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ABSTRACT. The geometry of a system of second order differential
equations is the geometry of a semispray, which is a globally defined
vector field on T'M. The metric compatibility of a given semispray
is of special importance. In this paper, the metric associated with
the semispray S is applied in order to study some types of foli-
ations on the tangent bundle which are compatible with SODE
structure. Indeed, sufficient conditions for the metric associated
with the semispray S are obtained to extend to a bundle-like metric
for the lifted foliation on T'M. Thus, the lifted foliation converts to
a Riemanian foliation on the tangent space which is adapted to the
SODE structure. Particularly, the metric compatibility property of
the semispray S is applied in order to induce SODE structure on
transversals. Finally, some equivalent conditions are presented for
the transversals to be totally geodesic.

1. Introduction

Differential geometry of the total space of a manifold’s tangent bundle
has its roots in various problems like Differential Equations, Calculus of
Variations, Mechanics, Theoretical Physics and Biology. Nowadays, it
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is a distinct domain of differential geometry and has important applica-
tions in the theory of physical fields and special problems from math-
ematical biology [1]. This significance, has led to the creation of new
concepts and geometric structures, which are specific to T'M, such as sys-
tems of Second Order Differential Equations (SODE), metric structures,
semisprays and nonlinear connections. Actually, investigating these con-
cepts can be regarded as a powerful device for the study of the geometric
properties of the tangent bundle.

The geometric theory of a dynamical system is described by a system
of second order differential equations, as the geometry can be derived
from a special vector field that exists on the tangent bundle of a man-
ifold, see [6, 12, 21, 16, 14]. This vector field is a semispray which is
a globally defined vector field on T'M. If a semispray is given, then
one can associate to it different geometric objects like nonlinear and N-
linear connections. Basing on these entities, the differential geometry
of the pair (T'M;S) can be developed. Such a geometric study given a
geometric study of SODE, which appears in the theory of dynamical or
mechanical systems.

In 1959, B.Reinhart introduced a particular type of foliations called
Riemannian foliations [18]. The existence of a bundle-like metric on a
foliated manifold, leads to the creation of Riemannian foliations. This
class of foliations are of special importance, because they are the natu-
ral setting for generalizing Riemannian geometry to foliated manifolds
(refer to [2, 8, 13] for more information). But their analogy to Finsler
and Lagrange metrics is not studied extensively yet. In [11], Miernowski
and Mozgawa investigated Finslerian foliations. Popescu et al., [15, 17]
studied some classes of foliations on a Lagrangian manifold which were
related to the Lagrange metric structure.

The main purpose of this paper is to characterize Riemannian foliations
on the tangent bundle which are compatible with SODE structure. In-
deed, a metric which is compatible with the lifted foliation is constructed
by imposing some conditions on the metric which is associated with the
semispray S. Thus, this metric extends to a bundle-like metric for the
lifted foliation on T'M and is called a metric compatible with the lifted
foliation. So, the lifted foliation converts to a Riemanian foliation on the
tangent space. Also, by inducing the nonlinear connection correspond-
ing to the semispray S on the transverse bundle, a characterization of
foliations with totally geodesic transversals is presented.
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The structure of the present paper, is as follows: In Section 2 prelimi-
naries are presented. Section 3 is devoted to the investigation of metric
compatibility of semisprays. In Section 4 the metric associated with a
semispray is applied in order to construct a metric which is compatible
with the lifted foliation. An example is also presented which satisfies all
the metric compatibility conditions with the lifted foliation. In Section
5 the nonlinear connection which is associated with the semispray S is
induced on the transverse bundle. Finally, in Section 6 the Riemannian
foliations are defined which are compatible with SODE structure and,
at last a characterization of foliations with totally geodesic transversals
is presented.

