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Abstract 

 

The nonlinear mathematical model of the system to mount the motor in a niche of 

the outboard motor boat, which protects against external influences by means 

nonlinear shock absorbers and dampers, has been developed. 

The mathematical model of the system is represented by three nonlinear 

differential equations of second order. The nonlinear shock absorbers and 

dampers, as a function of the generalized coordinates are represented by 

polynomials up to the fifth degree inclusive. 

For approximate analytical solution of the nonlinear mathematical model is 

applied the modified method of polynomial transformations and the numerical 

method of Runge-Kutta. 

 

Keywords: Vibration protection systems, Method of polynomial transformations, 

Nonlinear mathematical model, Outboard motor boat 

 

 

1 Introduction 
 

   When driving on the water at the hull of the boat affect periodic forces, which 

are transmitted to the outboard motor. To protect the motor from the periodic influ- 
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ence the motor is mounted on the non-linear dampers and the shock absorbers 

[1-6]. The nonlinear mathematical model for mount the engine on niche of the 

boat has been developed. External forces, acting on the hull of the boat, is 

transmitted to the motor and represented as periodic functions. It is assumed that 

the system has no resonance. As result the mount of engine in a niche by the 

nonlinear shock absorbers is a significant reduction in engine vibration amplitudes 

on the all three axes. Nonlinear rubber shock absorbers [7-13] and dampers in the 

suspension of the motor are widely used on boats "Yamaha", "Tridin", "Eyrslot". 

 

2 Mathematical model of the vibration protection system for 

motor of the boat 
 

   Consider mounting the motor of the boat in the niche by means of non-linear 

rubber shock absorbers and dampers that can be represented in the form of 

polynomials up to the fifth degree inclusive. 

Assumed, the impact on the boat an external periodic force in three directions: 

1 1 2 2

3 3

sin( ) cos( ), sin( ) cos( ),

sin( ) cos( ),

x x x y y y

z z z

f A t B t f A t B t

f A t B t
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where , , , , ,x x y y z zA B A B A B  – amplitude,  
1 2 3, ,     – the frequency of 

external periodic forces. For the equations of motion the dynamical system is 

applied the system of Lagrange equations: 

; ; ,x y z

d L L d L L d L L
Q Q Q
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where L  - Lagrange function, xQ  - the force corresponding coordinate x . 

Here , ,x y z  – the coordinates of the center of mass of the motor. 

The generalized forces are equal: 
2 3 4 5
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Here m  - the weight of the motor, ,i ic k  – the spring constant,  ,i ib l   – 

coefficients of friction the damping devices. 

Substituting the expressions for the Lagrange equations, we obtain a system of 

three nonlinear differential equations of the second order: 
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Let us consider the relative coordinates of the center mass the motor:  

; ; ;x y zx x f y y f z z f        

To simplify further entries we omit the sign ~ for coordinates: ; ; zx x y y z z   . 

In the relative coordinates the mathematical model can be written. 
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Divide each equation on the weight of the motor. For simplicity, we write the 

system without renaming all the coefficients of the system: 

/ ; / ; / ; / .i i i i i i i ic c m k k m b b m l l m   
 

 

We write the nonlinear system of equations with the coefficients divided to unit 

weight of the motor. 

   

   

   

2 3 4 5

1 1 1 2 3 4 5

2 3 4 5

1 1 12 3 4 5 1

2 3 4 5

1 2 3 4 5 2 2

2 3 4 5

1 3 3 3

1 2 2 2

2 3 4 5 3 3

sin cos

sin cos

sin cos

x b x c x d b x b x b x b x

c x c x c x c x A t B t

y l y y y y y d A t B t

z z z k z k z k z d A t B

l l l l p y

k k t

 

 

 

    

  

   

     


 


   



 

  



 

 

3 The method of calculation the vibration protection system 
 

   For the calculation of nonlinear dynamic systems apply different methods 

[14-19]. Is applied known methods: the method of Van der Pol, harmonic balance 

method, averaging method, the method of small parameter, the method of 

Krylov-Bogolyubov, method of polynomial transformations, the Poincare 

perturbation method [20-25].  

