COHOMOLOGY FOR BICOMODULES. SEPARABLE AND
MASCHKE FUNCTORS.

L. EL KAOUTIT AND J. VERCRUYSSE

ABSTRACT. We introduce the category of bicomodules for a comonad in a Grothendieck
category whose underlying functor is right exact and preserves direct sums. We char-
acterize comonads with a separable forgetful functor by means of cohomology groups
using cointegrations into bicomodules. We present two applications: the character-
ization of coseparable corings stated in [II], and the characterisation of coseparable
coalgebras coextensions stated in [16].

INTRODUCTION

In [I3] D. W. Jonah studied the second and the third cohomology groups of coalgebras
defined in a, not necessary abelian, multiplicative category (see also [1]). M. Kleiner
gave in [I4] a cohomological characterization of separable algebras using integrations.
Another approach via derivations was given by M. Barr and G. Rinehart in [2]. This last
one has been dualised to the case of coseparable coalgebras by Doi [5]. Nakajima [16]
showed that Doi’s results can be extended to the coalgebra extensions (or co-extension)
with a co-commutative base coalgebra. In [I1], F. Guzman used Jonah’s methods to
generalize Doi’s characterization for corings over an arbitrary base-ring and unified this
with a dualisation of Kleiner’s approach of cointegrations. This gives rise to a nice
characterization of coseparable corings in terms of cohomology, derived functors and
both cointegrations and coderivations. Unfortunately this last characterization can not
be applied to coalgebra co-extensions, and Nakajima’s results is not recovered.

The commun framework behind Guzman’s and Nakajima’s approach is the fact that
both coseparable corings and coseparable coalgebra co-extensions can be interpret as
comonads with a separable forgetful functor (in the sense of [17], see below). In all
situations discussed before, the base-category was additive with cokernels and arbitrary
direct sums, and the (co)monad functor was right exact and preserved direct sums. In
the present paper we will approach the problem by this comonad point of view. We work
with a comonad over a Grothendieck category whose underlying functor fits the above
mentioned class of functors. These functors were studied in relation with corings in [9],
see also [8] and references sated there. We will present a generalisation of Guzman’s
characterization in this situation, and as a particular application we also give, under
diferent assumption, Nakajima’s result.

We will start by defining the category of bicomodule over this comonad as in [13],
and we consider its universal cogenerator [7] (i.e. the universal adjunction defining the
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comonadic structure) in order to prove that the forgetful functor in this universal ad-
junction is separable ([17], see below) if and only if the forgetful functor in bicomodules
is Maschke ([4], see below) if and only if the comultiplication splits in the category
of bicomodules. This will be the main result of section [I] (Theorem [L.6). In section
we define cointegrations and coderivations, we also establish, as in [11], an isomor-
phism between the abelian group of cointegrations into a comonad and the group of all
coderivations. This will serve to show that the comultiplication splits as a morphism of
bicomodules if and only if the universal cointegration is inner if and only if the universal
coderivation is inner (Corollary . Section (3| is devoted to the relative cohomology
for bicomodules defined as in [I3] using a relative resolution with respect to the injec-
tive class of sequences in the category of bicomodules which are cosplit after forgetting
the left coaction. Up to isomorphisms, cointegrations appear as 1-cocycles and inner
cointegrations as 1-coboundaries. The relative injectivity is thus interpreted by the fact
that all into-cointegrations are inner. This happens for all bicomodules if and only if the
comultiplication splits in the category of bicomodules (Theorem [3.5)). The last section
presents two applications of this last theorem, the first one makes use of the comonad
defined by tensor product over algebras [11], and the second uses cotensor product over
coalgebras over fields [16].

NOTATIONS AND BASIiC NOTIONS: Given any Hom-set category o7, the notation
X € o/ means that X is an object of «/. The identity morphism of X will be denoted
by X itself. The set of all morphisms f : X — X’ in &7, is denoted by Hom,, (X , X' )

The identity functor of o/ will be denoted by 1, : &/ — &/. A natural transformation
between two functor F, G : &/ — A, is denoted by _ : F — G. If H: % — €, and
T :9 — & are other functors. Then, B7_) (or 8z) denotes the natural transformation
defined at each object Z € 2 by B1(z) : FI(Z) — GI(Z), while H3_ (or Hf3) denotes
the natural transformation defined at each object X € & by H(fx) : HF(X) —
HG(X).

Any covariant functor F : &/ — A leads to a (bi)functor

Homy(F(—), F(—)) : P x of — Fet.
In particular, the identical functor 1, : &/ — o gives rise to
Homgy (—,—) : P x of — Let.
So we find natural a natural transformation induced by F,
F : Hom, (—, —) — Homu(F (), F(-));

defined by Zx x/(f) = F(f), for any arrow f : X — X' in «/. Recall from [I7] that
the functor F is called separable if and only if .# has a left inverse, i.e. there exists a
natural transformation

2 Homy(F(~), F(-)) — Homy(~, -)
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such that &2 o0.% = lyom,, (—,—). If in addition F has a right adjoint functor G : # — &
with unit n_ : 1,, — GF. Then, it is well known from [I§], that F is separable if and

——

only if there exists a natural transformation y: GF — 1, such that pon = 1.

Let F : o/ — 2 be again a covariant functor. Recall from [4], that an object M € o
is called relative injective (or F-injective) if and only if for every morphism i : X — X’
in 7, such that F(i) : F(X) — F(X') has a left inverse j in B (i.e. F(i) is a split
monomorphism or just split-mono) and for every f : X — M in &/ we can find a
morphism g : X’ — M in & such that goi = f. The functor F is said to be a Maschke
functor if every object of o is relative injective. If in addition F has a right adjoint
functor G : B — o with unit n_ : 1, — GF. Then, by |4, Theorem 3.4], an object
M € &/ is F-injective if and only if 1y, has a left inverse. In particular F is a Maschke
functor if and only if for every object M € o7, ny has a left inverse.