2. Preliminaries

Let M be a real n-dimensional smooth manifold and T'M be its tan-
gent bundle with natural projection 7 : TM — M as a submersion.
The notion of semispray on the total space T'M is related to the second
order ordinary differential equation (SODE) on the base manifold M,

d?at . dx
2GY(x,—) =0
gz T
These equations on T'M can be written as:
(2.1) g +2G"(z,y) =0, y'= o
If (U, ¢ = 2*) and (V, 9 = 7%) are coordinate charts on M with UNV # 0,

and rank( giﬁ) = n, the corresponding change of coordinates on T'M will

be (1 '(U), ¢ = (z',y")), (=" (V),% = (z",7")), in which
; o . 0T oz’
~i _ ~i(..] ~_ YL g
r = (x )7 Yy = a.ij ’ rank(ari
with respect to this change of coordinates on T'M, the functions G(x, %)
transform according to:

)=n

~ 0. Oy
2.2 2G" = —2GY — =
(2:2) ¢ oxJ ¢ oxJ

On the other hand, the equation (2.1) is the integral curve of the vector

field 5 5

Y g (z,9) g
By (2.2), it can be seen that S is a global vector field on TM. Tt is
called a semispray on T'M and G' are called the coefficients of S.

yj
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The semispray S is called homogeneous of degree 2 if G* are homo-
geneous functions of degree 2, in this case S is called a spray.
If the base manifold M is paracompact, then there always exist semis-
prays on T'M. It is well-known that in this case there exists a nonlinear
connection on TM. If S is a semispray with the coefficients G*(z,v),
then the functions o

Gé (z,y) = Oyi
will be the coefficients of the nonlinear connection N.
It is known that a nonlinear connection N determines a horizontal dis-
tribution which is complementary to the vertical distribution. So:

(2.3) T,TM = H,TM & V,TM, YueTM
An adapted local basis to the direct decomposition (2.3) is in the form

of (65352" aiyz)m where:

o 0 G~8

Szt oxt I oyt

The adapted dual basis {dz?, §y’} of the basis { 5‘;“ 821-} has the 1-forms

5y’ as follows:
oyt = dy' + G;-dxj.

Let F be a foliation of dimension p and codimension ¢ = n — p on the
manifold M. Let D be the tangent distribution to F. The vector fields
on M, which are tangent to the leaves of F, are denoted by X (F). A
smooth function f on M is said to be basic, if for every X € X (F), the
derivative X f of f along X is identically zero. According to [13], the
following can be assumed:

Proposition 2.1. Let f € Q) (M) (the ring of smooth functions). The

bas
following properties are equivalent:

(1) f is basic.

(2) f is constant on each leaf.

(8) In every simple distinguished open set, equipped with distinguished
local coordinates (x*,... aP, aPT1 .. xP*9), f is a function only of the
variables zPT1,. .. aPTY.

A vector field X € X(M) is called foliate if, for all Y € X(F), the
bracket [X, Y] also belongs to X'(F). [Note that in the literature, foliate
vector fields are also called basic, base-like, foliated and, projectable].
The set L(M, F') of foliate vector fields is a Lie sub-algebra of X (M).
According to [13] the following proposition can be stated:



Identification of Riemannian foliations on the tangent bundle via SODE structure 673

Proposition 2.2. Let X € X(M). The following properties are equiv-
alent:

(1) X is foliate.

(2) If (¢t)i<e is the local one- parameter group associated with X, on
the neighborhood of an arbitrary point of M, then for all t, the local
diffeomorphism @y leaves the distribution D invariant.

(8) In every simple distinguished open set, equipped with distinguished
local coordinates (x',. .., xP, xP*1,. .. 2PT9), the last ¢ components of X,
depends only on the variables 2Pt1,. .. aPtd.

A metric g is bundle-like for the foliation F if for any open set
U of M and for all vector fields Y and Z on U, which are foliate and
perpendicular to the leaves, the function g(Y, Z) is basic on U. When
for a given foliation there exists a Riemannian metric g on M which is
bundle-like for F, it can be said that F is a Riemannian foliation on

(M, g).

3. Metrizability of semisprays

The question of metric compatibility has been investigated in several
aspects. Indeed a semispray is called metrizable if the paths of the
semispray are just the geodesics of some metric space. The problem of
compatibility between a system of second order differential equations
and a metric structure on tangent bundle, has been studied by many
authors [5, 6, 7, 10, 20] and it is known as one of the Helmholtz conditions
from the inverse problem of Lagrangian mechanic [9, 19].