For the method of Van der Pol and for the method of averaging the truncated 

equation is considered. In the method of harmonic balance approximate solution 

takes into account only the basic frequency components. In the method of small 

parameter and perturbations the approximate solution is found, provided that the 

series converges. 

For solved the nonlinear dynamic system was applied the method polynomial 

transformation [26]. 

The system of equations is written in matrix form: 

PRXX  ** , where 

*

1 1 2 2 3 3

[ , , , , , ,

exp( ),exp( ),exp( ),exp( )exp( ),exp( )]T

X x y z x y z

i t i t i t i t i t i t     


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P - nonlinear vector the system. 

As a result, the linear change of variables: 
** AXY  , we obtain the linear system 

with a diagonal matrix: PYY
~**  . 

By replacing the variables in accordance with the polynomial transformation 

method [26]: 

5
* *

2

S

S Sy z a 



 

   , up to terms of the fourth order we obtain an 

autonomous differential system: 

 * * * * * * * * * * * *
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The solution of the autonomous system of equations can be written as: 
* * *

3 1 1 2 2 2 3 3 3exp( ), exp( ), exp( )z q t z q t z q t      

The solution of the nonlinear dynamical system in the original variables x,y,z can be 

written as: 
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We obtained the steady mode of motion with the following parameters of the 

dynamic system: 
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The stationary mode of motion corresponding to the functions: 

0.550022sin( ) 0.624073cos( ) 0.0491024

0.262094sin(1.2 ) 0.0908144cos(1.2 ) 0.0387381

0.341722sin(0.8 ) 0.512583cos(0.8 ) 0.534267

t t

y t t

z t t

x   

   

 



 

  

We obtained the graphics of motion the center mass the motor (Figure 1). 

 

 

 

Fig.1. The relative and absolute movement of the center mass the motor. 

 

Legends: 
_______ , ,x y z     

The analytical solution is compared with the numerical solution by the 

Runge-Kutta method. Error of solving for the polynomial transformation method 

does not exceed 2%. 

Figure 2 shows the dependence of the error (
 
in percent) on the parameter 1c

 
and on the time, when 1 0.5c 

 
the error does not exceed 0.05%. 

 

 

   
 

Fig.2. The dependence the error on the 1c
 
and on the time when 1 0.5c   

 

 

Figure 3 shows the dependence the error (
 

in percent) on the parameter 1b  and 

on the time, when 1 0.3b 
 
the error does not exceed 0.25%. 
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Fig. 3. The dependence the error on the 1b  and on the time when 1 0.3b   

 

We obtained graph the maximum amplitude of the dynamic oscillation system 

depending on the frequency 1  (Figure 4) 

 

0.5 1.0 1.5 2.0 2.5 3.0
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Fig.4. The dependence maximum amplitude of the oscillation on the frequency 1  

 

We performed the analysis the effect of nonlinear parameters of shock absorbers 

and dampers to the maximum vibration amplitude (Figure 5). 
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Fig.5. The dependence the maximum amplitude of the vibrations on the parameters 

of the shock absorber c and b. 
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Legends: 
_______

1 2 3 4 5, , , ,c c c c c        
 , 

_______

1 2 3 4 5, , , ,b b b b b        
 

From the figure 5, it follows that for reduce the amplitude of oscillations is 

expedient to increase the non-linear parameters of shock absorbers 3 5,c c , to reduce 

the non-linear parameters 2 4,c c , the linear parameters 1 0.2c  . For reduce the 

amplitude of the vibrations is necessary to increase parameter dampers 1b
 
and to 

reduce the nonlinear parameters 2 3 4, ,b b b . 