Assume that a preadditive category o is given. Following to [13], a sequence

B X - x 2 xn

(i.e. joi = 0) is said to be co-ezact if i has a cokernel and if in the commutative

diagram
X i X/ j X//
_ 7
ZC\L _ _ - l/
Coker(1)

[ is a monomorphism. If in addition [ is a split-mono, then FE is said to be cosplit.
The exact and split sequence are dually defined by using kernels. The notations of
sequences, coexact, cosplit,... are extended to long diagrams simply by applying them
to each consecutive pair of morphisms. One can prove that the above notions of exact
and coexact sequences coincide with the usual meaning of exact sequences in abelian
categories. In case of diagrams of the form

E:0 X X' X" 0
(i.e. short sequence) in the category o7 , we have by [13, Lemma 2.1], that E’ is cosplit
if and only if it is split. Let & be a class of sequences in 7, then an object X € &/ is
said to be &-injective if Hom,, (F, X) is an exact sequence of abelian groups, for every
sequence E in &. The class of all &-injective objects is denoted by .Z.. Conversely,
given & a class of objects of &7, a sequence E of morphism of &/ is said to be .-
exact if Homg (E,Y) is an exact sequence of an abelian groups, for every object Y in
#. The class of all Z-exact sequences is denoted by &,. A class of sequences & in
</ is said to be closed whenever & coincides with &,,. A injective class is a closed
class of sequences & such that, for every morphism X — X’ there exists a morphism
X' — Y with Y € Zg and with X — X’ — Y in &. If in addition the category 7
poses cokernels, then one can check that the class &, of all cosplit sequences form an
injective class and .#g is exactly the class of all objects of &/. Given any adjunction
F o —= B¢ with Z is left adjoint functor to & (we use the notation .# 4 ¥),
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and a class of sequences & in Z. Denote by & = % 1(&”) the class of sequences E in
o/ such that . (F) is in &’. The Eilenberg-Moore Theorem [I3, Theorem 2.9] asserts
that & is an injective class whenever &” is.

1. BICOMODULES AND SEPARABILITY

Let A and B two Grothendieck categories, we denote by Funt(A, B) the class of all
(additive) covariant functors F' : A — B such that F' preserves cokernels and com-
mutes with direct sums. Thus F' commutes with inductive limits. By [6] Lemma 5.1],
the natural transformations between two objects of the class Funt(A, B) form a set.
Henceforth, Funt(A, B) is a Hom-set category (or Set-category).

A comonad in a category A is a three-tuple F = (F 9, ) consisting of an endo-functor
F: A — A and two natural transformations § : F — F? = Fo F and ¢ : F — 1 4 such
that

(1.1) dpod = Fdod, F{od =E&rod = F,

where we denote the identical natural transformation F' — F' again by F.

It is well known from [12, [7, [15], that any adjunction S :B—=A:7T with ST,
leads to a comonad in A4 given by the three-tuple (ST, Snr, (), where n : 1z — T'S and
¢ : ST — 1 4 are, respectively, the unit and the counit of this adjunction.

Let F = (F,§,€) be a comonad in A with F' € Funt(A, A). We define the category
of (B, F)-bicomodules 5.#* by the following data:

e Objects: A B-F bicomodule is a pair (M, m) consisting of a functor M € Funt(5, A)
and natural transformation m : M — F'M satisfying

(1.2) dvom = Fmom, {yom = M.

e Morphisms: A morphism f : (M, m) — (M’,m’) is a natural transformation f : M — M’
satisfying

(1.3) mof = Ff om.

It is easily seen that (FM,dy) is an object of the category z.#¥, for every object
M € Funt(B, A). This in fact establishes a functors .# : Funt(B, A) — 5.#F with a
left adjoint the forgetful functor & : g.#¥ — Funt(B, A).

Similarly, we can define the category of (F,B)-bicomodules denoted by ¥.#3, using
this time the objects of the category Funt(A, B).

Remark 1.1. Given any adjunction M:B —= A4 :N such that M 4 N with counit
¢ and unit 7. Then [10, Proposition 1.1] establishes an one-to-one correspondences
between natural transformations m : M — F'M satisfying equation and homomor-
phisms of comonads from (MN, Mny, ¢) to F, and a natural transformations s : N — NF
satisfying the dual version of equation . When N and M are both right exact
and preserve direct sums, then the previous correspondence can be interpreted in our
terminology as follows: There are bijections between the bicomodule structures on
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(M, m), the bicomodule structures on (N, s), and the homomorphisms of comonads from
(MN, Mnn;, ¢) to F.

Take now G = (G, 9, ) another comonad in B with G € Funt(B, B), we define the
category of (G, F)-bicomodules S.#¥ as follows:

e Objects: A G-F bicomodule is a three-tuple (M, m,n) consisting of a functor M €
Funt(B, A) and two natural transformations m : M — FM , n: M — MG such that
(M, m) € ¥ and (M,n) € G.#4, that is

(1.4) omom = Fmom, {om = M and Mdon = ngon, Mgon = M
with compatibility condition
(1.5) mgon = Fnom

In other words m is a morphism of .#4, equivalently, n is a morphism of z.ZF,
where (FM, Fn) € %, and (MG, mg) € g #F.

e Morphisms: A morphism f : (M;m,n) — (M, m’,n) is a natural transformation
f: M — M such that f : (M,m) — (M’,m’) is a morphism of z.Z% and f : (M,n) —
(M’, 1) is a morphism of ¢.#y, that is

(1.6) nof = fgon and m of = Ffom.

It is clear that 1s.#F = gAY and Gyl = G 4 4, where 14 and 15 are endowed
with a trivial comonad structure.

Remark 1.2. Tt is easily seen that Funt(A, A) is a strict monoidal category (or multi-
plicative category), taking the composition of functors as the tensor product and 1 4
as the unit object. To any coalgebra in a monoidal category one can associate in a
canonical way a category of bicomodules, see [I3, Section 1]. If we consider F as a
coalgebra in Funt(A, A), then the category of F-F bicomodules as defined above coin-
cides exactly with this canonical one. However, if we consider G-F bicomodules and
thus the base-category is changed, the monoidal arguments fail. In that case one must
consider the 2-category of Grothendieck categories, additive functors that preserve in-
ductive limits and natural transformations. Observe that F and G are comonads inside
this 2-category (see [8] for elementary treatment).

By the observation that the bicomodules as introduced above coincide with bicomod-
ules in a 2-category, we can immeadiately state the following lemma as a consequence
from classical results. Laiachi — Do you know a reference for this ? Perhaps

Lack & Street ? (or Benabou ?)