Let S be a semispray which is locally represented as :

0

i 0

oyt’

S =y

and let N = (G; = g—gj) be the nonlinear connection associated with
S. By a generalized Lagrange metric or shortly a GL-metric on T'M,
it is meant a metric g¥ = gij5yi ® 0y on VT M, where §y' = dy’ +
G;d:ci. Hence, this metric can be extended on T'M as follows: g =
9ij0y' @ 8y + gijda’ @ dxd where g" = gijdr® ® da? is a metric on the
horizontal distribution HT'M. This metric i.e. g = ¢* + g" is called the
Sasaki metric. The geometry of (M, g;j(x)) is called the geometry of
a generalized Lagrange space which was studied by R.Miron in [12] and
also in [6]. Actually, what is meant by metric compatibility is the
compatibility of a GL-metric g¥ with the given semispray.
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Definition 3.1. The covariant derivative associated with the semis-
pray S = y'-2 — 2G(x,y)-2 is defined as

ox? oyt
V' T(VIM) — D(VTM)
* 7 — ? T YJ
V(X ) = (SO + GiXT) g

We see that, for all f € C°(TM) and X,Y € I'(VTM), the following
properties are satisfied by V*:

(a) : V*(2) = G2

(b): V(X +Y)=V*X+ V'Y

(c): V*IX = S(f)X + VX

Note that this covariant derivative is extendable on each d-tensor of
degree (p,q). Particularly, for each GL-metric g, the following can be
defined:

(31  VX,Y)=5((XY)) - g(V'XY) - g(X,VY)

J.Bucataru in [5], stated the following definition for a metric compat-
ibility of a given semispray S

Definition 3.2. The semispray S is called metric with respect to the
metric g if V*¢g = 0. In this case, g is called the metric associated
with the semispray S.

Considering (3.1), this condition is locally expressed as
(3.2) S(gij) = 9iGY + gi; Gy -

As an example, the metric compatibility condition, i.e., the relation
(3.2), is verified in both Riemannian and Finsler cases as follows:

Riemannian metrics: Suppose M is an n-dimensional manifold
and g = g(x) is a Riemannian metric on M. Then (3.2) becomes

(3.3) y' 57 = Gy + g GY

The Levi-Civita connection of g is a linear connection on M. A sym-
metric linear connection with coefficients (T';* j) yields a semispray S
with
1 o
k k
G" = in’ j y'y’
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The canonical nonlinear connection of this semispray has the coefficients:

(3.4) Gf = F'kl Y

(2

By inserting (3.4) in (3.3), the following formula can be obtained:

Ogii . N

83@15 = gikl's" 1 + gk

by which one can get the Christoffel symbols. So, the metric compati-
bility condition (3.2) was verified in the Riemannian case.

Finsler metrics: For a Finsler space F™, the variational problem of
the energy function F? determines a system of second order differential
equations [6],

_OF?  dOF? ;  dat
ozt dt Oyt Y= a
As stated before, such systems of second order differential equations de-
termines a semispray. For a Finsler space the semispray is homogeneous

so it is a spray, and its integral curves are solutions of the Euler-Lagrange
equations. This spray is given by:

E;(F?):

, . 9
S =9y — —2G" —.
Yo (z,y) oy
where the local coefficients G*(x,y) are given by the following formula:
: 1 4 O F? OF?
i _ T ij k_ 22
261 (2,y) = 597 (@)l g 5 @ vy = G5 @)l

Then the coefficients Gé- of the nonlinear connection of the spray S are
given by
G — oG"  10g™, 0*F* 8F2)
I 9yl 4 Oyl 8xm8ypy OxP
, 2 172 2 772

_i_}gip(agjpym_ O°F )_,'_lgzp aF )

4 ox™ oxPOy’ 47 QxioyP
Lemma 3.3. Let F" be a Finsler space and g;; be the metric tensor
of F™. Then the spray S is metrizable, i.e., in local coordinates, the
following relation is assumed:

S(gij) = glmG;n + gij;m
Proof. Refer to [6]. O
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4. Metrics Compatible with the Lifted Foliation

Let F be a foliation of dimension p and codimention ¢ = n — p on
the manifold M. Then, consider the local coordinates (zf) = (2%, 2%)
where a,b,...€ {1,...,p} and «,5,...€ {p+1,....,p 4+ q¢ = n}. Now,
suppose that L; is a leaf of F and {(U,¢) : (z!,..., 2P, aPTL .. 2PT9)}
is a foliated chart on the n- foliated manifold (M, F). This means that
each plaque P! of F in U is described by the equations of the form

aP Tt = Pt Pt = ot

where ¢ = (¢*1,...,cP¥9) is a point of R%. Hence, {;2%:},a € {1,...,p}
are vector fields on U which are tangent to each n-dimensional sub-
manifold P! of U. Let {(U, ) : (&,...,&°, #*1,...,i"+%)} be another
foliated chart in a way that U N U # ). Assume that P! and P! are

7 (4 C
two plaques in U and U respectively, in a way that P! N P! (). As P!
and Pcf are the domains of some local charts on the leaf L; which is a
p-dimensional submanifold of M, on P! N Pcff .

o _oib 0
dzxe  Oxe 0zb '
Since U N U is covered by the intersections of plaques of F, it can be

deduced that (4.1) is satisfied on the whole UNU. On UNU the following
is generally assumed:

(4.1)

a,b,...€{1,...,p}.

o oit o 0z 0
Jat ~ 02" 03 " da® i
So, according to (4.1), it can be inferred that:
ox”
Ox®
Hence, the coordinate transformations on the n-foliated manifold (M, F)
have the following special form:

()i = 3%z 2%) , (b): 2% = 2%(P).

As a%a}? a € {1,...,p}, are tangent to leaves of F. {%, 8%} is called
an F-natural frame field on (M, F) (refer to [2] for more details).
Then, the transformations of F- natural frame fields on (M, F) are given
by the relation (4.1) and

o o9 o o
or® Oz dr®  dx 9B’

=0 , Vae{p+1,...,p+¢q}, ac{l,...,p}.
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Theorem 4.1. A distribution D(F) = span{%,. e %} defines canon-

ically a foliation F* on T M, called the natural lift of F to the tangent
space T'M .

Proof. For any x € M there exists a local foliated chart {(U,¢) :
(% %)} on M in a way that all the submanifolds of U given by z¢ =
¢ a€{p+1,..,p+ q}, are integral manifolds of D. A chart can be
induced: (U, z% y°, z*, y?) on TM where (2%,4°) are the transverse co-
ordinates. Let (ﬁ , 2% 4%, %, §°) be another coordinate system on T'M.
Then, the theorem follows directly from the transformation rule:

i =%t 2%, =3P
=90 O e = O,
b oxP” 7 OB
Taking into account the above mentioned coordinate transformations,

two foliations can be deduced as the natural lift of F to the tangent
space T'M. These foliations are locally spanned by: {({%, a%a} and

9
{ By }. O
The semispray S = v 8?:1' —2G(z, Z/)a%m determines a nonlinear con-
nection N with local coeflicients G; = ?976?. N is called the nonlinear

connection of the semispray S. The nonlinear connection IV has the
local components as follows:
; GY G
-t G

Each of the local components G}, Gy, a/j, Gg has 2%, z®,y°, y® as vari-

ables.

The nonlinear connection N defines a local base of its horizontal vector
fields given by:

= 0 ety i _ Gﬂi

dxe  Ox¢ @Oyl * Oyp

P Y.
(4.2) Sz dxe @Oy Gaayﬁ

In [15] Popescu et al. defined the notion of the Lagrangian adapted to
the lifted foliation. As follows, the results of that paper are generalized
by constructing a metric which is compatible with the lifted foliation via
SODE structure.
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Definition 4.2. Let F be a foliation of codimension ¢ on M and F*
be the natural lift of F to TM. Let S be a semispray which is locally
represented as S = 3’ 822. — 2Gi(m,y)a‘?/i. The metric g is compatible
with (F*,S) if the following conditions are satisfied:

(1) S(gij) = 9ix G5 + gr; G}

(2) 98 = 9(505+ 505) = 0.