 

4 Conclusion 
 

   Thus, the approach in the proposed work, combining analytical and numerical 

methods, allows to complete analysis of the nonlinear dynamic system and to gets 

the basic characteristics the motion of dynamical system. Evaluation the accuracy 

of analytical solution of the nonlinear dynamic system shows an error of less than 

two percent. The effectiveness of nonlinear dynamical system essentially depends 

on the type of external influence and the selected parameters. When considering 

the parameters dynamic system for shock absorbers mounted in the motor niche is 

necessary to increase the nonlinear parameters 3 5,c c , to reduce parameters 2 4,c c  

and linear parameters 1 0.2c  . For parameters of dampers should be to increase 

the parameters 1b
 

 and to reduce the nonlinear parameters: 2 3 4, ,b b b . 

 

References 
 

[1] R. L. Mishkov, V. S. Petrov, Nonlinear adaptive observer with 

asymptotically stable parameter estimator, Journal of Advanced Research in 

Dynamical and Control Systems, 7 (2015), 22 - 44. 

 

[2] N. L. Bochkareva, E. P. Kolpak, On stability of arch damper, Vestnik 

Sankt-Peterburgskogo Universiteta, Ser. Matematika, Mekhanika, 

Astronomiya, 4 (1993), 49 - 53. 

 

[3] E. P. Kolpak, S. E. Ivanov, Mathematical modeling of the system of drilling 

rig, Contemporary Engineering Sciences, 8 (2015), no. 16, 699-708. 

http://dx.doi.org/10.12988/ces.2015.55162 

 

[4] O. Sedova, Y. Pronina, Generalization of the Lamé problem for three-stage 

decelerated corrosion process of an elastic hollow sphere, Mechanics 

Research Communications, 65 (2015), 30-34.  

http://dx.doi.org/10.1016/j.mechrescom.2015.02.007 

 

[5] E. P. Kolpak, L. S. Maltseva, S. E. Ivanov, On the stability of compressed 

plate, Contemporary Engineering Sciences, 8 (2015), no. 20, 933-942. 

http://dx.doi.org/10.12988/ces.2015.57213 

http://dx.doi.org/10.12988/ces.2015.57213


5958                                    S. E. Ivanov and V. G. Melnikov 
 

 

[6] Y. M. Dahl, Y. G. Pronina, Deformation of spherical pore in 

nonlinear-elastic solid, Bulletin of the Russian Academy of Sciences: Physics 

70 (2006), 1533 - 1535. 

 

[7] Y. G. Pronina, Analytical solution for decelerated mechanochemical 

corrosion of pressurized elastic-perfectly plastic thick-walled spheres, 

Corrosion Science, 90 (2015), 161-167.  

http://dx.doi.org/10.1016/j.corsci.2014.10.007 

 

[8] I. V. Zhukova, E. P. Kolpak, Y. E. Balykina, Mathematical model of 

growing tumor, Applied Mathematical Sciences, 8 (2014), 1455 - 1466.  

http://dx.doi.org/10.12988/ams.2014.4135 

 

[9] S. A. Kabrits, E. P. Kolpak, Numerical Study of Convergence of Nonlinear 

Models of the Theory of Shells with Thickness Decrease, AIP Conference 

Proceedings, 1648 (2015), 300005. http://dx.doi.org/10.1063/1.4912547  

 

[10] S. A. Kabrits, L. V. Slepneva, Small nonsymmetric oscillations of 

viscoelastic damper under massive body action, Vestnik 

Sankt-Peterburgskogo Universiteta. Ser 1. Matematika Mekhanika Astrono- 

miya, 2 (1998), 78-85. (in Russian) 

 

[11] V. M. Malkov, Yu. V. Malkova, Nonlinear Flamant problem for 

noncompressible material, Vestnik Sankt-Peterburgskogo Universiteta. Ser. 1. 

Matematika Mekhanika Astronomiya, 4 (2004), 73-82. (in Russian) 

 

[12] E. P. Kolpak, S. A. Kabrits, V. Bubalo, The follicle function and thyroid 

gland cancer, Biology and Medicine, 7 (2015), BM060.15. 

 

[13] S. A. Kabrits, E. P. Kolpak, K. F. Chernykh, Square membrane under large 

deformations, Mechanics of solids, 21 (1986), 182-186. 