Lemma 1.3. Let A (respectively B) be a Grothendieck category, and F = (F,§,§)
(respectively G = (G,1,<)) a comonad in A (respectively in B) whose underlying func-
tor F' (respectively G) is right exact and commutes with direct sums. The category of
(F, G)-bicomodule ¥ .#C has cokernels and arbitrary direct sums.
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Consider the categories of bicomodules g.Z¥ and ¢.#¥. There are two functors
connecting those categories. The left forgetful functor . : S.#¥ — z.#F, which
sends any (G, F)-bicomodule (M, m,n) to the (B, F)-bicomodule (M, m) and which is
identical on the morphisms. Secondly, the functor .7 : g.#F — G.#¥ which sends
(M m') — (M'G,m,M'Y) and f — f;. These functors form an adjunction, more
precise we have

Lemma 1.4. For every pair of objects ((N,t,s), (M, m)) of G MY x g M, there is a

natural transformation

Home ,r <(N,t,5), 9(M,m)> bl Hom, ,¥ (Y(N,t,5), (M,m))
fi M¢of
gc o5 18-

That is . is a left adjoint functor to 7.

Laiachi — Do you agree with this way to introduce the category AF ? 1
think it is more elegant to derive it as a special case of the notion of a
category of bicomodules ®* MF. Moreover the universal property might be
induced by the universal property of the single object category. it might
be worth to make a remark on this, I don’t know wether this is ever been
observed before...

Let X be the one-object category, then the category ».ZF can be described as follows.
A functor X : X — A is completely determined by the image X of the single object
in X. A natural transformation ¢ : X — FX is completely determined by a morphism
dX : X — F(X). In this way, we can identify an object in y.#Z¥ with a pair (X, d¥)
consisting of an object X € A and a morphism d¥ : X — F(X) satisfying

dx od* = F(d*)od*, &xodd = X,

Similary, a morphism f : (X,d¥) — (X', d*") in x.#F is completely determined by a
morphism f: X — X’ of A such that

dX o f = F(f) o d¥.

Under this identification, we will denote this category by A¥F. Denote by S : A¥ — A
the forgetful functor and T : A — A¥, T(Y) = (F(Y),dy), T = F(f), for every object
Y and morphism f of A. Then we obtain an adjunction S 4 T, with ST = F satisfying
a universal property, see [7, Theorem 2.2].

Remark 1.5. It is well known that AF is an additive category with direct sums and
cokernels, admitting (F(U),dy) as a sub-generator, whenever U is a generator of A.
However, AF is not necessarily a Grothendieck category. But, if we assume that F is
an exact functor and that A poses a generating set of finitely generated objects, then
one can easily check that A¥ becomes a Grothendieck category.

The main results of this section is the following
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Theorem 1.6. Let A be a Grothendieck category. Consider a comonad F = (F,§,€) in
A whose functor F preserves cokernels and commutes with direct sums. The following
are equivalent

(i) S : A¥ — A is separable functor;

(ii) S ¥ H® — 4 MF is a Maschke functor;

(1ii) & : (F,8,0) — (F?, 0r, Fd) is a split monomorphism in the category ¥ #F.

Proof. (i) = (iii). The unit of the adjunction S 4 T is given by

X
(1.7) N, axy (X, dY) a

TS(X,d%) = (F(X),0x)

for every object (X,dX) of A¥. By hypothesis there is a natural transformation v :
TS — 1 ,r such that 9 on = lr. Let us denote by V : F? — F the natural
transformation given by the collection of morphisms Vx = S(¢(r(x),s5)), where X runs
through the class of object of A. By construction Vo = F and V : (F?,6p) — (F,0)
is a morphism of the category 4.#F. Since v is a natural transformation and dx :
(F(X),0x) — (F*X),dp(x)) is morphism in A¥, we have the following commutative

diagram
I S¥r2 2
FJT T 5
P . F

Therefore 60V = VpoF§, which means that V : (F?2, p, F§) — (F,§,d) is a morphism
in the category ¥.#¥. Thus ¢ is a split monomorphism of the category ¥.#ZF.

(iti) = (ii). Let us denote by A : (F? 6p, F§) — (F,4,0) the left inverse of ¢ :
(F,5,0) — (F?,6p, F6),ie. Aod = F, in the category ¥*.#¥. Let (M,m,n) be any F-
bicomodule. The unit of the adjunction . 4 .7 stated in lemmall.4] at this bicomodule
is given by

(1.8) @(M,m,n) : (M,m,n) - ﬂojﬂ(M,m,n) = (MF,mF,M(S).
Consider the natural transformation defined by the following composition
n M
viMF " mpz Mg My

It is easily seen that v on = M. The implication will be established if we show that v
is a morphism in the category of bicomodules ¥.ZF. We can compute

mov = moMEoMAong
= FM{ompoMAong, m_ is natural
FMEé o FMA omp2 ong, m_ is natural

= FMfo FMA o Fnpomp, by (1.5
= F(I\/Ifol\/IAonp>omF

= Fvonp,
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which proves that v is a morphism in 4.#ZF. On the other hand, we have

nov = noM{oMAonp
MF¢éonp o MA ong, n_ is natural
MF¢{oMFAong ong, n_ is natural

MFE& o MFA o Mépong, by (1.4)
MF{oMdoMAong, by (1.6)

= MAonpg,
and
vpoMd = MEroMAronp: o M§

= MéoMArpoMF¢§ong, n_ is natural

= M¢roM(Apo Fé)ong

= MépoMdyoMAong, by ((1.6])

= MAongp.
Therefore vp o M6 = nowv and v is a morphism of F-bicomodules. Hence .¥ is a

Maschke functor.
(17) = (7). Given (M, m,n) an F-bicomodule, we denote by

F(M,m,n) . QY(M,m,n) = (MF,mF,Mé)

(M, m,n)

the splitting morphism of ©\ mn) in the category of F-bicomodules. Here ©_ is the
unit of the adjunction . 4 7. Since (F,§,0) is F-bicomodule, we put v := (5,50,
thus yod = F. For any object (X, d™) of the category A¥, we consider the composition

F(d%) Ex

dx.ax) : F(X) FY(X) — = F(X)

We claim that ¢_ is a natural transformation which satisfies ¢_ on_ = 1 4, where 7_
is the unit of the adjunction S 4 T given in (1.7). First of all, we have

X .