(3) The local functions (gas) and (g*?) are basic functions, i.e., they do
not depend on the tangent variables (2%, y®).

Remark 4.3. Let T(F*) be the tangent distribution to the foliation F*
and VT'M be the vertical distribution. The integrable distribution V F*
on T'M is defined as follows

VF =T(F)NVTM

Note that similar to [15], in the above definition condition (2) means
that VF* is perpendicular to the distribution spanned by the vertical
foliated vector fields of the foliation which are locally generated by the
vector fields {%} , ae{p+1,...,p+q}.

The above definition will be clarified by presenting an example as fol-
lows.

Example 4.4. Let M be an (n = p + ¢q)-dimensional manifold. Let N
and N’ be two smooth manifolds and M = N x N’ be their product
manifolds. Then M carries two complementary foliations of F and F’
by copies of N and N’ respectively. Let D and D’ be their tangent
distributions with projection morphisms IP and P’. If V and V' are linear
connections on NV and N’, respectively, then a linear connection V on M
can be defined as follows: For any point 2* = (z,2") of M consider the
coordinate systems (x!,...,2P;U) and (zP*!,...,2PT9; U’) about x € N
and 2’ € N, respectively. Then (z',..., 2P, 2P ... 2PT4,U x U') is
a coordinate system about z*. Suppose {I',%_}, a,b,c € {1,...,p} and
{T's av}’ a,B,7 € {p+1,...,p+q} are the local coefficients of V and V’

with respect to the coordinate systems (z%; U) and (z*; U’), respectively.
Then, the local components of V can be defined with respect to the
coordinate system (2%, 2% U x U’) as follows:

(a) T, =T, , a,bce{l,....p}
()T =T . a,Bye{p+l....p+a}
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(c) F*jik =0, for all other triples.
So, V can be expressed as follows:
VxY = (VpxPY, V5 PY), V X,Y e (TM).

Let S and S’ be the semisprays of N and N’ with local coefficients G
and G’ and assume that g = [gep(2°)] and g’ = [g[,5(27)] are the metrics
associated with S and S’ on N and N’ respectively, therefore:

0 0
=y - 2G* — 1,...
S Yy axa G (l’,y) 8ya ) a, ba ce { ’ 7p}
S = o« 0 —2G"(x )i a,B,ve{p+1 +q}
_y 81_0[ 7y 8ya ) ) 77 b yeros D q

where G* = %Fb“c y*y® and G’ = %F% O‘,Y yPy7. Hence S, the semispray
of M is defined as the sum of S and S, i.e. S = S+S'. Then, the metric
g associated with the semispray S on M = N x N’ can be defined as

follows:
9(X,Y)=g(PX,PY) —i—g’(IP”X,]P”Y) , VXY eT(TM).

From the above relation, the matrix of local components of g can be
inferred and expressed as follows:

~ ok Gab(°) 0
(2R =
[9ij(z")] 0 g/aﬁ(xv)
The metric g which has been constructed above, satisfies all the con-
ditions of definition (4.2), hence it can be regarded as an interesting
example of a metric which is compatible with the lifted foliation and the
semispray S.

Remark 4.5. Let (N1, F1) and (N2, F3) be two Finsler manifolds with
Finsler metrics Fy and F5 respectively, and f : N3 x No — RT be a
smooth function. On the product manifold M = N7 x Ny the metric

F(y,v%) = \/ F2y") + f2F3(v)

is considered. For all (y*,v®) € TNY x TNY and a € {1,...,p} , «a€
{p+1,...,p+q}.
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The manifold M = N7 x Ny endowed with this metric is called the
twisted product of the manifolds N; and Ny and is denoted by Ny x ¢
Nj. The function f will be called the twisted function. The Hessian
of I’ with respect to the vector variables is of the form