 

[14] E. A. Kosjakov, A. A. Tikhonov, Differential equations for librational 

motion of gravity-oriented rigid body, Int. Journal of Non-Linear Mechanics, 

73 (2015), 51-57. http://dx.doi.org/10.1016/j.ijnonlinmec.2014.11.006 

 

[15] Y. G. Pronina, Study of possible void nucleation and growth in solids in the 

framework of the Davis-Nadai deformation theory, Mechanics of Solids, 49 

(2014), 302-313. http://dx.doi.org/10.3103/S0025654414030066 

 

[16] V. G. Melnikov, Chebyshev economization in Poincaré-Dulac transformati- 

ons of nonlinear systems, Nonlinear Analysis: Theory, Methods and Appli- 

cations, 63 (2005), e1351-e1355. 

http://dx.doi.org/10.1016/j.na.2005.01.080 

 

http://dx.doi.org/10.1063/1.4912547


Mathematical modeling vibration protection system                    5959 
 

 

[17] E. P. Kolpak, S. E. Ivanov, Mathematical and computer modeling vibration 

protection system with damper, Applied Mathematical Sciences, 9 (2015), 

3875 - 3885. http://dx.doi.org/10.12988/ams.2015.53270 

 

[18] V. G. Melnikov, Chebyshev economization in transformations of nonlinear 

systems with polynomial structure, International Conference on Systems - 

Proceedings, 1 (2010), 301-303. 

 

[19] V. G. Melnikov, N. A. Dudarenko, Method of forbidden regions in the 

dynamic system matrices root clustering problem, Automation and Remote 

Control, 75 (2014), 1393-1401. 

http://dx.doi.org/10.1134/S0005117914080049 

 

[20] A. U. Aleksandrov, A. P. Zhabko, On stability of the solutions of a class of 

nonlinear delay systems, Automation and Remote Control, 67 (2006), 

1355-1365. http://dx.doi.org/10.1134/s0005117906090013 

 

[21] N. A. Gasratova, Study of building an analytical solution of the axisymmetric 

problem of linear elasticity in stresses as exemplified by finding the 

stress-strainstate of an ellipsoid concavity under the inner pressure, ARPN 

Journal of Engineering and Applied Sciences, 9 (2014), 2259-2267. 

 

[22] V. N. Starkov, N. A. Stepenko, Computer modeling of trajectories in 

spatially non-uniform gravitational fields, 2014 Int. Conf. on Comp. Tech. in 

Physical and Eng. App. (ICCTPEA) (2014), 175-176.  

http://dx.doi.org/10.1109/icctpea.2014.6893345 

 

[23] N. A. Stepenko, On some criteria of ultimately boundedness for oscillatory 

systems with non-stationary parameters, Vestnik Sankt-Peterburgskogo 

Universiteta, Ser 1. Matematika Mekhanika Astronomiya, 1 (2004), 50-54. 

(in Russian)  

 

[24] Vladimir V. Aleshin, Vadim E. Seleznev, Seismic structural analysis of NPP 

reinforced concrete structures, Contemporary Engineering Sciences, 7 (2014), 

1-18. http://dx.doi.org/10.12988/ces.2014.3948 

 

[25] C. B. Dolicanin, A. A. Tikhonov, On dynamical equations in s-parameters 

for rigid body attitude motion, 2015 Int. Conf. on Mech.-Seventh Polyakhov's 

Reading (2015), 1-3. 

http://dx.doi.org/10.1109/POLYAKHOV.2015.7106723 

 

[26] G. I. Melnikov, S. E. Ivanov, V. G. Melnikov, The modified Poincare-Dulac 

method in analysis of autooscillations of nonlinear mechanical systems, 

Journal of Physics: Conference Series, 570 (2014), 022002. 

http://dx.doi.org/10.1088/1742-6596/570/2/022002 



5960                                    S. E. Ivanov and V. G. Melnikov 
 

 

 

Received: September 3, 2015; Published: September 28, 2015 