O(x,a¥) 0 Nx,aX) = E§x07x O F(dX) od*
= {xoqxodyxod®
= &xodt = (X,dY),
for every object (X,dX) of A¥. To see that }(x,ax) is a morphism in AF . we can
compute on one hand
d¥ o ¢x ax)y = d¥olyovyxoF(dY)
= &pixyo F(dY) ovyx o F(dY), £_ is natural
= &px) 0 YR © FA(dX) o F(dY), ~_ is natural
= &pix) 0 Yr(x) © Fo o F(dY)
= &px) 0 0x 0 yx o F(dY), by (.6
= 7x° F(dX)
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and secondly,
Foxaxyodx = Féx o Fyx o F2d*) o0y
= F¢x o Fyxodpx) o F(d¥), d_ is natural
= FéxodxoqyxoF(dY), by (/1.6])
= qyxo F(dX).
Therefore, F'¢(x qx)00x = dXong(X7 ax). Lastly, if we consider a morphism f : (X, dX) —
(Y,d¥) in AF, then
fodixaxy = foéxoyyxoF(d¥)
= & o F(f)oyx o F(dY), &_ is natural
= & oy o F(f)o F(dY), ~_ is natural
= SYOWYOF(dY)OF(f)
= ¢(Y,dy) © F(f)7

which shows that ¢_ is a natural transformation. O

2. CODERIVATIONS AND COINTEGRATIONS

Let F = (F,4,§) be a comonad in A with underlying functor F' € Funt(A, A).
Consider a bicomodule (M,m,n) € ¥.#¥. A coderivation from M to F is a natural
transformation g : M — F' such that

(2.1) dog = Fgom + gron.

The set of all coderivations from (M, m,n) is an additive group which we denote by
Coder(M, F'). A coderivation g € Coder(M, F') is said to be inner if the exists a natural
transformation A : M — 1 4 such that

(2.2) g = Apon — Flom.

The sub-group of all inner coderivations will be denoted by InCoder(M, F').
Let (M, m,n) and (M, m’, n’) be two F-bicomodules. A left cointegration from (M, m, n)
into (M’,m’,n’) is a natural transformation h : M — M’F which satisfies

(2.3) mpoh = Fhom, M'doh = nzoh + hpon.

The first equality means that h : (M, m,n) = (M;m) - 7. (M, m,n) = (M'F, m/,)
is a morphism in the category 4.#%. Right cointegrations are defined in a similar
way. Since we are only concerned with the left ones, we will not mention the word
“left” before cointegration. The additive group of all cointegrations from (M, m,n) into
(M, m/,;n’) will be denoted by Coint(M, M’). A cointegration h € Coint(M, M’) is said
to be inner if there exists a natural transformation ¢ : M — M’ which satisfies

(2.4) moyp = Fpom, h = gpon —noop.

The first equality means that ¢ : (M,m) — (M’,m’) is a morphism in the category
4/F. The sub-group of all inner cointegrations will be denoted by InCoint(M, M’).
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The following proposition was first stated for bimodule over ring extension in [14] and
for bicomodules over corings in [I1]. For the sake of completeness, we give the proof.

Proposition 2.1. For (M,m,n) any F-bicomodule, there is a natural isomorphism of
additive groups

Coint(M, F) = Coder(M, F)
ht £F0h
Fgom ‘g

whose restriction to the inner sub-groups gives again an isomorphism
InCoint(M, F') = InCoder(M, F).
Proof. We only show that the mutually inverse maps are well defined. Let h € Coint(M, F'),
and put g := &{r oh. We have
dog = dopoh

= &moFdoh, 0_ is natural

= ¢mo(droh+hron)

= (pod)poh + Epmohpon

= h+&mohpon
and

Fé&proFhom + {peohpon = Fépodpoh 4+ Epzohpon = h+E&mohpon.

That is g € Coder(M, F'). Conversely, given g € Coder(M, F'), we put h = Fgom. We
find

(SFOh = 6FoFgom

= [?godyom, 0_ is natural
= [?goFmom, by (1.4)
= Fhom,

which shows the first equality of equation (2.3]). Now,
Féoh = FdoFgom
= Fdodog—Fdogron

= dpodog—gmoMdon, g_ is natural

= dpodog—gmonpon, by (1.5) and ([1.4))

= Jpodog—IJdpogron+dpogron—gmongpon
= 5Fo<5og—gpon>+<5Fogp—gpzonp>on
= 5Fo(5og—gpon>+(5og—gpon> on

F
= JpolFgom+ Fgrompon
= 5F0h+hFOl'l
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which proves that h = Fg om € Coint(M, F). d

Following [I1], we will give in the next step the notion of universal cointegration and
that of universal coderivation.

Given (M, m,n) any F-bicomodule, consider the F-bicomodule (MF, mg, Md), which
is the image of (M, m,n) under the functor .7.. We call it the bicomodule induced by
M. Since n: (M,m,n) — (MF, mp, M¢) is a morphism of F-bicomodules, we obtain by
lemma the following sequence of F-bicomodules

(2.5) 0 —= (M, m,n) 2> (MF, mp, M8) —“> (J# (M), u,0) —= 0 ,
where (£ (M), u,0),n® denotes the cokernel of n. Consider the natural transformation
w :=MF — noM¢ : MF — MF

It is easily checked that mp ow’ = Fw' o mp, thus w’ is a morphism in the category
AT, Also, w' satisfies w' on = 0. So, by the universal property of cokernels, there
exists a morphism in the category 4%, w: (£ (M),0) — (MF, mz) which makes the
following diagram commutative

(2.6) M————MF ——— (M)
| e
MF
Thus won® = w/, and so n®owon® = n° Hence n®ow = (M), since n® is an

epimorphism. Furthermore, we have

Proposition 2.2. The morphismw is a cointegration into M (i.e. w € Coint(# (M), M))
which satisfies the following universal property. For every F-bicomodule (M';m’ n')
and every cointegration h € Coint(M', M), there exists a morphism of F-bicomodules
f: (Mmn) — (F(M),uv) such that h = wof. Moreover, the following are
equivalent

(i) The sequence

0——= (M,m,n) —2> (MF, mp, M§) —— (# (M), u,0) —= 0

splits in the category of bicomodules ¥ .#F .
(i1) The universal cointegration w : # (M) — MF is inner.

Proof. For the first statement, it is enough to show that w’ is cointegration into M, since
n¢ is an epimorphism. By definition w’ satisfies the first equality in (2.3]). The second
equality in ({2.3)), is given as follows
Miow = Mé—MionoME = MJ—nponoME
and
npow +wproMd = np—nponoME+ Md—npoMEpoMd
= M) —nponoM¢
= Mjow
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The fact that w is universal follows from the following isomorphism of additive groups

(2.7) Hom r_x <M’, %(M)) ~ . Coint(M’, M)
oy wo@
n“oh th

whose proof is an easy computation. Now we check the equivalent statements.
(1) = (ii). Let us denote by A : (£ (M),u,0) — (MF, mg, MJ) the right inverse of n® in
the category F.ZF  ie. no X = #(M). Define the composition

w: A (M) A MF Me M.