A 0
o 7

where A and B are the Hessians of [} and F5 respectively. Then the
functions

, 10?F2(x,y) » 10?F2(u,v)
(1) : pap(w,y) = §Wa (@) : Nap(u,v) = 2 v
define a Finsler tensor of type (0,2) on TN? and T NS , respectively.
Now, let F = (N1 x s N, F') be a twisted product Finsler manifold, and
let x € M and y € T, M, where x = (z,u), y = (y,v), M = N1 x N
and TxM = TyNy @ T,,N2. Then, using (4.7), (4.8), it can be inferred
that:

182F2(x;u7y7v)) _ Mab(%y) 0

2 Oy'oyJ 0 S?1ap(u,v)
where y* = (y%,v*) and y? = (y°,v%) and a,b,--- € {1,...,p}, a,f,--- €
{L' 7Q} and ¢,7, -+ € {1> 7p+Q}

If the twisted function f is a basic function, then according to Lemma (3)

the example can be extended to the twisted product of Finsler manifolds
in order to support the presented idea.

(gij(x7 u, Yy, ’U)) = (

Definition 4.6. Let S be a semispray which is locally represented as
S =1y azi —2G"(x, y)aiyi. Then, the semispray S is foliated if:

0G“ 0G*~

(1) : Gy = ¥ =0 , (i): b = 0
or , ,
0G oG
N b . N _
(1) : Go = oy 0 , (di): a

Theorem 4.7. Let S = yi

N = (G;) be the nonlinear connection of S. Then, a p - distribution
HF* exists on TM which is complementary to VF* in T(F*), i.e.:

T(F*)=VF* & HF".

8?:1' —2Gi(:v, y)a%l be a foliated semispray and

where
HF =T(F')NHTM
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VF* =T(F)NVTM

Proof. Since the semispray S is foliated, G2 = 0. So from relation (4.2),
it can be inferred that

0 _ 9 ab 0
dze Oz @ Oyb
which means that HF™ is locally spanned by the vector fields {6%} , a€

{1,...,p}. Since {%} is a local base in I'(VF*). The proof comes to
the end. O

Corollary 4.8. According to the above Theorem, it can be deduced that
if the semispray S is foliated then VF* and HF* induce the nonlinear
connection (GY) , a,b € {1,...,p}, on the leaves of the foliation.
Lemma 4.9. Let S = 821' —2G(x, y)azi be a foliated semispray. Then
{6%&} are local foliated vector fields.

Proof. Since the semispray S is foliated, G% = 0. So, from (4.2), it can
be deduced that:
) 0 0
-2 _gf
x> Oz *OyP

Also, due to definition (4.6), the following relations can be obtained:

aGn PGP
oze  Qxedye
0Ga _ 967 _
dye  Oyrdy>

Thus Gg does not depend on the tangent variables (z%,y%), so by defi-
nition and due to propositions (1) and (2), the proof is complete. O

5. Induced non-linear connection on the transverse bundle

Let F be a foliation of dimension p and co-dimension ¢ = n — p
on the manifold M. Consider the local coordinates (z¢) = (2%, 2%)
where a,b,...€ {1,...,p} and o, fB,...€ {p+ 1,...,p+q = n}. Let
Q = TM/T(F) be the transverse bundle of F and let M be a transverse
submanifold (transversal) of M. By definition M is a ¢ dimensional
immersed submanifold of the n-dimensional manifold M. Let i : M —
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M be an immersion and i(u) = (z'(u),. .., 2" (u)), where u = (u',...,u?)
and z', i € {1,...,n} are smooth functions (C*). So

i :TM — TM
(%,y%) +— (2" (u),y" (u,v))

and
(a) ', 0) = Biy®,  (0) Bi= oo
7 @ ¢ Ou”
(¢) B! _ o (d) B', = B so°
0 GueduP a0 = Sept-
Let S be a semispray which is locally represented as S = v aii —

2G(x, y)aiyi and let N = (Gé = gTG;) be the nonlinear connection associ-
ated with S. Assume that S is a metrizable semispray, due to Bucataru’s

definition, i.e. there exists a metric ¢ in a way that the relation (3.2)
holds.

