where coefficient Dk depends on the boundary conditions and 
the wave number (k) in the direction of the meridian. Dk in­
creases with k, so the influence of the boundary condition in­
creases for higher modes. The coefficient Dk is larger for more 
rigid boundary conditions. 

The same result can be obtained using (33). For example, 
for a simply-supported shell, 

U°=(-
irk 

Im2' 
•wks 

m 
sin 

irks 
sin 

irks\ 

and the coefficient of bifurcation is equal to: 

2m 

m2+\+-
m2l2 

In this case, Dk = ir2k2. For higher modes we must use (34), 
but for the case k = 1 and for long shells, (32) provides ade­
quate results. 

The influence of rotation is maximum for m - 1. This is the 
only case when the eigenvalue may be equal to zero for some 
rotation speed. For a long cylinder with m = 1, (34) 
transforms into 

• 0 , -wo- fin (35) 

The comparison of the numerical (points on the graph) and 
asymptotic (lines on the graph) results for the lower frequen­
cies of the long cylinder can be seen in Fig. 3 for the following 
parameters m = 1, h = 0.01, and / = 15. 

We see that for certain specific values of the speed of rota­

tion, the eigenvalue is equal to zero and the shell becomes 
unstable. The behavior of a long shell is thus similar to the 
behavior of a long beam, which also becomes unstable at 
critical speeds of rotation. 

9 Vibrations of Spherical Shells 

In this section we will consider the vibration of spherical 
cupolas, which were first examined by Zhuravliev and Klimov 
(1985). The geometry of these shells is described by function B 
= sin 6, 0 < d < 62, Ri = R2 = 1- We start by investigating 
pure bending modes of vibration. Rayleigh has solved the 
system (27) for a spherical shell. There are two solutions. We 
consider the one which is limited in the top of the cupola: 

/ / 6 \"< / 6 \"' 
U = (smflltan— 1 , smflltan— 1 , 

(w + cos0)( tan—) Y O<0<0 2 . (36) 

Now if we substitute this solution into (21) and (26), we get 
the formulas for the coefficients of bifurcation and shift 

co±=|8 ln±(o)0 + (w + /31)2fi2)1/2, 

where 

— rnc z 

-2m 
P-+P +/4 (37) 

q = cos 2' 

7^=4 ( i - t )
m + ! t l ~ m d t , 4 = ( m - 1 ) 2 (l-t)'"t-mdt 

/2 = 4(w + l)f (l-t)mtl-mdt, 4 = - 4 f (l-t)'"t2 

Jo J<7 
"dt. 

For each value of m we can compute these integrals. For 
m = 2, the value of the coefficient of bifurcation has been 
determined by Egarmin (1986). In our notation 

Pl=~2r 
241ng - 72q + 36g2 - 8g3 + 44 

3^- 1-301n^ + 8 1 9 - 3 0 ^ 2 + 4 ^ 3 - 5 8 ' 
(38) 

It is interesting to investigate the value of the coefficient of 
bifurcation as a function of the angle 62, which is a coordinate 
of the free edge of the spherical shell. In Fig. 4 we can see the 
value of the modulus of the coefficient of bifurcation as a 
function of the angle d2. The maximum 08, =0.76) cor­
responds to a cupola with an angle of 135 deg. It is interesting 
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COEFFICIENT OF BIFURCATION FOR A SPHERE 

SPHERICRL ANGLE 

Fig. 4 The relationship between the coefficient of bifurcation and the 
spherical angle for a spherical shell 

to compare the results for the sphere with the results for the 
cylinder. For m = 2, the maximum value of the modulus of the 
coefficient of bifurcation for cylindrical shell, according to 
(34), is 0.8. Since the influence of rotation on the shells of dif­
ferent geometry is maximal for cylinders, the last number is an 
upper limit for the coefficient of bifurication of a spherical 
shell. In the case of a spherical shell, the bifurcation will be' 
more for the shell, which is more "similar" to the cylinder. 

For a hemisphere (02 = T / 2 ) with m = 2, we obtain 
(3, = -0.554 and the speed of precession p/m= -0.227. This 
result was first obtained by Zhuravliev and Klimov (1985). 
Evaluating the limit of expression (38) for 62 converging to 0 
and to T, it is not difficult to show that £, converges to zero. 

The comparison of the numerical (points on the graph) and 
asymptotic (lines on the graph) results for the lowest frequen­
cy of the hemisphere with free edge can be seen in Fig. 5 for 
the following parameters m = 2, /j = 0.01. The frequency for 
the nonrotational shell is assumed to be equal to 1. 

These results are valid for spheres with a clamped top and 
free edge. The error in the mode and, hence, for frequencies is 
determined by the boundary effect and is O(V^). For other 
boundary conditions at the top, or if 0, >0, the error in using 
(36) increases. Egarmin (1986) estimated the influence of the 
boundary conditions on the eigenvalues. He has shown that 
this effect is much less important than the effect of the in­
fluence of the free edge. This seems reasonable since the main 
vibration for these shells is concentrated at the free edge. 
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