Then we have
moyp = moMéoA = FMéomo) = FMEo Fhou — F(Mfo)\) ou = Fypou,
which entails that ¢ is morphism in 4.#F. The cointegration w is inner by ¢. Namely,
ppov—nop = Mfrodpov—noMEoA

= MéroMioA—noMEo A

= A—noMfol

- <MF —noME) oA

= won‘o)l = w.
(ii) = (i). Suppose that there exists 8 : # (M) — M a morphism in 4.#F such that
w = Brov—no 3. Consider the natural transformation

T: M) — = (MF " mF.
Then we find n®oI’ = n“offpov = n“ow+nonoff = now = F(M).
Furthermore, I' is a morphism in the category of bicomodules ¥.Z¥, as the following
commutative diagrams shown

Br Br

H (M) —"— & (M)F MF H (M) ——= # (M)F A (M)F

ui uFl lmF ul %(M)al lw

FH(F) o FXMF e FMP  (M)F — = (M) ME?
v FBr P2
Therefore the sated sequence splits in the category ¥.#F. O

The cointegration w from Proposition will be referred to as the universal cointe-
gration into M.
From now on w denotes the universal cointegration into the F-bicomodule (Fd,J).
That is w : JZ(F) — F? with property wo 6¢ = F? — § o F¢, where

0—> (F,8,8) 2= (F2,6p, F§) —= (A (F),u,0) —= 0

is the canonical sequence. Consider the natural transformation d : Z (F') — F defined
byd:= Fow — {row.
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Lemma 2.3. The morphism d is a coderivation with the following universal property.
For every F-bicomodule (M, m,n) and every coderivation g € Coder(M, F), there exists
a natural transformation ¢’ : M — J¢(F) such thatdo g = g.

Proof. On one hand, we have

dodod® = doFowod*—dolrowol®
doF—00FfodoFE—dokp+dolpodoFE
doF¢—0oFE—dokp+0d0FE
= —0o&p+doF¢

on the other hand, we have

<Fdou+dpon>06C = Fdouod®+drpotod©
= [*¢oFwouod®— FépoFwouod°

+F{powpopod®—Empowpobod©

= [?¢o0FwoFéo0dp—FéproFwo Féodp
+Fépowpodpo0Fd—EpowpodyoFd

- F2§OF(WO(56>o5F—F5FoF(Wo50)an

+F§Fo(Woac)FoFé—gFm(Woéc)FoFa
- F?goF(F2—5oF§>an—FgFoF(FQ—aoFg)oap
+F§Fo<F2—50F5>F0F(5—§on(FQ—(SoFf)FoF(S
= F%o0dp—EmoFS = §0FE—bofp = §odod,

thus d og = Fdou+ dr o v, which shows that d € Coder(# (F),F). Let now
g € Coder(M, F) be any coderivation. We know by proposition [2.1] that Fgom €
Coint(M, F'). Using the isomorphism stated in (2.7)), we obtain the following equality

wodoFgom = Fgom,

which implies that

g = {rowod“oFgom,
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as g_ is natural. Developing d o ¢ o gr on, we get
<F§ Er > owodogpon
<F§ ) ° (F2—6O§F> ogron
_ <F§ F¢odoFt— §F+§F050F§> ogron
(
(

dod‘ogron =

F¢ — F¢ — &+ F¢) ogpon
FE—&r)ogron

_ <F§—§F>o<6og—Fgom)
= F{oFgom—{poFgom

= —§F0(F2—50F§>0Fgom
= —{rowod‘ofFgom = —g.

If we take ¢ = —0° o Fgom, then we find g = do ¢’ and the universal property is
fulfilled. o

Corollary 2.4. Let F = (F,0,0) be a comonad in a Grothendieck category A such that
F' is a right exact and commutes with direct sums. Consider the universal cointegration
w and the universal coderivation d associated to the F-bicomodule (F,,8). The following
are equivalent

(i) The sequence
0—=F = 2 "= #(F) —=0
is a split sequence in the category of bicomodules ¥ #¥ .
(ii) The universal cointegration w is inner.

60

(#ii) The universal coderivation d is inner.

Proof. Consequence of lemma and Proposition [2.2] Il

3. ConomoLoGY For BICOMODULES

The following lemma which will be used in the sequel, was in part proved in [4
Theorem 3.4].

Lemma 3.1. Let o/ and # two preadditive categories with cokernels, and F : of —
B a covariant functor with right adjoint functor G : B — /. Denote by x and 0
respectively, the counit and unit of this adjunction. Let & be the injective class of
cosplit sequences in B, and put & = .F1(&). For every object M € o, the following
are equivalent

(i) M is F -injective.

(i) M is &-injective.

(iii) The unit Oy : M — G.F (M) is a split-mono in <.
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In particular every object of the form 4. F (M) is &-injective. The functor % is then
Maschke if and only if the class of &-injective objects coincides with class of all objects

of o .

Laiachi — is it not correct that already all the objects in &/ of the form
Y(N) with N € # are & injective 77?7
Proof. (i) = (iii). We known by adjunction properties that x z) o % (0m) = F(M).
Since M is Z-injective, 0y, has a left inverse.

(7i1) = (ii). Let us denote by v : 4.% (M) — M the left inverse of 8,,. For any sequence

i J

E: X X' X"

in &, we need to prove that its corresponding sequence of abelian groups
Hom (X", M) — Hom (X', M) — Hom, (X, M)
is exact (in the usual sense). Given such E in &, we have a commutative diagram in %

F (i) Z(35)

Z(X) F(X) F(X")

Coker (.7 (1))

where [ splits as monomorphism by I’. Let 7 : X’ — M be a morphism in &7, such that
7o¢ = 0. Then there exists a morphism ¢ : Coker(.# (i)) — #(M) of # such that
go ZF(i)¢ = Z (7). This leads to the composition

QX//\L

GF(X")

The morphism « satisfies

aoj = yod(gol)odoj
— yoY(gol) oG F(j) o b
= 'yog(gol'oﬂ(j))oexl
= 70{4(90['0[0?(2’)6)00)@
= ’yog<g0§<l)c>09)(/
= 70%9(7’)00;«
= yolpyoT =T

which proves the exactness of the sequence of abelian groups.