Remark 5.1. Note that throughout this section, by g we mean, the
metric which is obtained from the metric compatibility of the semispray

S.
The metric (gi;(x)) on TM induces a Riemannian metric § on TM
such that

Jap(u) = gij(z(u))Byg
where Bgﬂ = BQB,%- The natural local frame fields and coframe fields
on M’ and M’ are related by the following relations

0 .0 .0 0 .0
_— BZ _— Bl —_— _— = B'L —_—
ou™ * Ot + Bao oyt Ov™ C oy’

dz' = Bldu® , dy' = B!ydu® + B! dv°.
Let G be the Sasakian metric on M’, where
G = gijdxidmj + gijcSyi(Syj
for 6y* = dy’ + G;-dxj . With this metric, the following can be defined:
o 0



Identification of Riemannian foliations on the tangent bundle via SODE structure 683

It can be proved that N = (Ng ) is a non-linear connection on M’,
cf.[4]. (N5) is called the induced nonlinear connection. (M, NJ) is
called the SODE submanifold of M.

Now, the following is defined:

0 _ 9 s 9

Sue  oue « 9vB
The horizontal vector bundle is denoted by HM' = (:25).

ouc

Proposition 5.2. The local frame field 6’[11% of the induced nonlinear
connection can be written as

J )

gun ~ Bagyi + Haba

where HY = B*(B%, + B(JIG;)

Proof. cf. [4]. O

Now, let (M,F) be a foliated manifold. Then, with respect to the
metric g, the following decomposition of T'M can be stated:

T™ =T(F)® T(F)*

6. Riemannian Foliations Compatible with SODE Structure

Let g be the metric compatible with (F*,S) (definition 4.2). By
applying g a metric ¢* on T M can be defined as follows:

i 0 .
Ti(zy) = 9ii (2, y) I,Je{l,....2n} , i,j€{1,...,n}.
915(,y) 0 9ij(,y) { } jed }
This means that with respect to the frame field { 5‘;1; , a‘z/i } which is locally

defined on T'M, the following can be stated:
o 0 o 0

(6'1) g (@a@) =g (@a@) = 9ij »
v, 0 0 _
(6.2) 9 (@’(‘Tyﬂ) =0.

Theorem 6.1. Let S = yiaii — 2Gi(a:,y)agi be a foliated semispray
and let g be a metric which is compatible with (F*,S). Then g* is a

bundle-like metric and F* is a Riemannian foliation on T M.
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Proof. As it is shown in Lemma (5), {&%, %}, a, B €{p+1,....,p+q},
is a local base of foliated vector fields for the foliation F*. Furthermore:

) o 0

(6-3) g (&Taam) =g (@’Tyﬁ) = GaB >
) 0 _
(6.4) g (6970"87‘1;5) =0.

since g, is a basic function, by definition it can be inferred that g* is
a bundle-like metric for the foliation F*. Hence, F* is a Riemannian
foliation on T'M. O

(F*,g*) is called the compatible Riemannian foliation with
SODE structure on TM. By applying the metric g*, the following
decomposition can be obtained:

TT(M) =T(F*) @ T(F*)*

By P and P the projection morphism can be denoted on T'(F*) and
T(F*)* respectively. According to Theorem (1.5.1) of [2], there exists
a unique linear connection V (resp. V1) with respect to the above
decomposition. V and V1 are called the intrinsic connections on
T(F*) and T(F*)L, respectively. Next, the Levi-Civita connection V
on (T'M, g*) is considered, then, according to [2], the following can be
presented:

(a) : VXPY = PVpxPY + P[PX,PY]
(b) : VXPY = PV5, PY + P[PX,PY].

We call h : D(T(F*)) x T(T(F*)) — T(T(F*)L) and h : D(T(F*)*) x
D(T(F*)*) = T(T(F*)), given by:

h(PX,PY) = PVpxPY

(6.5) h(PX,PY) = PV, PY
the second fundamental forms of T'(F*) and T(F*)* respectively.