(11) = (i) Let i : X — X’ be a morphism of &/ such that (i) has a left inverse.

Z(i
The later condition means that 0 —— .7 (X) 70z (X') is a cosplit sequence in A.
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Thus 0 —= X ——> X’ is a sequence in &. Therefore, the corresponding sequence of
abelian groups

Hom,, (X', M) — Hom,, (X, M) —0
is exact. Whence Hom,, <i, M > is surjective and so M is .#-injective. U

Consider in the category of bicomodules 4.ZF the class & of all co-split sequences.
This an injective class, as 4. is an additive category with cokernels. As we have seen,
the corresponding class of &y-injective objects coincides with the class of all objects of
A#F. Denote by & := ./7! (%) the class of sequences E in the category ¥.#¥ such

that .(F) is a sequence in &, as we have point out & is also an injective class.

Proposition 3.2. Let (M,m,n) be an F-bicomodule. The following are equivalent
(i) (M,m,n) is &-injective.
(i7) (M, m,n) is % -injective.
(iii) The unit O, m w of the adjunction ” 4.7 at (M,m,n), stated in (1.8)), is a split
monomorphism.

In particular every bicomodule of the form . (M,m,n) = (MF, mg, MJ) is &-injective.

Laiachi — Similar remark as in Lemma [3.1l. aren’t all comodules of the
form .7 (N) already relative injective ?

Proof. Follows immediate from Lemma [3.1] O

Fix F = (F,4,¢) a comonad in a Grothendieck category A with F' € Funt(A, A).
For every F-bicomodule (M, m,n) and each ¢ > 1, we consider the ¢ — th induced F-
bicomodule (MF® mp:, MFi=1§).

Proposition 3.3. Let (M,m,n) be any F-bicomodule. The following sequence in the
category of F-bicomodules

20

n 1 mn
(3.1) 0 M ME MF2L>"'4>MF”+1L>MF”+2—>---

where 0° = MJ — np and recursively
(32> DnJrl = a% + (_1)TL+1MFTL+16’ n = 07 17 27 e
defines an & -injective resolution for (M, m, n).

Proof. Let us denote by E(M) the sequence defined in (3.1)). One can easily check that
the family of morphisms

U, := (—=1)""MF"¢ : MEF™ T — MEF™

in 4.#%, defines a contracting homotopy for .%(F(M)). This implies by [13| Lemma
2.4] that . (E(M)) is sequence in &y. Hence E(M) is in &. O
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Let (N,t,s) be another F-bicomodule and denote by Ext, (N , M ) the homology of

the complex

(3.3) 0 — Homr ,* (N, MF) —— Homr ¥ (N, MFQ) —_—

obtained by applying the functor Homr ,+ (N, —) to the &-injective resolution of M
given in (3.1). Using the natural isomorphism stated in Lemma[1.4] we show that the
complex ([3.3)) is isomorphic to

(3.4) 0 —= Hom _/r (N, l\/|> % Hom ,_yr (N, MF) o

where
°(f) = fros—nof,
OMf) = Méof —fpros—npof,

n—1
0"(f) = D (~1)'MF'6puiciof + (=1)"fros —npmof, n=23, .
i=0
In particular, we have
Ker (0') = {f:(N,t) = (MF,mg)|M§of =fros+npof}
Im(0") = {f:(N,v) = (MF,mp)|f=¢ros—nop, for some ¢: (N,t) — (M,m)}

That is the 1-cocycle are cointegrations and the 1-coboundaries are inner cointegrations.
Thus

(3.5) Extl (N, M) ~ Coint(N, M)/InCoint(N, M).

The pair (7.%,0_) form a resolvent pair in the sense of [13, Prposition 2.10] for
the injective class &. Since ¥F.#ZF has co-kernels, [13, Lemma 2.11] implies that the
cokernels constructed in (2.5 lead to a functor

VAR A /A
and a natural transformation
TS — .

Furthermore, J# (E) is a sequence in &, whenever F is a sequence in &. By the isomor-
phism given in (2.7), we have Homr_,» (N, H (E)) = Coint(N, F') is an exact sequence
of abelian groups, for every &-projective F-bicomodule N and every sequence F in &.
On the other hand, given an &-injective F-bicomodule M, then # (M) is clearly &-
injective. Thus Coint(E, M), which by is isomorphic to Homr ,r (E, %(M)), is
an exact sequence of abelian groups. This proves that the &-derived functor of the bi-
functor Coint(—, —) can be constructed. For N and M two F-bicomodules, let H*(N, M)
[Laiachi — I removed the mathbb-font for H at this point, since it is not used

further in the paper. I hope this is correct, since I am still not completely
familiar with all the cohomology-stuff...] be this &-derived functor which can be
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computed using the &-injective resolution given in proposition [3.3] Using this times
the natural isomorphisms of (2.7) and the fact that 7. (M) are &-injective for every
F-bicomodule M, we can easily show that

(3.6) Ext? (N, %(M)) ~ H'(N,M), n>0

(3.7) Extt! (N, M) S N (N, %/(M)) . n>1

By both propositions and and the isomorphisms given in (3.5)), (3.6)), and ,
we have

Corollary 3.4. For a F-bicomodule (M, m,n), the following are equivalent
(i) M is &-injective.

(i) M is .7 -injective.

(iii) The sequence

0 M—2> MF —% > (M) —= 0

splits in the category of bicomodules ¥ .4F.

(iv) The universal cointegration from & (M) into M is inner.
(v) Every cointegration into M is inner.

Now we can formulate a characterization of comonads with a coseparable forgetful
functor by means of the cohomology groups of their bicomodules.

Theorem 3.5. Let A be a Grothendieck category and ¥ = (F,6,€) a comonad in A
with universal cogenerator the adjunction §: AF¥ ——= A:T . If F' is right exact and
preserves direct sums. Then the following are equivalent

(i) S : A¥ — A is a separable functor.

(ii) S F ¥ — oMF is a Maschke functor.

(iii) 0 : F — F? is a split monomorphism in the category of bicomodules ¥ .#F .

(iv) (F,0,0) is &-injective F-bicomodule

(v) The universal coderivation from J (F') into F is inner.

(vi) Every coderivation into F' is inner.

(vii) All cointegrations between F-bicomodules are inner.
(viii) Extl (—, —) = 0 for alln > 1.

(ix) H"(N, F") = 0 for all F-bicomodule N and all n > 1.
Proof. Corollary [3.4], Proposition 2.1 and properties of Ext give the following equiva-
lences (ii) < (vit), (ii) < (viii), (iv) < (iz), (iv) < (vi). Proposition gives the
equivalence (iv) < (ii1), and lastly Theorem gives the equivalences (i) < (i1) <
(if). O

4. APPLICATIONS

We present in this section two different applications of Theorem [3.5. The first one
is devoted to a coseparable corings [11], where of course the comonad is defined by the
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tensor product over algebra. The second deals with the co-algebra coextension over
fields, and the comonad is defined using cotensor product. Here we obtain Nakajima’s
results [16] without requiring the co-commutativity of the base co-algebra. This condi-
tion is however replaced, in our case, by assuming that the extended coalgebra is a left
co-flat.

4.1. Coseparable corings. Let K be commutative ring with 1. In what follows all
algebras are K-algebras, and all bimodules over algebras are assumed to be central K-
bimodules. Let R be an algebra an R-coring [19] is a three-tuple (€, A, €) consisting of
a R-bimodule and two R-bilinear maps

A:¢C—>CRrC and e¢:¢€— R,
known as the comultiplication and the counit, which satisfy
(CRrA)oA = (A®r€)oA, (€Rre)oA =€ = (e®@r¢)oA.

In this sub-section the unadorned symbol — ® — between R-bimodules and R-bilinear
maps denotes the tensor product — ®p —. We denote as usual by €.#Z¢ the category of
¢-bicomodules. The objects are three-tuples (M, gpr, Aps) consisting of R-bimodule M
and two R-bilinear maps oy : M — M ® € (right €-coaction), Ay : M — €@ M (left
¢-coaction) satisfying
(€®>\M)O)\M = (A®M)O/\M, (E@M)O)\M =
(o @& ooy = (M@A)ooy, (M®e)oon =
(C€@om)oAn = (Aw @ €)oo
It is clear that F := (F,§,¢&) where F' = — Q€ : My — Mg, 6 = —RA, and { = —®e,
is a comonad in the category of right R-modules .#y, with F' € Funt(#g, .#R).
Given any F-bicomodule (M, m,n) we can use Watts’ theorem [20] to find a natural

M
M

isomorphism
(4.1) ™M — — @ M(R)
satisfying (— @ ¥p) oM™ = T o4 for every natural transformation 1 : M — M’ with

(M, m’, ) is another F-bicomodule. With the help of this natural isomorphism we can
establish a functor

@ - F%F C//G
(M, m,n) (M(R)agM(R)aAM(R)>
f fr
where the €-coactions are defined by omry = mg and Ayr) = _I}/'( Rr) © MR- Conversely,

given any €-bicomodule (M, on, Ayr), we clearly obtain a F-bicomodule defined by
the three-tuple ( — QM, — ® oum, (‘I}")

functor, up to the natural transformations 71_, to the functor 4. Henceforth, ¢ is an

o(—®A\ M)) This in fact entails an inverse

equivalence of categories ¥*.#F and ®.#¢%. 1t is then obvious that § is a split-mono



COHOMOLOGY FOR BICOMODULES. SEPARABLE AND MASCHKE FUNCTORS 20

in the category of F-bicomodules if and only if A is a split-mono in the category of
¢-bicomodules. It is well known (see [3]) that this later condition happens if and only
if the right coaction forgetful functor is separable.

Given two €-bicomodules (M, onr, Ay) and (N, on, Ax). Following to [11], a R-
bilinear map g : M — € is said to be coderivation if it satisfies

Aog = (g€ oo+ (ERg)o Ay

The coderivation g is said to be an inner coderivation if there exists a R-bilinear map
v : M — C such that g = (€®7) o Ay — (7 ® €) 0 gpy. We denote by Codere(M, A)
the abelian group of all coderivations from M to €. A (left) cointegration from N into
M is a R-bilinear morphism f: N — € ® M such that

(A€ of = (€@ Au)of+ (€@ f)oy
The cointegration f is said to be an inner cointegration if there exists a R-bilinear map
¢ : N — M satistying
omop = (p@&opy, and f = (€@ p)oAy — Ay oy

The abelian group of all cointegrations from N into M will be denoted by Cointg(N, M).
Cointegrations and coderivations in both categories of bicomodules ¥.Z¥F and ¢.#¢
are connected by the following isomorphisms of an abelian groups

Coder(M, F) — =~ Codere (M(R), c:)
g1 &R

(—®g)oM X

and
Coint(N, M) = Cointe (N(R), M(R))
fl _I?J/I(R) o fR
-1
(7%'(_)) o(—® f)oT N L f

where the isomorphism F(R) = € was used as isomorphism of R-corings. The re-
strictions of the above isomorphisms to the sub-groups of inner coderivations or inner
cointegrations, are also isomorphisms.

Applying Theorem to this situation, we obtain

Corollary 4.1 ([I1 Theorem 3.10]). For any R-coring (€, A, ¢), the following are equiv-
alent

(i) The forgetful functor S : M — My from the category of right €-comodules to the
category of right R-modules is a separable functor.
(ii) The forgetful functor *.#® — €My is a Maschke functor.
(iii) The short exact sequence

0 ¢—2 s —2"500)
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splits in the category of bicomodules .4 ¢.
(iv) € is &-injective, where & is the injective class in *.#® whose sequences split in
the category of R-bimodules pr M.
(v) The universal coderivation from Q(€) into € is inner.
(vi) Every coderivation into € is inner.
(vii) All cointegrations between €-bicomodules are inner.
(viii) Extly (—, —) = 0 for alln > 1.
(ix) H*(N,€) = 0 for all €-bicomodule N and all n > 1.