Here, a linear connection known as Vranceanu connection is intro-
duced. The connection plays a fundamental role in foliated manifolds
with bundle-like metrics [2, 3]. Vranceanu connection, V on (TM, g*, F*)
is defined as follows:

(6.6) VxY = VxPY + VLPY
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where V and V+ are the intrinsic connections on T'(F*) and T(F*)*
respectively, or by:

VxY = PVpxPY + PV5, PY + P[PX,PY] + P[PX,PY]
for any X,Y € I'(TTM), where V is the Levi-Civita connection.

According to [3], Proposition 1.1, the following theorem can be stated:
Theorem 6.2. Let S = yia‘zi — 2Gi(9:7y)a%i be a foliated semispray.
Assume that V is the Vranceanu connection on (T'M, g*, F*), then:

(Vex ¢")(PY,PZ) =0, V X,Y,ZeT(TTM).

This means that the induced metric g* on T(F*)* is parallel with respect

to the Vranceanu connection V.

Proof. Since the semispray S is foliated due to Theorem (6.1), it can be
deduced that the metric g* on T'M is bundle-like for the foliation F*.
So the induced Riemannian metric on T'(F*)* (denoted by the same
symbol g*) is parallel with respect to the intrinsic connection V+*, thus
for all X|Y,Z e T'(TTM), we have

(Vxg")(BY.PZ) = X(g"(BY.PZ)) — g"(VxPY,FZ)

(6.7) —g*(PY, VxPZ)

= 0.
now by using (6.6) and (6.7) the proof is complete. O
Lemma 6.3. Let S = 4/ 621- —2G(x, y)a%i be a foliated semispray. Con-

sider (TM,g*, F*) (as in theorem (6.1)), then the second fundamental

form h of T(F*) is given by

-~ 1~ ~
(6.8) R(PY,PZ) = JPIPY,PZ], VXY € I(ITM).
Proof. Since g* is a bundle-like metric for the foliation F* (Theorem
(6.1)), the Levi-Civita connection V on (T'M, g*) satisfies the following
equality:
(6.9) 2¢%(V3,PZ,PX) = ¢*([PY,PZ],PX), VX,Y,Z e (TTM)

Next, by using (6.5) and (6.9) the following can be obtained

~ o~ ~ 1 -~
g° (h(BY,PZ),PX) = g"(PV5, PZ,PX) = _g" (P[PY,PZ], PX)
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which proves the relation (6.8). O

Theorem 6.4. Let S = yiazi — 2Gi(x,y)aiyi be a foliated semispray.
Consider (TM, g*, F*) as stated in Theorem (6.1), then T(F*)* is an

integrable distribution if and only if the second fundamental form h of
T(F*)* vanishes identically on M.

Proof. Taking into account the relation (6.8) the proof is gotten. O

Corollary 6.5. Let S = yf 821' — 2G(z,y) 862;1' be a foliated semispray.
Then T(F*)* is a totally geodesically distribution i.e. any leaf of T(F*)+
is totally geodesic immersed in (T M, g*, F*) if and only if T(F*)* is an
integrable distribution.

Taking into account Theorem (6.4) and due to Theorem (1.5.9) of [2]
the following theorem can be presented:

Theorem 6.6. Let S = yia?ci - 2Gi($,y)8zi be a foliated semispray.
Consider (TM, g*, F*) (as in Theorem (6.1), then T(F*)* is an inte-
grable distribution if and only if g* is parallel with respect to the intrinsic

connection V+ on T(F*)*.

As the final result by combining Theorems (5.1), (6.4) and (6.6) the
following theorem can be stated. Indeed, a characterization for the foli-
ations with totally geodesic transversals is obtained.

Theorem 6.7. Let (M, F) be a foliated manifold and F* be the natural
lift of F toTM. Let S =3 8?51' —2G(z,y) 6?;2' be a foliated semispray and
g be a metric compatible with (F*,S). Consider (TM,F*,g*), where
g* is the metric defined by (6.1) and (6.2). Assume that T(F)* (the
transverse bundle of F ) is integrable. Then the following assertions are

equivalent:

(1) g* is parallel with respect to the intrinsic connection VL oon T(F*)*.
(2) Hy = B{(Bi, + B4Gh) = 0.

(3) T(F

(4) T(F

)L is an integrable distribution.
)L is totally geodesic.
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