4.2. Coseparable coalgebras co-extension. In what follows K is assumed to be a
field. The unadorned symbol ® between K-vector spaces means the tensor product ®g.
Let A, C are two K-coalgebras, and consider ¢ : A — C' a morphism of K-coalgebras.
This define an adjunction

—OcA: M° —= 4.0

between the categories of right comodules with —[s A right adjoint to &', and where
—Oe— is the co-tensor product over C'. In the remainder, we denote this bi-functor by
—[O— := —O¢—. Notice that —O— is associative (up to natural isomorphism), as C
is a K-coalgebra and K is a field. From now on, we assume that —JA : .#¢ — .#4
is right exact, and thus exact. Put F := O(-0A) : . #° — #C, since #€ is a
Grothendieck category we can construct the category Funt(.Z¢, .#¢), and we have in
this case that F' € Funt(.#¢, .#°). Let us denote by A : A — AA the resulting map
from the universal property of kernels. This is in fact an A-bicomodule map, and thus
a C-bicomodule map by applying ¢. Furthermore, we have

(AOA)o A = (AOA)o A
(p0A) o A = (AOp)o A = A (uptoisomorphisms).
Using these equalities, on can easily check that there is a comonad F := (F,§,§) in

the category of right C-comodules .#¢, where J§ and & are defined by the following
commutative diagrams of natural transformations

OA—22. _papa, OA—. oo
5 o
F------ > 2 F--——- =1 y4c

Given (M, m,n) any F-bicomodule, we know that M : .# — .# is right exact and
preserves direct sums. By [0, Theorem 2.6], M(C') := M is a C-bicomodule, and there
is a natural isomorphism

IR

(4.2) ™ M —OM

Y

which satisfies (—03c)oT™ = TNog, for every natural transformation 3 : M — N with
N € Funt(.#Z¢, .#°). The natural transformation m and n induces by this isomorphism
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a structure of A-bicomodule on M. The right and left A-coactions are given by

m, n ™
M —"%— MOA M == MF(C) —2—~ F(C)OM = AOM
;M\\ leq%,A \\\;M\\\\\\\ ealy, us
M® A S TAQM

where eq’}QY is the equalizer map, that is the kernel of ¢qx y : X Y =—= X @O0 Y
defined obviously for every right C-comodule X and left C-comodule Y. The counitary
conditions of these new A-coactions are easily seen, while the co-associatively and com-
patibility conditions need a routine and long computations using properties of cotensor
product over coalgebras over fields.

This in fact establishes a functor from the category of F-bicomodules to the category
of A-bicomodule sending

(4.3) T FaF A, ((M,m, n) - (M, QM,AM>), <f - fc)

For every F-bicomodule M, .# (M) = M is clearly left co-flat C-comodule.

Conversely, given any A-bicomodule (N, gy, Ay) such that the underlying left C-
comodule ¢N is co-flat, then we have a functor —N : .#Z¢ — .#€ which is right
exact and preserves direct sums together with two natural transformations

—ONy —Od)y

—UN —0AON, —-0UN —LNOA,

where Xy and ¢y are C-bicolinear defined by universal property

AN oN

N - A®N N - N®A
;§ ~ Teqlxﬂ,zv ;,N\ ~_ Teq?\r,A
AON NOA

By definition and the properties of cotensor product Xy and ¢y satisfy the following
equalities

(AON)o Ny = (AONy)o Ny, (#0N)oNy = N (uptoisomorphism)
(NOA)o oy = (dyOA) ooy, (NO¢)ooy = N (uptoisomorphism)
(AQdy) o Ay = (AyDA) o gy

Consider now the obtained three-tuple (N, t,s), where N := —ON : .#° — .#¢ is a
functor, and v:= —0g)y : N — FN, s := =X : N — NF are two natural transforma-
tion. Since N is assumed to be left co-flat, the previous equalities show that (N, t,s) is
actually a F-bicomodule, whose image by .# is isomorphic to the initial A-bicomodule
(N, on, An), via the natural transformations TZ. Now, given an A-bicolinear morphism
g: (N,on,An) — (N, onr, Anr), we get a F-bicomodules morphism g := —[g : N — N,
This shows that the above constructions are in fact functorial.

In conclusion, we have shown that the functor .# defined in (4.3)), establishes an
equivalence of categories ¥.#F and 444, where the later is the full sub-category of
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the category of A-bicomodules 4.#4 whose objects are co-flat left C-comodules after
forgetting by 0.

Recall from [16] that A is said to be a separable C'-coalgebra if the A-bicolinear map
A : A — AOA is a split-mono in the category of A-bicomodules. By [9, Theorem 4.7]
this is equivalent to say that the forgetful functor & is a separable functor. Using the
equivalence of categories established above, it is easy to check that ¢ is a split-mono in
¥ ¥ if and only if A is a split-mono in 4.Z4. Given two A-bicomodules (M, oar, A\as)
and (N, on,An), a C-bicolinear map g : M — A is said to be C-coderivation if its
satisfies

Aog = (90A) o gy + (AOg) o Xy,

The C-coderivation ¢ is said to be an inner C'-coderivation if there exists a C-bicolinear
map 7 : M — C such that g = (AOvy) o X}, — (7OA) o ¢}, We denote by Codera (M, A)
the abelian group of all C-derivations from M to A. A (left) C-cointegration from N
into M is a morphism of C'— A-bicomodule f : N — AOM such that

(AOA)o f = (ADXy) o f + (AOf) o Xy

The C-cointegration f is said to be an inner C-cointegration if there exists a C-bicolinear
map ¢ : N — M satisfying

ooy = (p0A) ooy, and f = (AQp)o Ny — Ny o9

The abelian group of all C-cointegration from N into M will be denoted by Coint (N, M).
Given (M,m,n) and (N,t,s) two F-bicomodules and consider there associated A-
bicomodule via the above equivalence of categories .7 :

(M(C) := M, opr, \r)  and  (N(C) := N, oy, Ny)-

We have an abelian group isomorphism

o)

Coder(M, F) Coderc (M(C), A)
g LA ©gc
(—Og) oYM 1g

where + : CO— — 1 ,c is the obvious natural isomorphism. The isomorphism of
cointegrations groups is given by

Coint(N, M) = Cointe (N((J), M(O))
i (1ACM(C)) 0 TH . o fe
<Tg(_)>_1 o(—0f)oTN L f

Of course the restrictions of those isomorphisms to the sub-groups of inner cointegra-
tions or inner coderivations are also groups isomorphisms. Applying now theorem [3.5]
we arrive to the following
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Corollary 4.2 (compare with [16, Theorem 1.2]). Let ¢ : A — C be a morphism of
K-coalgebras over a field K. Assume that ¢A is a co-flat left C'-comodule. The the
following are equivalent

(i) A is a separable C-coalgebra.
(ii) For any A-bicomodule M such that «M is co-flat, every C-coderivation from M
to A is inner.
(iii) For any pair of A-bicomodules M and N such that cM and ¢ N are co-flat, every
C-cointegration from M into N is inner.
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